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Abstract

Mathematics provides the structural foundation through which the universe’s expansion
becomes intelligible. This review synthesizes the differential-geometric, dynamical, and
computational formalisms that define modern relativistic cosmology. Beginning from the
Einstein-Hilbert action, spacetime is described as a pseudo-Riemannian manifold whose
curvature and energy content obey the Einstein field equations. Under symmetry reductions,
these equations yield the Friedmann relations that govern the temporal evolution of the scale
factor. Analytical and numerical studies of these equations have refined the ACDM paradigm and
motivated extensions such as f{R) gravity, scalar-tensor, and Gauss-Bonnet models. Relativistic
perturbation theory links these global frameworks to the growth of cosmic structure, while
advances in numerical relativity and symbolic computation have transformed Einstein’s
equations into solvable systems across regimes from linear perturbations to nonlinear
curvature dynamics. The review further explores mathematical frontiers—singularity analysis,
alternative geometries, and quantum corrections—highlighting how new tools such as
fractional calculus, noncommutative geometry, and category theory seek to reconcile
continuous spacetime with quantum discreteness. By uniting geometry, dynamics, and
computation, this study positions mathematical innovation as the key driver of cosmological
progress. The expanding universe thus emerges not merely as a physical phenomenon but as an
evolving mathematical construct whose form and evolution are written in the language of
geometry and logic

1. Introduction

Mathematics is the grammar of structure in cosmology, which is the construction of
cosmological knowledge and is quantifiable and comprehensible. The universe, found to be
expanding as we are being told by the light we are told is being shifted towards the red (redshift),
cannot in any way be realistically described but by the equations that connect all these in terms
of curvature, energy density, and time. These are explained by the field equations and
cosmological versions of the Einstein field equations, where the term force is substituted with
geometry as the tool of describing gravitation [1]. Since the inverse-square law of Newton, to
the formalism of curved space-time proposed by Einstein, cosmology is no longer a matter of
mechanics but of mathematics [2]. Within this framework, the universe becomes a dynamical
manifold whose expansion is encoded in the scale factor a(t), which is ruled by differential
equations that relate curvature k and matter density p[3].

The accuracy of the contemporary measurements is also starting to compromise the classical
interpretation. The Planck mission has narrowed the list of cosmic parameters describing the
ACDM model [3], and the local supernova observations by SHOES [2] suggest the universe in fact
expands at a rate that is significantly faster than what had been inferred by the observations on
the early universe [1]. The Hubble-tension problem is therefore an illustration of the necessity
of all empirical steps in requiring mathematical reformulations of the methods of measurement,
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priors and probabilistic formulations. Subsequently, mathematics is not merely an instrument
that facilitates cosmology but the essence of cosmology: the medium by which theory and
observation come to some consensus.

The new literature brings out specifics that cosmology is actually a branch of mathematics that
is creatively blended with geometry, statistics, and computations. Modern parameter
estimation, i.e., the solving of the Einstein-Friedmann equations representing an isotropic
universe, commenced with the Planck 2018 paper [3], even though, as Deshwal et al. [4]
emphasized, the development of the cosmological model reached a new level with the
introduction of mathematical formalism, i.e., nonlinear dynamics and higher-order terms of
curvature. Besides this, Ntelis [5] offered a probabilistic explanation of the cosmic expansion,
which introduced the universe as a stochastic geometrical process. Due to these works, the
movement towards the application of hybrid analytical-statistical models of cosmological
problems in which geometry and probability are employed together in a joint manner to explain
the evolution of the universe is explicit.

The aim of this review is to write down and critically analyze the mathematical scaffolds of
relativistic cosmology. It strives to unify the difference-geometric and dynamical-systems
paradigm in a single conceptual framework, and this is why the mathematics of cosmic
expansion is clear. In addition, the review is tailored to determine the relationship between the
paradigm and a computational representation of it, expounding how symbolic and numerical
approaches present new opportunities to solve the Einstein equations. Lastly, it points to major
unresolved mathematical issues—such as the nature of singularities, the stability of solutions,
and the probabilistic reformulations of curvature dynamics—thus inviting the math-physics
community to consider these as new research directions in applied mathematical cosmology.

