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Abstract

Applied mathematics centers on optimization and approximation methods and through these
methods engineers and scientists can model, analyse and solve complex real-world problems
efficiently. Recent technologies of increased computational power, designs of algorithms, and
mathematical modeling have resulted in the creation of modern optimization techniques,
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including metaheuristic algorithms, convex and non-convex optimization and machine
learning-assisted approximation. These techniques can provide quicker convergence, increased
accuracy and also to solve large and high dimensional problems that were not previously
solvable. The following paper describes an in-depth research on the modern method of
optimization and approximation, their relevance to engineering design, control systems, data
analysis, and scientific computation. Gradient-based methodologies, evolutionary algorithms,
surrogate modelling approach, and adaptive approximation are mentioned, and their
performance has greatly been compared. Findings suggest that a combination of classical
mathematical methods with contemporary concepts in computing algorithm techniques is
marked by high performance and reliability in most cases. Issues such as computational cost,
sensitivity to initial conditions as well as issues in real-time use are discussed. The future
highlights the combination of the artificial intelligence, parallel computing, and quantification
of uncertainties to increase the strength and usability of these mathematical instruments.

Keywords— Optimization, Approximation, Applied Mathematics, Metaheuristics, Surrogate
Modeling, Engineering Applications, Computational Methods, High-Dimensional Problems.

I. INTRODUCTION

Applied mathematics is based on optimization and approximation, which provide the adequate
techniques to model, analyze, and solve complicated problems that arise in engineering,
physics, data science, and other fields of science [1]. The systems that are found in the real
world are not only high dimensionality, non-linearity, and not known, but also difficult to
analyze using the classical methods. Linear programming, least-Squares approximation, and
Newton-based optimization Traditionally, these approaches offer extremely useful
foundations, but when large scale, non-convex, or stochastic problems must be solved they
tend to be very constrained. This has led to the pursuit of the current generation of
computational algorithms that, in addition to the innovation of their algorithms, employ the
increased capability of modern day computing.

New discoveries in optimization theory such as metaheuristic algorithms, convex and non-
convex optimization and hybrid approaches have increased the number of problems which can
be efficiently solved. Metaheuristic algorithms, including Genetic Algorithms, Particle Swarm
Optimization and Simulated Annealing, offer conducive and adaptable solutions that are able
to meet local minima and search vast solution space. Gradient techniques and convex
optimization are still useful in the situations where derivatives information is known, as the
corresponding problems have a rapid convergent nature, and have a mathematical basis.
Approximation techniques, such as spline interpolation, radial basis functions, surrogate
modeling, on the other hand, improve predictive fidelity to the full extent that overall
computational cost is lower, which, in engineering and science, allows near real-time
simulations to be performed [5].

The motivation behind this work has been the reality that there has been a necessity to
development of efficient, precise and strong mathematical tools that can address real-life
engineering and scientific problems. Systems engineering, structural design, energy
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optimization, robotics and aerospace applications require solutions that are not just
optimization of performance, but may also have constraints, uncertainties and complex
dynamics [7]. Similarly, in climate modeling, material science and fluid dynamics scientific
simulations, it is necessary to have a computationally efficient approximation process to handle
high data volumes and one dimensional parameter space. To solve these issues, it is important
to study the contemporary optimization and approximation techniques in detail and analyze
their viability in the real life.

This work will attempt to give a systematic discussion of modern methods of optimization and
approximation in applied mathematics, both in theory and in the computations. It studies the
advantages, shortcomings and constraints of single approaches and explores cross-combination
techniques, which integrate the deterministic and stochastic techniques [4]. Through
comparative studies, this paper has determined strategies that can improve the convergence
speed, solution accuracy, and strength of the multi-dimensional and constrained problem space.
Approximation techniques are also highlighted by the study to lower the cost of computation
with particular focus on those methods that allow large-scale simulations to be of high fidelity
with reasonable resource demands.

This work has fourfold objectives: first, to provide an overview of the modern optimization
and approximation methods and their mathematical principles; second, to determine the
feasibility of these methods in terms of the practicality of solving an engineering or scientific
problem; third, to identify the challenges, limitations and sensitivity factors that affect the
performance of the algorithms and fourth, the development of hybrid or integrated strategies
that will improve the performance of both the variant of the algorithm in terms of efficiency
and reliability [6]. Through the realization of these goals, by the study, a reference framework
would be availed to the researchers, engineers, and applied mathematicians aiming to apply the
advanced mathematical tools into the real world.

