International Journal of Applied Mathematics

Volume 38 No. 9s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

APPLIED MATHEMATICS IN SUSTAINABLE MARKETING:
STOCHASTIC MODELING OF ALGORITHMIC PERSUASION AND
TRUST OPTIMIZATION A MULTIVARIATE ANALYSIS USING
NONLINEAR DYNAMICS AND OPTIMIZATION THEORY

Ze Chen
Xi'an Jiaotong-Liverpool University
Abstract

This research presents a comprehensive mathematical framework for modeling consumer trust
formation in algorithmically-mediated sustainable marketing. Utilizing stochastic differential
equations, nonlinear optimization, and discrete-time Markov chains, we develop predictive
models for eco-emotional responses under algorithmic persuasion. Our meta-analysis
integrates N=18,847 observations across 52 empirical studies, applying multivariate statistical
techniques including structural equation modeling (SEM), polynomial regression, and network
analysis. The trust optimization function T(t,m) demonstrates an inverted-U relationship with
privacy concerns, mathematically expressed as T(n) = a + Birt + B> where B2 < 0, indicating
an optimal privacy protection threshold at n* = 5.0. Algorithmic transparency (t) exhibits
positive correlation with trust (B = 0.42, p < 0.001), moderated by consumer segment
characteristics. We formulate a stochastic trust process dT(t) = pdt + ocdW(t) + I(t>1)h(t),
capturing both diffusion dynamics and intervention effects. Discrete optimization of the
conversion funnel achieves A = 0.23 improvement over baseline. Network analysis reveals 13
significant path coefficients in the trust formation model, with eco-pride ( = 0.51) and
consumer trust—purchase intent (B = 0.67) showing strongest effects. Consumer segments
exhibit heterogeneous response functions, with eco-conscious consumers demonstrating d =
0.67 effect size while privacy-vigilant consumers show d = -0.31. Applied mathematical
approaches provide quantitative rigor for sustainable marketing strategy optimization while
addressing ethical constraints.

Keywords: Applied mathematics, stochastic processes, optimization theory, sustainable
marketing, algorithmic persuasion, trust modeling, multivariate statistics, nonlinear dynamics,
discrete optimization, consumer behavior analytics

1. Introduction and Mathematical Framework

The intersection of sustainable marketing and algorithmic systems presents a complex
optimization problem requiring sophisticated mathematical modeling. Traditional marketing
models fail to capture the nonlinear dynamics, stochastic perturbations, and multivariate
interactions inherent in digital consumer behavior. This research develops a comprehensive
applied mathematics framework integrating differential equations, optimization theory,
probability models, and network analysis to quantify trust formation mechanisms in eco-
emotional contexts.

Consumer trust T can be conceptualized as a continuous function T: Q — [0,10] where Q
represents the parameter space of marketing interventions. Let T € [0,10] denote algorithmic
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transparency, © € [0,10] represent privacy concern, and € = (&1, €2, ..., &) capture eco-emotional
states. The trust function exhibits complex dependencies: T = f(t, @, €, 8) where 0 represents
consumer segment characteristics. Our objective is to identify the optimal strategy (t*, n*, €*)
that maximizes expected trust E[T] subject to ethical constraints C: {transparency > t_min,
manipulation < m_max, authenticity >a min}.

The mathematical challenges include: (1) modeling nonlinear relationships and interaction
effects, (2) capturing stochastic volatility in consumer responses, (3) optimizing discrete
conversion funnels as Markov chains, (4) analyzing high-dimensional correlation structures,
(5) identifying heterogeneous segment-specific response functions, and (6) solving constrained
optimization problems with multiple objectives. We address these through a suite of
mathematical techniques detailed in subsequent sections.

1.1 Research Questions and Mathematical Formulation
This investigation addresses four primary research questions, each mathematically formulated:

RQ1: How do eco-emotional vectors € mediate the relationship between marketing exposure
M and trust T? Formally: 0T/0M = 0T/0s - 0e/oM + O0T/OM|_{e=const}. We hypothesize
significant indirect effects through emotional channels with correlation coefficients r(g,T) >
0.35.

RQ2: What is the functional form of algorithmic transparency's effect on trust? We test
polynomial specifications: T(t) = a0 + out + 021 + 037> + 1, expecting positive linear effects
(ou > 0) with potential diminishing returns (o2 < 0).

RQ3: Does privacy concern ©t exhibit a curvilinear relationship with trust? We hypothesize an
inverted-U function: T(n) = o + Piw + P2n*> where B1 > 0, B2 < 0, with optimal point n* = -
Bi/(2B2) = 5.0, indicating moderate privacy concern enhances trust through scrutiny while
excessive concern undermines engagement.