2. Mathematical Foundations of Relativistic Cosmology
2.1 Manifolds and Metrics
Modern cosmology is constructed on the premise that spacetime is a four-dimensional pseudo-
Riemannian manifold. (]V[ , gm,)endowed with a Lorentzian metric that defines the invariant
interval
ds* = g, dx*dx” (1)

This relation serves as the basis upon which one defines geodesics, the extremal curves
representing the motion of free particles and light-rays. he manifold allows a 3 + 1 foliation into
spatial hypersurfaces X; by cosmic time, which can separate the evolution and constraint
equations within Einstein's system [6]. Such a decomposition enables the cosmological models
to represent the large-scale homogeneity of the universe through successive slices in space at
constant curvature.

Ringstrom [7] explained that the Cauchy problem for this manifold-metric pair is what
guarantees evolution to be deterministic: given the metric and its first derivatives on an initial
hypersurface, the following spacetime evolution is uniquely determined. Consequently, the
manifold framework serves not only as the geometric interpretation but also as the formal
mathematical structure of cosmic evolution.

2.2 Tensor Calculus and Curvature
Tensor calculus equips cosmology with the analytic tools needed to translate geometry into
dynamics. The Christoffel symbols

1
F;fv = Eg/w (augva + avg;w - aaguv) (2)
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define parallel transport and covariant differentiation on the manifold. The Riemann curvature
tensor,

R ., = 0Ly, — 0T, + DT, — T T, (3)
quantifies intrinsic curvature independent of any embedding space. Its contractions yield the
Ricci tensor Ry, = R’}m,and the scalar curvature R = g*'R,,,..
Chrusciel [8] made an attempt to specify these geometric features better within a definite PDE
context, showing that the Einstein equations constituted a nonlinear hyperbolic system.
Giinther et al. [9] carried out numerical experiments to show that the stability of the Einstein-
Vlasov system depends on the correct discretization of these curvature tensors. Beyer and
LeFloch [10] brought in Fuchsian reduction methods to unfold the idea of second-order
hyperbolic systems going to zero near singularities, thus offering strong ways for the regime of
the very early universe to be surveyed. In sum, these papers emphasize tensor calculus as the
indispensable connection from differential geometry to cosmological dynamics that can be
computed.

2.3 Einstein Field Equations (EFE)

The dynamics of spacetime curvature are governed by the Einstein Field Equations,
8nG
G;w + Aguv = C_4 Tuv: (4)

where G, = R, — %ngis the Einstein tensor, Athe cosmological constant, and T, the energy-
momentum tensor. These equations arise from varying the Einstein-Hilbert action

3
c
S= 167TGf (R - ZA)\/ -9 d4x + Smatter' (5)

with respect to g,,,, leading to Eq. (4) as the Euler-Lagrange condition for spacetime geometry.
Luk and Oh [11] sharpened the mathematical comprehension of the strong cosmic-censorship
conjecture by showing that a deterministic evolution can be non-existent at Cauchy horizons in
a few symmetric spacetimes. Pommaret [12] looked at the EFE through the lens of jet-bundle
and exterior-differential-system formalisms and found that they are integrability conditions of
a geometric differential ideal. In sum, these revelations have the effect of turning the EFE into
something that is no longer a set of physical postulates, but rather a straightforward outcome of
the geometry of the manifold and the variational calculus.

2.4 Symmetries and the Cosmological Principle

The Cosmological Principle asserts large-scale homogeneity and isotropy, enabling significant
simplification of Eq. (4). Under these symmetries, spacetime admits the Friedmann-Lemaitre-
Robertson-Walker (FLRW) metric,

ds? = —c?dt? + a?(0)[

2

1—kr?

+ 1r2(d8? + sin 20 d¢?)], (6)

where a(t)is the scale factor and kthe spatial-curvature index. Substituting Eq. (6) into Eq. (4)
yields the Friedmann equations, the basis for all relativistic models of cosmic expansion.

Luk [13] studied the conditions under which weak null singularities might arise even in
situations that are symmetric, and went on to show that these singularities constitute inherent
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mathematical instabilities of the field equations rather than merely being artifacts of the
coordinate system. These considerations raise the point that even though symmetry can be used
to simplify the problem, it does not reduce the geometric challenge, at least with respect to the
problem of global stability and singularity formation [8, 11]. Table 1 is a summary of the
underlying mathematical constructions of relativistic cosmology that can be considered
fundamental to cosmology modeling, their descriptions, and their main cosmological uses. The
connections between these mathematical entities, from manifolds and tensors to symmetry,
reduced cosmological equations, are depicted graphically in Figure 1.