To draw a conclusion, the present paper has both thoroughly explored and presented the latest
forms of optimization and approximation both in theory and practice. It shows that hybrid
methods that combine both classical mathematical methods with metaheuristic and
approximation methods most often provide better performance when tackling a challenging
problem. In addition, the research notes the most important areas, in which computational
efficiency, adaptation of algorithms, and modeling accuracy can be improved that can pave the
way to the developments in applied mathematics in the future. Another important point that the
work puts forward is the need to balance the accuracy of the solution with the cost of
computations which is critical in most uses of engineering and science when real-time
computations, or large-scale computations, have to be performed [2].

Novelty and Contribution

The research has some innovative points that stand out of the works that are already available
concerning the application of mathematics and computational optimization. First, it offers a
solution operating in a unified approach combining optimization and approximation methods
with each other. Although the earlier research usually either uses metaheuristic algorithms

14

Received: August 07, 2025



International Journal of Applied Mathematics
Volume 38 No. 10s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

alone or surrogate modeling alone, this research highlights the importance of a synergy
between the two techniques and shows how the hybrid techniques can utilize the advantages
of the other methodology and address the drawbacks of the individual techniques.

Second, the research solves real-life engineering and scientific issues through the
implementation of contemporary mathematical tools to the relevant high-dimensional,
constrained, and non-linear problems. The gap between the abstract mathematical work and its
practical implementation is bridged by the work in two ways: the techniques that are
computationally and mathematically rigorous are brought to prominence.

The major findings of this research are:

o Formal Overview: A critical summary of the current-day optimization and
approximation methods including gradient-based, metaheuristic and surrogate-assisted have
been brought to the forefront in terms of their mathematical foundations and applicability.

o Hybrid Methodology Development: Suggestion and investigation of hybrid algorithms
to integrate ancient deterministic algorithms with modern stochastic and approximation
algorithms with superior convergence, robustness, and efficiency in addressing and solving
difficult problems.

o Comparison of Performance Analysis: Systems theoretic evaluation of various
algorithms on (usually) engineering and scientific problems, including quantitative data
regarding the rate of convergence, cost of computation, accuracy, and sensitivity to the change
in the various parameters.

° Viable Impression and Recommendations: Identification of limitations, bottlenecks,
and aspects that require consideration to optimize algorithms and feasible mechanisms and
resources to recognize and select the approach of optimization and approximation in real-life
contexts.

. Future Research Directions: The Future research directions will involve elaboration of
the future advances which will be required including the Al-aided optimization, parallel
computing, distributed computing, uncertainty quantification and the adaptive surrogate
modeling that will be necessary in expanding the context of the mathematical tools to applied
sciences.

Primarily, this piece of work contributes to the theoretical and practical aspects of work,
improving the evolution of effective mathematical supplies that ensure the modern issues in
the engineering and scientific areas. Showcasing the originality of hybrid strategies, their
practical implementation and being both informative and practical, it can be mentioned that the
current work is a strong resource in the hands of researchers, practitioners, and educators of
applied mathematics, computational engineering, and scientific computing.

I1I. RELATED WORKS

Applied mathematics over decades has been on the cutting edge with optimization and
approximation techniques to offer necessary solutions to real-world examples of engineering
and other sciences. The systematic problem-solving was established by classical optimization
methods i.e. linear programming, quadratic programming and gradient based methods. These
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procedures are applicable to clear-cut problems that have convex goals and easy objectives.
Nevertheless, all these problems become less applicable to non-linear and non-convex
problems, and also at high-dimensions, which are typical in the industry, such as complex
structural optimization, energy systems design, and massive data modeling. These classical
approaches have limitations which have stimulated the design of contemporary approaches that
are able to deal with complexity and scale more effectively.