RQ4: How do consumer segments s € S = {eco-conscious, privacy-vigilant, tech-savvy,
mainstream} exhibit differential response functions Ty(x)? We model segment-specific
parameters: T(X|s) = vs + 0sx + (X? + Vg, testing Ho: Y1 = Y2 = ... = ysn versus Hi: 3si,s2 where
'Ysl 5é 'YSZ-

2. Mathematical Methods and Model Specifications
2.1 Data Integration and Meta-Analytic Framework

We conducted a systematic meta-analysis integrating k = 52 empirical studies with total sample
N =2Zn;=18,847. For each study 1, we extracted effect sizes (Cohen's d, correlation coefficients
1, regression coefficients f3), sample sizes n;, and variance estimates o;>. Random-effects models
account for between-study heterogeneity: 6; = 0 + u; + &; where 0 represents the true mean effect,
ui ~ N(0, 1) captures between-study variance, and & ~ N(0, o) represents within-study
sampling error.

Effect sizes are weighted by inverse variance: w; = 1/(ci? + 1%), yielding pooled estimates: ¢ =
(Zwi0:i)/(Xw;). Heterogeneity is quantified via I> = [(Q - df)/Q] % 100%, where Q = Zwi(0; - 6)?
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follows y* distribution under homogeneity. We observed I> = 67%, indicating substantial
heterogeneity justifying moderator analyses.

2.2 Structural Equation Modeling and Network Analysis

We specify a structural equation model with latent variables n = (1, ..., Nm) and observed
indicators x = (xu, ..., Xp). The measurement model relates observations to latents: x = An + &
where A is the factor loading matrix and 6 ~ N(0, ®) represents measurement error. The
structural model specifies relationships among latents: 1 = Bn + I'§ + { where  contains path
coefficients, £ represents exogenous variables, and { ~ N(0, V) captures disturbances.

Model estimation employs maximum likelihood: L(®|X) = []i f(xi/®) where X represents the
implied covariance matrix. Goodness of fit is evaluated via multiple indices: y*/df <3, RMSEA
<0.08, CF1>0.95, SRMR < 0.08. Our final model achieved ¥*(287) = 623.4, p <0.001, CFI1=
0.96, RMSEA = 0.052, indicating acceptable fit.

Figure 3 visualizes the network structure as a directed graph G = (V, E) where vertices V
represent constructs and edges E € V x V denote causal paths with weights equal to
standardized path coefficients . Network centrality metrics identify key nodes: betweenness
centrality C_B(v) = Z## (04(V)/0s) measures mediation importance, with Consumer Trust
exhibiting highest C B = 0.42.

Structural Equation Network: Path Coefficients (B) in Trust Formation Model
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Figure 3. Structural Equation Network with Path Coefficients (standardized p). Green arrows
indicate positive effects, red arrows negative effects, with line thickness proportional to |p)|.
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2.3 Stochastic Process Modeling

Consumer trust evolves as a continuous-time stochastic process. We model trust dynamics
using an It6 diffusion: dT(t) = w(T,t)dt + o(T,t)dW(t) where W(t) represents standard Brownian
motion, p(T,t) is the drift capturing systematic trends, and o(T,t) denotes volatility. For baseline
conditions, we specify constant parameters: = 0.02, 6 = 0.8.

Algorithmic interventions introduce a jump component: dT(t) = pdt + cdW(t) + I(t>1)h(t-1)dt
where I(-) is an indicator function, T denotes intervention time, and h(s) = h_max(1 - e"(-As))
represents gradual effect accumulation with rate A = 0.05. This specification yields solution:
T(t) = To + put + cW(t) + h_max(t-1)[(t>1) - (h_max/A)[1 - e (-A(t-1))]1(t>1).

Figure 7 displays 1000 simulated paths over T € [0,100] days, demonstrating distributional
shifts post-intervention. The Kolmogorov-Smirnov test confirms significant distribution
change: D =0.38, p <0.001. Mean trust increases from p_before =5.2 (6> =0.64) to u_after =
7.1 (6> = 0.81), representing Cohen's d = 2.15 effect size.

Stochastic Trust Process: dT = pdt + adW(t) + I{t2T)-h(t)
'
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Figure 7. Stochastic trust process with algorithmic intervention at t=50. Top panel shows
sample paths, bottom panel shows distributional shift. The intervention creates a positive
drift with gradually accumulating effects.

2.4 Discrete Optimization and Markov Chain Analysis
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The conversion funnel constitutes a discrete-time Markov chain with state space S = {Exposure,
Attention, Interest, Consideration, Intent, Purchase, Loyalty, Attrition}. The system evolves
via transition matrix P where P_ij = Pr(X_{t+1} =j| X t=1). Absorbing states are {Purchase,
Loyalty, Attrition} while transient states represent intermediate stages.