Table 1. Mathematical Frameworks in Relativistic Cosmology

Mathematical Tool

Description

Key Applications

References

Pseudo-Riemannian
Manifold

Four-dimensional spacetime Describes the geometry of
endowed with a Lorentzian spacetime and geodesic

metric.

motion.

[6,7]

Tensor Calculus

Covariant derivatives, curvature Defines curvature, parallel

tensors, and connections. transport, and field dynamics.

[8-10]

Einstein Field
Equations

Derived from the Einstein- Links energy-momentum to
Hilbert action. spacetime curvature.

[11,12]

Symmetry Reductions
(FLRW Metric)

Application of homogeneity and | Simplifies Einstein equations

isotropy assumptions. into the Friedmann equations.

[13]

Differentiable Manifolds
4D pseudo-Riemannian spacetime M
Foundation of geometric representation in relativity.

v

Metric Tensor g,

Encodes curvature and causal structure.

Defines spacetime interval ds® = g,,, dx*dx"

v

Tensor Calculus

Describes curvature and geodesic deviation

Christoffel symbols, Riemann and Ricci tensors.

v

Einstein Field Equations (EFE)
8nG
G.uv + Ag‘uv = ? Tyv

Links geometry with energy—momentum content.

v

Homogeneity and isotropy assumptions.
Simplifies EFE to cosmological equations.

Symmetry Reductions (FLRW Metric)

'

Friedmann Equations
Dynamics of a(t), p, and k.

Governs large-scale expansion of the universe.

Figure 1. Hierarchical Structure of Mathematical Frameworks in Relativistic Cosmology

3. The Friedmann Equations and Mathematical Models of Expansion
3.1 Derivation of the Friedmann Equations
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When the Friedmann-Lemaitre-Robertson-Walker (FLRW) metric is applied to Einstein's field
equations, the complicated nonlinear tensor system reduces to two scalar dynamical relations
that depict the cosmic scale factor a(t).

Substituting the metric of Eq. (6) into the Einstein field equations (4)

kc? . Ac?

yields (S)2 = %p e (7)
and
d _ 4nG N 3p N Ac? o

Equation (7) relates the expansion rate to the total energy density p, curvature k, and
cosmological constant A; Eq. (8) describes the acceleration of the expansion, incorporating the
pressure p. These two equations fully determine the dynamics of an isotropic universe once an
equation of state p = wpc?is specified.

Analyses of dynamical systems associated with Eqgs. (7)-(8) reveal fixed points and stability
domains corresponding to matter, radiation, or dark-energy domination [14].

3.2 Analytical and Numerical Solutions

Analytical solutions of Egs. (7) and (8) exist for specific cosmological components, such as pure
radiation (w = %) or matter domination (w = 0), yielding a(t) « t'?and a(t) « t?/3,
respectively.

till, contemporary cosmological data demand multi-component models for which no exact
solutions can be found, thus approximate and numerical methods are used. Centre-manifold
methods from dynamical-systems analyses help in understanding the asymptotic behaviour of
the scale factor and in determining the stability of equilibrium solutions when there are
perturbations [14].

In an attempt to test the ACDM model at low redshift, Huterer et al. [15] experimented with Type
[a supernovae and peculiar-velocity fields to detect any deviations from standard Friedmann
dynamics, whereas Di Valentino et al. [16] made use of joint likelihood analyses of clustering
and lensing data in order to limit the growth rate parameter fog. Numerical cosmological
simulations of the Dark Energy Survey Year 3 [17] and the Pantheon+ supernova compilation
[18] have corroborated that solutions to equations (7)-(8) with a cosmological constant lead to
an expansion history that is in agreement with the observed acceleration.

3.3 Cosmological Parameters and Dimensional Analysis
Equation (7) motivates several dimensionless parameters central to observational cosmology.
The Hubble parameter

H(t) = a (9)

)
a
defines the instantaneous expansion rate, while the deceleration parameter

aa
a0 =73, (10)

measures the acceleration or deceleration of the expansion.
Normalizing Eq. (7) by H?gives the critical-density relation
1=0Q,+ Q5+ Q, (11)
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Where

8nGp Ac? q kc? (12)

™ 3H2 AT 32T T q2p2

These dimensionless versions are necessary for computational modeling as they eliminate the
dependence on absolute scales and make it easy to compare directly with observational
constraints. These parametrizations are at the core of modern cosmological inference pipelines,
which makes it possible to estimate Hy, Q,,, and ,simultaneously from various datasets [16-
18].