In 2025 V. Korovushkin et.al., [8] introduced the current optimization direction is to
metaheuristic and evolutionary algorithms, giving in to customizable strategies of search that
are able to explore large and intricate solution spaces. Genetic algorithms, particle swarm
optimization, simulated annealing and ant colony optimization techniques have proven to be
quite effective in search of near optimal solutions to problems where the common traditional
methods fail to work. The benefits of these methods include excellent escaping of local optima,
discrete and continuous variables, and dynamism, among others. Although strong, they can be
computationally expensive and expensive in terms of tuning up of parameters such as
population size, mutation rates as well as learning factors. Critical engineering applications can
also face a challenge due to the variability in the performance they offer since they tend to be
stochastic.

In line with the development of metaheuristics, approximation methods have also improved to
allow the ease of computation as well as the accuracy of solutions being obtained. RBFs, spline
interpolations and polynomials serve as useful alternatives in the effort to provide its modeling
of complex functions and data with high dimensionality. Reduced-order models, response
surface methods, and machine learning-assisted approximations are surrogate modeling
methods that have proven useful in solving problems that are computationally expensive [10].
With these models, optimization cycles can be increased in speed through the substitution of a
high-fidelity simulation with an effective surrogate model, and real-time decision-making
possible in engineering applications, including fluid dynamics simulations, structural analysis,
and adaptive control. However, approximation methods do come with some error which needs
to be thoroughly measured and the success is dependent on the quality of the training samples
and the selection of basis functions or model degrees.

In 2025 Y. Liang et al., [15] proposed the hybrid approaches that mix optimization and
approximation techniques are also being viewed as possible solutions in complicated
applications. As an example, metaheuristic optimization using surrogacy has the ability to
make computations-intensive evaluations to be approximated at the cost of efficiency without
meaningful loss of accuracy. In the same fashion, by integrating gradient based algorithms with
evolutionary algorithms, the local convergence speed of deterministic algorithms and the
global search aspect of stochastic algorithms can be used. These hybrid frameworks are
observed to perform better in high dimensional problem spaces and also in limited problem
spaces. Nevertheless, the combination of multiple methods adds new challenges such as the
complexity of the algorithm, the need to balance exploration with exploitation, and stability
and robustness to a wide variety of problem instances.
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Practical engineering and scientific applications tend to exert further restrictions e.g., time-
sensitive solution, multi-objective trade-offs, and uncertainty of input parameters. Multi-
objective optimization models have also been designed to ensure that a situation whereby
conflicting goals as such cost against respects to performance or efficiency against reliability
are to be balanced. Approximation algorithm has an important role to play in making it possible
to do multi-objective optimization simply by ensuring that the cost of assessing a number of
candidate solutions is much lower. Although these developments have occurred, practical
considerations still exist in the scaling of algorithms to very-large dimensional problems,
processing of noisy or incomplete data and reproducible results in stochastic optimization
processes [9].

New directions point to the combination of artificial intelligence and machine learning in the
conventional optimization and approximation models. The machine learning models can be
used to forecast the best regions of solutions, search strategies, and increase the accuracy of
the surrogate models. Such Al-aided solutions are promising in the complicated problems such
as optimization of structures, management of renewable energy and real-time control systems.
However, they need enormous amounts of data to train, they run a risk of overfitting, and they
have to validate thoroughly to guarantee that solutions have a physical meaning and that they
can be applied to a real-life situation. Besides, predicting uncertainties and estimating errors
are also essential to the deployment of Al-aided optimization reliably to safety-critical
engineering systems.

In 2025 W. Zhao et al., [3] suggested the terrain of contemporary optimization/approximation
methods can be seen as a steadfast attempt to settle on a tradeoff between efficiency in
computing power, the quality of the solution and algorithm strength. Although much has been
achieved, the existing techniques tend to be high-dimensionality, stochasticity, real-time
applicability and uncertainty management. The necessity of hybrid, adaptive, and Al-focused
structures is evident, especially in areas where the conventional methodology cannot be applied
when dealing with a complex, multi-objective, or massive problem. To overcome these
challenges, there is a need to not only be innovative in methodology but to also examine and
benchmark such innovations to help the process of selecting and implementing the most
appropriate tools in a particular application.