3.4 The ACDM Model and Alternative Formulations

The ACDM model (A = cosmological constant, CDM = cold dark matter) remains the simplest
framework consistent with most observations. It assumes a flat geometry (k = 0) and energy
components dominated by matter and vacuum energy. When these assumptions are inserted
into Eq. (7), the expansion rate becomes: H%(t) = HZ [Qoa™3 + Qoa™* + Qp0], where the
subscripts denote present-day values.

The equation is effective in explaining cosmic acceleration, but the discrepancies between local
and global Hymeasurements have prompted exploration of non-standard models [15, 20].

Di Valentino, Melchiorri, and Silk [20] identified that the data obtained from Planck slightly
support a closed geometry (k > 0), thereby indicating a possible tension within ACDM. Manasi
[21], by revisiting the “closed-universe” concept, took it as a pointer that tiny geometric changes
could be the way to solve the cosmological crisis presently. Besides this, the dynamical analyses
show that scalar-tensor as well as f(R), gravity models can mimic late-time acceleration
without an explicit cosmological constant [14, 19]. These models broaden the scope of Eq. (7)
by substituting G and A with effective, scale-dependent quantities, hence making ACDM a
limiting case rather than a final theory. The main cosmological models are put side by side in
Table 2, which contrasts their governing equations, assumptions, and key observational
characteristics. The main cosmological frameworks dealt with in this part are outlined in Figure
2.

Table 2. Comparison of Cosmological Models

Model Governing Equation Assulrilepytions Observational Fit Limitations
Excellent
ACDM , 8mG  Ac*  kc? Flat space, agreement with tenls—lil(l)?lplffxe d
H* = 3 P + N constant A. CMB and A,
supernova data. )
. Stability and
, 1 Higher-order
f(R) Gravity F R Ry = Ef (R)Guv curvature Mociels ?te é)arameter
= 87GT,, /c* terms. acceleration. egeneracy
issues.
. Dynam.lcal Fits weak lensing Fine-tuning of
Scalar-Tensor G, = 8nGT,, +V, ¢V, scalar field and large-scale couplin
Theories rv pv o TRTETY drives & ping
expansion data. functions.
Gauss- G = R® — 4R, R™ Includes Captures high- Complex
Bonnet ald 4R RUVPT topological energy curvature differential
Gravity nvpo corrections. effects. structure.
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{ Cosmological Models J
N
ACDM Scalar-Tensor Gauss—
Model f(R) Gravity Theories Bonnet
) Gravity

Figure 2. Major Cosmological Models

4. Relativistic Perturbation Theory and Structure Formation
4.1 Mathematical Formulation of Perturbations
In relativistic cosmology, perturbation theory provides a rigorous way to model small
inhomogeneities on the homogeneous FLRW background.
The metric is decomposed as

I = Guv t 59;41/' (13)

where g, satisfies the Friedmann equations and &g, represents deviations responsible for
structure formation.

Perturbations are distinguished as scalar, vector, and tensor modes by a Helmholtz-like
decomposition, representing density fluctuations, rotational modes, and gravitational waves,
respectively.

Gauge-invariant variables like Bardeen's potentials ® and P, vest the photons with immunity
from the gauge transformations and reflect the actual curvature perturbations.

Dirian et al. [22] demonstrated that the partition and gauge framework to be their proposition
is also applicable in nonlocal infrared modifications of General Relativity, thus the fundamental
mathematical structures of cosmological perturbations are valid even in extended gravity
theories.

4.2 Linearized Einstein Equations
Linearizing the Einstein equations about the FLRW background yields, for the scalar sector,; the
generalized Poisson relation

VZP — 3H (D' + HY) = 4nGa’Sp (14)

where H = a'/ais the conformal Hubble parameter, and primes denote conformal-time
derivatives.
In synchronous gauge, the matter-density contrast §obeys the classical growth equation

85+ 2HS6 —4nGpSs =0 (15)

which governs the amplification of structures in an expanding universe.

To connect metric and matter perturbations, the continuity equation follows from energy-
momentum conservation:

S+ +w)(V-v+3d)=0 (16)

linking density contrast §and peculiar velocity field v.
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Its Fourier transform defines the statistical measure of structure through the matter power
spectrum
(6(k) 8(k") = (2m)>6°(k — k') P(k) (17)

which quantifies clustering strength as a function of wavenumber.

Desjacques et al. [23] utilized these variables to generate bias relations on a large scale, whereas
Senatore and Zaldarriaga [24] changed the description of redshift-space distortions by the
effective-field-theory (EFT) approach. Subsequently, Anastasiou et al. [25] went beyond the
local two-loop extension of the theory to reach sub-percent precision in the computations of
P(k).

4.3 Nonlinear Dynamics and Chaos in Cosmology

Linear theory provides an accurate description of first-time perturbations; however, at later
times, nonlinear effects take over. If one considers higher-order expansions of Eq. (15), it leads
to the interaction of modes and bifurcation phenomena; thus, the evolution of the density field
becomes intricate and, in some cases, chaotic. Using the dynamical-systems tool, one can
pinpoint attractors and Lyapunov exponents that define how sensitive cosmic structures are to
their initial state [23]. From a nonlinear viewpoint, the small-scale clustering and weak
gravitational lensing are two phenomena through which the nonlinear corrections can be
observed. Sakr [26] has shown that the changed constraints on the neutrino mass lead to a
change of the damping scales and thus have an impact on the nonlinear power spectrum. Asgari
et al. [27] have used cosmic-shear data from KiDS-1000 to confirm the predictions, and they
found only a slight disagreement of the amplitude parameter Sg. Choudhury et al. [28]
investigated the inflationary origin of non-Gaussianities, obtaining analytic bispectra from the
ultra-slow-roll Galileon models that essentially act as the source of the present nonlinear
statistics. New observational programs like CMB-S4, whose capabilities are detailed by Besuner
et al. [29] and Abazajian et al. [30], will detect tensor-mode polarization and secondary
anisotropies with extremely high accuracy, thus providing direct examinations of both linear
and nonlinear relativistic dynamics.

5. Computational and Analytical Techniques
5.1 Numerical Integration of Cosmological Equations
Solving the Friedmann and Einstein equations in realistic cosmological settings requires robust
numerical strategies. Because the Friedmann equations,

) ) 4G
a=aH,H=—T(p+ )+— (18)

are nonlinear and often coupled to time-dependent fluid or field components, their integration
demands high-stability algorithms.

Finite-difference schemes perform discretization of the equations on grids that can either be
uniform or adaptive, and maintain second or fourth-order accuracy for variables such as
a(t)and H(t). Runge-Kutta methods (fourth- and fifth-order adaptive versions) are still the
standard choice for ordinary differential systems of homogeneous cosmologies, whereas
spectral methods represent solutions in basis functions that converge exponentially for smooth
metrics.

Aurrekoetxea et al. [31] showed that the motion of these integrators with relativistic evolution
codes produces accurate, stable simulations of inhomogeneous universes, thus constituting a
direct numerical relativity continuum from cosmological perturbation theory. Their scheme not
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only evolves the background but also the perturbations in a self-consistent manner, thereby
confirming that large-scale homogeneity can be a natural result of initial metric fluctuations.

5.2 Symbolic Computation in Differential Geometry

As a matter of fact, fewer and fewer researchers who analytically or semi-analytically explore
General Relativity use purely manual methods; instead, they turn to symbolic computation
software like Mathematica, Maple, and open-source tensor libraries. In fact, these instruments
execute the computational aspect of the Christoffel symbols, Ricci tensors, and curvature
invariants by themselves, so scientists can focus on the verification of tensor identities and the
derivation of conservation equations without the risk of human errors.

Adamek et al. [32] took the symbolic modules to another level by integrating them in their
gevolution code for the computation of weak-field expansions of the metric in a relativistic N-
body context. The perturbation of the metric components was not only done symbolically, but
also formalized before the discretization; thus, the geometric consistency of Einstein's equations
was kept intact, besides the gain of computational efficiency. Besides, symbolic engines also
work on the perturbation expansion of the Einstein-Hilbert action to produce the highest-order
correction that can be numerically evaluated later. Hence, symbolic automation has become
both a method and an instrument in graduate-level cosmology and astrophysics programs for
researching differential geometry in curved spacetime [33].

5.3 Computational Relativity in Cosmology
When spacetime curvature and matter inhomogeneities become strongly coupled,
computational relativity provides the only viable approach. The governing Einstein equations

are discretized on a 3 + 1 spacetime lattice, converting the continuum relation

8nG

Gﬂv = C_4'TMV (19)

into an evolution-constraint system that can be dealt with through iterative time stepping. When
Bona and Massé [34] introduced the Bona-Masso slicing condition that controls gauge evolution
and reduces coordinate singularities in numerical spacetimes, they were the first to come up
with stable formulations. This formulation is the basis of the majority of the modern relativistic
solvers that are used in the cosmological and astrophysical fields.