The history of the subject of optimization and approximation in applied mathematics reveals
the interrelation between how algorithms are designed, their efficiency in computations, and
the usefulness of the algorithms. The modern methods take the hybrids into account, surrogate
modeling and challenges the classical and single methods with impairment through
hybridization, surrogate modeling, and Al integration. The gaps that were identified include:
high computational cost, sensitivity to parameters, local minima trapping, and the uncertainty
representation and can be considered as a roadmap to the future of research to create strong,
scalable, and flexible mathematical tools that can reach the constantly demanding requirements
of engineering and scientific practice.
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III. PROPOSED METHODOLOGY

The research problem targeted by the proposed methodology dwells on the creation of
contemporary optimization and approximating tools of tackling intricate engineering and
scientific problems in an efficient manner. The methodology combines classical optimization
theory, metaheuristic, surrogate-assisted approximation and hybrid framework used in solving
high dimensional, constrained and non-linear problems. These labor steps are the formulation
of the problem, the choice of algorithms, computational representation, surrogate modeling,
hybrid optimization and performance analysis. A flow chart that displays this methodology
would be given below.

Problem
Definition

Final Solution

Method
Selection

Refinement

Surrogate
Modeling

Evaluation

™

Workflow for Hybrid Optimization and
Approximation Framework

Optimization
Loop

O

FIG. 1: WORKFLOW FOR HYBRID OPTIMIZATION AND APPROXIMATION
FRAMEWORK

The flow chart will illustrate the stages in order, problem description, choice of method,
surrogate modeling, hybridization and optimization, evaluation of a solution, and loop-based
improvement.

Problem Formulation
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The first step involves formalizing the real-world engineering or scientific problem as an
optimization or approximation task. Let x € R" represent the decision variables. The general
constrained optimization problem is expressed as:
m%gr}cf(x) subject to g;(x) < 0,h;(x) =0,i=1,...,m,j=1,..,p
X€E
(1)
where f(x) is the objective function, g;(x) are inequality constraints, and h;(x) are equality
constraints. The feasibility region is defined by:
Q= {x ER" | gi(x) <0,h;(x) = 0}
()
Iution quality,we define an error metric:

*

E = ||x0pt —x
3)
Classical Gradient-Based Optimization

For differentiable objective functions, gradient-based methods are employed to achieve rapid
convergence. The update rule for the standard gradient descent method is:

X1 = X — aVf(xg)

4
where a is the learning rate and Vf (x;,) is the gradient at iteration k. The convergence criterion
1s defined
as:
IVf(xi)ll < €

)

For second-order methods, the Newton-Raphson update uses the Hessian matrix H :

X1 = X — H () VS ()
(6)

with the Hessian given by:

x4 0x10xp
H(x) = :
0xn0x1 0xn
(7)

Quasi-Newton methods approximate the Hessian iteratively using:

T T
YiYi  HrSkSiHi
T T
Yk Sk S Hysk

Hyyq = Hy +
(8)
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where s = Xpqq — X and Y = Vf (1) — Vf ().
Metaheuristic and Evolutionary Optimization

For non-differentiable or highly non-linear problems, metaheuristic algorithms provide robust
global search capabilities. Particle Swarm Optimization (PSO) updates particle positions using:

£+l _ ot t t
v = 0wy +on(p—x;) + (g — x;)
xftt = xb + vt

(€))
where v} is the velocity, x! is the position, p; is the particle's best position, g is the global best,

w i1s the inertia weight, and c;, ¢, are learning coefficients [11].

For Genetic Algorithms (GA), the fitness function is defined as:

1
1+f(x)

Fﬁtness (x) =
(10)

Crossover and mutation operations generate new candidate solutions:

Xnew = XXparent1 T a- a)xparentZJxmutated =x+o0-N(0,1)

(11)
where « is the crossover ratio and o is the mutation strength.
Simulated Annealing (SA) uses probabilistic acceptance of new solutions:
P(AE) = exp (— AT—E)

(12)
where AE is the change in objective and T is the temperature parameter [13].
Approximation and Surrogate Modeling

To reduce computational cost in expensive evaluations, surrogate models approximate the
objective function:

fo) = (), f(x) = Ty wip(llx — el
(13)

where w; are weights, c; are centers, and ¢ is a radial basis function. Error estimation is defined
as:

1 Py
Es = ﬁZ?’:l |f(x) = F (x|
(14)
Polynomial regression can be applied as:
fx) =30, ax’
(15)
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with least-squares fitting minimizing:
2
min T, (f() — 20 ax))
(16)
Reduced-order modeling approximates dynamic systems as:

u(x, t) = Yioy a; ()¢ (x)
(17)

where ¢;(x) are basis functions and «;(t) are time-dependent coefficients.
Hybrid Optimization Framework

The hybrid approach combines deterministic gradient methods with metaheuristic search and
surrogate models. The general update is:

where x,,., 18 the metaheuristic candidate, X is the surrogate-predicted solution, and «, 3, y are
weighting factors.