Settling on these basics, Ijjas [35] went further to argue that numerical relativity did not only
date from an astrophysical technique but also evolved into a fundamental cosmological tool that
makes it possible to directly simulate inflationary dynamics, anisotropic expansion, and horizon
formation. By doing this, researchers can understand the nonlinear geometry of the universe at
its birth and examine the stability of the inflationary potentials when they solve Eq. (19)
together with scalar-field or fluid equations. Besides, parallel computation and adaptive mesh
refinement still allow this to be done by opening up global accuracy while closing in on horizon-
scale features.

Aurrekoetxea et al. [31] argued that numerical relativity, along with cosmological boundary
conditions is capable of reproducing the transition from local inhomogeneities to global
isotropy, thus effectively confirming the Cosmological Principle as a natural consequence of
Einstein’s equations. The combination of symbolic analysis, exact numerical schemes, and
geometric insight forms the core of modern computational cosmology as a subdiscipline of
applied mathematics.
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6. Advanced Topics and Modern Mathematical Challenges

6.1 Singularities and Global Structure of Spacetime

Arguably one of the deepest mathematical issues in cosmology is the question of the global
structure of spacetime and the kind of singularities it has. The Penrose-Hawking theorems have
shown that under general conditions—positive energy density, causal structure, and trapped
surfaces—geodesic incompleteness is unavoidable, thus implying the emergence of
singularities in which divergence of curvature occurs and classical predictability fails.
Contemporary work interprets these theorems as being locally dependent on not only
geometric but also topological properties of spacetime manifolds and their boundary behavior.
Topological defects of the nature of domain walls, cosmic strings, and monopoles can serve as
boundary conditions that alter curvature flow near singular regions. Through the use of global
analysis and topological invariants, cosmologists raise the question of spacetime being extended
via quantum or modified-gravity corrections so as to circumvent singularities. Saridakis et al.
[36] argued that singularities should not be considered as mathematical pathologies but instead
as changes to different geometrically structured phases of the universe, thus serving as a link
between the classical and quantum regimes.

6.2 Alternative Geometries and Modified Gravity

The limitations of Einstein’s equations in describing dark energy, cosmic inflation, and the
Hubble tension have led to the development of alternative geometrical frameworks. These
models modify the Einstein-Hilbert action by including curvature invariants or terms from

higher dimensions, resulting in generalized field equations of the form:
1 8rG
f,(R)Ruv - Ef(R)guv + (guvl:' - Vuvv)fl(R) = C_4Tuv (21)

where f (R)is an analytic function of the Ricci scalar R. This formulation introduces fourth-order
derivatives into the field equations, significantly increasing mathematical complexity but also
enabling new cosmological solutions.

Capozziello and collaborators [36] gave a detailed mathematical classification of modified
gravity theories of this kind, which also encompass f(R), scalar-tensor, and teleparallel
extensions. Martinelli and Casas [37] considered their observational implications and were of
the opinion that very accurate future surveys will use parameterized post-Friedmann
expansions to establish differences between the models.

Frusciante and Benetti [38] took another look at Hotava-Lifshitz gravity, a Lorentz-violating,
higher-derivative theory, and demonstrated that the theory can still be aligned with the
constraints of the gravitational-wave propagation from GW170817 if the coupling between
massive neutrinos and curvature terms is adjusted accordingly.

Incorporating higher-order curvature invariants, Hussain et al. [39] studied Einstein-scalar-
Gauss-Bonnet gravity, where the Gauss-Bonnet term

G = R? — 4R, R* + Ry, R¥'P? (22)

uvpo
play the role of a topological correction that can change the cosmic acceleration both at early
and late times. Their study unfolded a complex dynamical behavior, in particular, it showed fixed
points and bifurcations associated with dark-energy-dark-matter interactions, thus providing

an example of how extended geometries can yield cosmological dynamics of a totally different
kind.