Constraint handling uses Lagrangian formulation:

LA = f0) + X 4igi(x) + X pjhi(x)

(13)

with KKT conditions:

v, =0,9(0)<0,4,1=>0,1g(0) =0
(19)

For multi-objective optimization:

F(x) = [f1(x), f2(x), ..., fr (x)], Pareto-optimal set: P* = {x | Ay: F(y) < F(x)}

(20)
Algorithmic Steps and Implementation
1. Initialization: Randomly generate candidate solutions and initialize surrogate
models.
2. Evaluation: Compute objective values using high-fidelity simulations or surrogate
approximations.
3. Optimization Loop:
. Update solutions using gradient, metaheuristic, or hybrid strategies.
. Adjust surrogate predictions iteratively:
fiesr(®) = fie@) +n(f () = fi(x))

21)
4. Convergence Check:
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lxg+1 — xpell <€ or |f(xpsq) = fFxp)l <6
(22)

5. Solution Refinement: Apply local search on top-performing candidates.
Performance Metrics

Efficiency, accuracy, and robustness are quantified using:

o Convergence rate:
R = Ilf Geo)—f Gl
k
(23)

Computational cost:

Robustness: Standard deviation of solutions across multiple runs:

1 _
G = [EEI = 32
(24)

This methodology provides a comprehensive framework for solving complex applied
mathematics problems, integrating deterministic, stochastic, and surrogate-based techniques.
It is flexible, scalable, and suitable for multi-objective, high-dimensional, and constrained
scenarios [14].

IV. RESULT & DISCUSSIONS

The methodology proposed was implemented on a task of benchmark optimization and
approximation problems occurring in engineering and scientific situations. The hybrid
framework performance was assessed on the basis of the convergence speed, the effectiveness
of the calculation and the accuracy of the solutions. The convergence pattern of hybrid
optimization strategy is averaged in Figure 1 in comparison to the other gradient and
metaheuristic methods alone. Based on the figure, it can be seen that the hybrid strategy has a
faster convergence rate and also has the same accuracy with all the test problems. It has the
benefit of using a small number of costly high-fidelity function evaluations due to the
combination of surrogate-assisted evaluations and adaptive metaheuristic search, leading to
better computational efficiency, and the quality of the solution is not sacrificed.
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FIG. 2: AVERAGE CONVERGENCE COMPARISON ACROSS OPTIMIZATION
METHODS

Along with convergence analysis, the strength of the proposed framework was evaluated in
several independent, unrelated running of the frameworks. The variability of the solution in
each method is as shown in figure 2. The hybrid approach shows little dispersion in the
resulting solutions which shows a high level of stability and reliability even in the presence of
stochastic effects. Conversely, the more commonly used standalone metaheuristic methods are
more varied because of their probabilistic nature in search, whereas the purely gradient-based
methods sometimes can reach local minima as in the long error bars. The hybrid approach
successfully takes the advantages of the global exploration and the local exploitation which
makes it less likely to converge to suboptimal convergence and would make the outcomes
repeatable in large dimension problem spaces.

10
75 8 7.8

8

6
4 4.3 4.2

4
2 2.2 2.1

2

0

Run 1 (Std. Dev.) Run 2 (Std. Dev.) Run 3 (Std. Dev.)

== Gradient Descent === Metaheuristic === Hybrid Method

FIG. 3: SOLUTION VARIABILITY ACROSS MULTIPLE RUNS

Quantitative comparisons with computational efficiency were made in terms of execution time
and all function evaluations. The results are summarized in Table 1. Hybrid approach yields
about 40 60 percent decreasing of the function examination of the metaheuristic strategies
without any reduction in the solution precision. Gradient based methods do not achieve global
optima of non-convex problems despite being computationally light. The surrogate assisted
elements of the hybrid framework help achieve this efficiency because they approximate costly
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objective function assessment thereby speeding up the complete optimization procedure. These
results emphasize the practical merit of combination of the approximation techniques and the

conventional and advanced optimization techniques, especially with time-dependent or
resource-consuming solutions.

TABLE 1: COMPARISON OF COMPUTATIONAL EFFICIENCY ACROSS

METHODS
Method Avg. Execution Function Accuracy (%)
Time (s) Evaluations
Gradient Descent 15.2 120 91.5
Metaheuristic 78.5 450 97.2
Hybrid Method 45.7 210 96.8

The framework was also tested on the accuracy of approximation of responses of the system.
Figure 3 illustrates the projected and obtained results of a high-dimensional black-box problem
with surrogate-assisted hybrid approach. The findings indicate that there is a high inclusion as
well as agreement in the predicted and true values with little error margins. This corroborates
the effectiveness of the surrogate models to represent the behavior of complex and non-linear
behavior with a sizeable reduction of the amount of high-fidelity evaluations that would be
required. This is very important in actual-world engineering issues when it is computationally
costly or time-prohibitive that repeated simulations or experiments are repeated.

98 96 97 96.5

96 _\
94
92
90
88
86
Test 1 (%) Test 2 (%) Test 3 (%)

W Metaheuristic ~ ® Hybrid Method ™ Gradient Descent

FIG. 4: SURROGATE PREDICTION ACCURACY COMPARED TO TRUE VALUES

Approximation and optimization was also evaluated by performance measures that were
comparative in nature. Table 2 shows the quality and robustness of the solutions of all the
methods. The hybrid method always gives high accuracy and the standard deviation is low and
this indicates the precision and stability. Single methods are either too fast (gradient-based) or
more variable, although they tend to be good global search (metaheuristics). These results
support the relevance of the hybrid approaches that incorporate exploration, exploitation, and
surrogate approximation in effective balance between various performance indicators.

TABLE 2: COMPARATIVE PERFORMANCE METRICS ACROSS METHODS
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Method Avg. Accuracy (%) Std. Deviation Robustness Score
Gradient Descent 91.5 4.2 0.87
Metaheuristic 97.2 7.8 0.75
Hybrid Method 96.8 2.1 0.95

The results also provide significant data on sensitivity of the parameters and scalability. The
hybrid approach demonstrates the good level of performance regardless of the modifications
of the fidelity of the surrogates and the population size, as well as learning rates.
Comparatively, stand-alone metaheuristic methods are parameter sensitive such that it is only
through delicate parameter tuning that they can perform in an acceptably good manner. The
element the surrogate helped to eliminate is the dependence of repeated high-fidelity measures
which allow the execution to scale even to high-dimensional optimization problems. All these
findings indicate the possibility that hybrid framework can be an unchanging tool in the
resolution of real world engineering and scientific issues in which the preciseness and the
processing strength are crucial.

Overall, gradient-based optimization, metaheuristic search and surrogate modeling provides an
option of complex approach that addresses the flaws of each of the methods separately. The
hybrid model has been demonstrated to converge better, require less computation effort, high
accuracy and good performance in a wide range of test problems. Its versatility and scalability,
as well as its capability to solve complex multi-objective, constrained and high-dimensional
problems, have proved to have useful application in real world problems, including in structural
design, energy system optimization, and in adaptive control in an evolving system [12].

V. CONCLUSION

Modern optimization and approximation techniques provide useful mathematical tools of
solving complex engineering and scientific challenges. Classical deterministic algorithms used
with specific combinations of metaheuristic algorithms and surrogate modeling have proven to
be particularly successful and have a faster convergence, scale and higher predictive accuracy.

Practical limitations: These are effective but limited in a number of ways. Metaheuristic
algorithms also require many parameters and the gradient-based method may encounter a local
minimum. Approximation models have an error and may not be sufficiently capable of defining
system non-linearity. Even in extremely high-dimensional context or process, and process, the
cost of the computation remains a major factor.

Future Directions: Future research should aim at integrating artificial intelligence and machine
learning to enhance automatic adjustment of algorithms, reduce the need of the use of
parameters, and enhance predictive accuracy. Parallel and distributed computing may also be
utilized to make it more scale to large-scale problems. Uncertainty and probabilistic
maximization can also be more reliable in the case of real-world engineering, and adaptive
surrogate modeling can be used to make decisions under dynamism.
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