Received: November 10, 2025 2016



International Journal of Applied Mathematics
Volume 38 No. 9s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

6.3 Quantum Geometry and Cosmological Implications

A thorough representation of the cosmos requires the unification of General Relativity with
quantum mechanics, which is still a problem that urges the development of new mathematical
frameworks. Loop Quantum Cosmology (LQC) is a theory in which spacetime is a quantized
entity; hence, the continuous scale factor a(t)is replaced by discrete eigenvalues of a geometric
operator. The modified Friedmann equation in this framework can be written as

H? = ?p(l -2 (23)

Pecrit

where p..i; represents the maximum energy density before a quantum bounce replaces the
classical singularity. This relation implies a nonsingular universe that contracts and re-expands,
preserving geodesic completeness.

Tasinato et al. [40] moved beyond such quantum-geometric considerations to scalar-tensor
frameworks; they essentially showed that the propagation of gravitational waves is the means
by which one can explore very effectively the high-energy changes of the spacetime structure.
Their study revealed that scalar fields linked to the curvature could cause deviations of the
luminosity-distance relations at the universe scale, this being an observational imprint of
quantum or higher-order corrections.

Put simply, quantum geometry assigns discrete spectra to curvature and volume operators;
thus, the differential manifolds are replaced by algebraic or combinatorial structures. The shift
from smooth to discrete geometry is a change of the whole concept of the universe that depends
on functional analysis, non-commutative geometry, and operator theory for new tools. These
methods aim at uniting the quantum field quantization with the very structure of spacetime,
this union being still one of the most difficult unsolved problems of theoretical physics.

7. Discussion

Mathematics continues to be the main tool by which the universe’s expansion at an increasing
rate is understood, forecasted, and even disputed. Current cosmological models show that
equations do not only describe the physical world - they actually form the conceptual framework
within which the physical world becomes understandable. For instance, the cosmological
constant is an example of such a dual role. As Belot [41] noted, a positive A not only makes the
universe expand faster but also changes the philosophical concepts of time and causality, thus
suggesting that even geometry has the ability to influence the universe. Here, the mathematical
framework cannot be separated from the metaphysical one: curvature decides destiny.

Even though this mathematical system is very sophisticated, it still contains some deep
paradoxes. Scali [42] followed the story of the cosmological-constant problem from the early
Newtonian analogues to the modern relativistic models and thus uncovered the huge
discrepancy between the quantum-field-theory-based predictions of vacuum energy and the
actual observations. The very same equations that are so precise in encoding the large-scale
dynamics are powerless in reconciling the microscopic fluctuations. This difference lays bare
the main tension between continuous geometric mathematics and the discrete probabilistic
nature of quantum theory. It also implies that the next revolution in cosmology will not be a
result of new observations but rather a consequence of re-examining the mathematical
assumptions that underlie spacetime.

The history of cosmology is a testament to the fact that every conceptual leap has been preceded
by a mathematical one. Kragh [43] argued that the conflict between steady-state and relativistic
cosmologies was not only scientific but also aesthetic: the former model was algebraically
simpler while the latter was differential-geometrically more complex. In the modern day, this
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dialectic is between minimal ACDM models and extended gravitational models. It is important
to conclude that the future of cosmology depends on the willingness to run the risk of expanding
its vocabulary of mathematics.

Their growth is well exemplified by the invention of such concepts as fractional-order calculus.
Shchigolev [44] demonstrated that non-integer derivatives can be useful for effective
representation of non-integer anomalous acceleration without the addition of another dark-
energy component. The non-locality and temporal memory in cosmological equations that are
natural and made available by fractional operators make it possible to have reconciliation
between local dynamics and global evolution. These methods show that through the
generalization of calculus, it is possible to arrive at new types of physical knowledge.

On a more profound level, Krizek and Somer [45] believed that most cosmological paradoxes,
such as singularities, infinities, and fine-tuning, were due to taking the smooth differential
manifolds too seriously as to their idealizations. In this case, mathematics in discovers as well
as brings about the crises that it attempts to solve. Accepting this as a generative role that it
plays is accompanied by a shift towards the attitude that mathematics is an evolving partner in
physical theory. In this way, cosmology is the dialogue between empiricism and mathematical
imagination.

Comparatively, the mathematical systems have their own particular strengths and weaknesses.
Differential geometry provides the most rigorous way to define curvature, but it fails at
singularities; dynamical systems theory is good at describing global behavior, but it is not
precise; computational and symbolic methods help to connect analysis with simulation, but they
are limited by resources; and fractional or non-local approaches can extend the descriptive
reach, but they still lack a unifying principle. Their interaction indicates that the following stage
of cosmology will not be a transition to one paradigm but an integration of all, thus combining
geometry, dynamics, and computation into one single coherent formalism.

The next mathematical innovation might be a result of hybrid geometries that combine discrete
and continuous structures. The use of non-commutative manifolds, categorical topologies, and
quantum-geometric operators may be able to provide the syntax that can reconcile Einstein’s
smooth spacetime with quantum discreteness. In such a fusion, curvature, probability, and
computation would be the elements of one self-consistent language that coexist. So, the
accelerating universe, rather than an ad hoc revelation of theoretical closure, is a new beginning
of mathematical cosmology, a challenge to reconsidering not only the universe, but also the
mathematics through which we cognize it [41-45].

8. Future Directions and Open Problems

The cosmological mathematical model is profound and extensive, yet not comprehensive.
Acceleration of the aspects of the universe, maintenance of singularities, and the conflict
between the quantum and relativistic theories are all signs that new mathematical concepts are
required. The General Relativity theory is based on differential geometry, a beautiful model for
describing the curvature of spacetime, but it fails to work in the Planck scale area, where
quantum effects become important. By redefining the continuum, new ideas like category
theory and noncommutative geometry aim to transcend these limitations. In geometry,
noncommutative Spacetime theory looks at spacetime coordinates as algebraic operators,
rather than smooth variables. Nevertheless, category and topos-based approaches offer abstract
languages that integrate topology, logic, and dynamics into a single formalism. These
developments are signs that the universe may not be a continuous space, but a structured
algebra of relationships- a mathematically fundamental object. Among other important issues,
the question that still remains most evident in the dark is what dark energy is. On a fundamental
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level, the most mysterious concept that the cosmological constant may represent is dark energy.
[s it an actual constant or quantum inflow, or is it merely a geometrical manifestation? Likely,
the answer to this lies in rewriting the Einstein equations in a manner that allows the vacuum
energy to be a natural extension of the curvature or topology. Similarly, the global geometry of
the universe (be it finite, connected, or with extra dimensions) is awaiting a specific
mathematical description. These hidden structures may be revealed and mapped out using the
instruments of spectral geometry, algebraic topology, and higher-dimensional analysis. Unifying
quantum mechanics and gravitation is the hardest problem, essentially. Collaborating across
disciplines is necessary to tackle these frontiers. In fact, the next moves will combine analytic
reasoning, simulation, and observation in one mathematical enterprise, thereby opening a new
era of cosmology that results from the integration of geometry, algebra, and computation.

Table 3. Emerging Mathematical Paradigms in Cosmology

Mathematical .
. Core Concept Relevance to Cosmology Potential OQutcome
Paradigm
Noncommutative Coordinates obey algebraic Introduces quantum Resolves smgularltles.and
. . . merges geometry with
Geometry commutation relations. structure to spacetime.

quantum theory.

Describes relationships Unifies topologv logic Provides an abstract
Category Theory between mathematical POIOgY, 08I, framework for quantum-

and dynamics. L .

structures. relativistic synthesis.
. L Models nonlocal or Alternative route to explain

) Extends differentiation to . .  EXP

Fractional Calculus . memory effects in cosmic dark-energy-like

non-integer orders. : !
expansion. acceleration.
Anal metr, .
ayzes geo e.t y Characterizes global Detects curvature from
Spectral Geometry through Laplacian X .
. cosmic topology. spectral signatures.
eigenvalues.

9. Conclusion

The expanding universe is perhaps the most spectacular success of mathematical reasoning. In
fact, mathematics acts as the common language that links the reality to the theory starting from
the geometric bases of General Relativity to the analytical and computational progresses of
contemporary cosmology. In fact, a careful look at Einstein’s equations, the derivation of the
Friedmann models, and the numerical and perturbative analyses of cosmic structure reveals
that at their deepest level, all cosmological insights are mathematical ones. However, this feat is
still incomplete. The discordances quantum versus geometry, discreteness versus continuity,
empirical precision versus theoretical completeness, which are among the issues that have been
raised, all point to the necessity of further mathematical inventions. New mathematical concepts
such as noncommutative geometry, category theory, and fractional calculus are expected to go
beyond the limits of traditional analysis and provide new ways of understanding dark energy,
curvature, and topology. As a result, cosmology is still an evolving branch of applied
mathematics where the new findings are the outcome of the collaboration among theorists,
mathematicians, and computational scientists. The second step in this regard is to determine
the most suitable mathematical instruments that would enable us to explain the universe not
merely by the equations of motion but by the raw logic of geometry and form.
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