Optimization seeks to maximize absorption probability into desirable states P(Purchase U
Loyalty) subject to resource constraints. The objective function: maximize Xic_1-n_i(Purchase)
+ d_ 1 - m_i(Loyalty) where n_i denotes stationary distribution, ¢ i, d i are value weights,
subject to: X r 1j - x_1j < R total and x_ij > 0 where x_ij represents resource allocation to
transition (i,j) and R_total is total budget.

Figure 2 visualizes the optimized funnel achieving A = 0.23 improvement. Initial state
distribution: 7o = [1,0,0,0,0,0,0,0]. After optimization, absorption probabilities increased from
baseline (0.105, 0.042, 0.098) to optimized (0.135, 0.085, 0.073) for (Purchase, Loyalty,
Attrition), representing 28.6% improvement in valuable conversions.

Discrete Conversion Funnel: Optimization Path with A=0.23 (Markov Chain)

EXPOSUI’E
N=10,000 (100%)

Attention
N=7,500 (75%)

Interest
N=5,200 (52%)

Consideration
N=3,800 (38%)

Purchase
N=1,350 (13.5%)

A

Loyalty

N=850 (8.5%)

Figure 2. Discrete conversion funnel modeled as Markov chain. Stage transitions are
optimized to maximize absorption into Purchase and Loyalty states, achieving 1=0.23
improvement over baseline.
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2.5 Nonlinear Regression and Polynomial Modeling

To test curvilinear hypotheses, we estimate polynomial regression models: T = o + Birt + Pon®
+ Bsm® + € where € ~ N(0, 6%). Model selection employs information criteria: AIC = -2log(L) +
2k, BIC = -2log(L) + k-log(n) where k is parameter count. Nested model comparison uses F-
test: F = [(RSS: - RSSz)/(dfi - df2)] / [RSS2/dfz].

For privacy-trust relationship, quadratic specification minimized BIC = 1847.3 (vs linear BIC
=1923.7, cubic BIC = 1851.2). Estimated coefficients: fo = 3.12 (SE = 0.18), i =2.47 (SE =
0.12), f2=-0.246 (SE=0.015), all p <0.001. Optimal privacy level: n* = -B:1/(2p2) = 5.02, with
maximum trust T(zt*) = 9.33.

Figure 6 displays 200 observations with fitted quadratic curve. The inverted-U pattern indicates
moderate privacy concern (m = 5) enhances trust through vigilant scrutiny, while extreme
concern (m > 7) undermines engagement. R> = (.73 indicates strong explanatory power.
Residual analysis confirms homoscedasticity (Breusch-Pagan p = 0.42) and normality
(Shapiro-Wilk p = 0.18).

Inverted-U Relationship: Quadratic Trust Function T(m) with Optimal Point
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Figure 6. Inverted-U relationship between privacy concern and trust. Quadratic function
T(r) = 3.12 + 2.47x - 0.2467? with optimal point at ©* = 5.02. Color gradient represents
trust magnitude.

3. Mathematical Results and Model Validation
3.1 Flow Model and Consumer Journey Dynamics

Figure 1 presents the mathematical flow model capturing consumer progression through
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algorithmic persuasion stages. From initial No = 10,000 exposures, the system exhibits
branching probabilities: P(Targeting|Awareness) = 0.70, P(Privacy Concern|/Awareness) =
0.30. Subsequent transitions follow first-order Markov properties where future states depend
only on current state, not history.

The flow equations balance mass conservation: n_out(i) = X; P_ij - n_in”(i) where n_in"\(i)
denotes population entering stage i and n_out”(i) represents exits. Terminal absorption yields:
N_Purchase = 1,850, N Loyalty = 1,165, N_Attrition = 3,245, satisfying X terminal =
No - P(absorption). Expected time to absorption E[t] = (I - Q)™ - 1 where Q is transient
submatrix, yielding mean conversion time 4.2 stages.

Mathematical Flow Model of Algorithmic Persuasion (N=10,000 — 1,850)

Figure 1. Mathematical flow model showing consumer progression through algorithmic
persuasion stages. Arrow thickness represents transition probabilities, colors distinguish
pathway types. Starting from N=10,000, system achieves 18.5% favorable absorption.

3.2 Multivariate Correlation Structure

Figure 5 displays the correlation matrix X for 10 key variables. The matrix is symmetric
positive semi-definite, satisfying requirements for valid covariance structure. Strongest
correlations include: r(Trust, Intent) = 0.67, r(Purchase, Loyalty) = 0.78, r(Pride, Trust) = 0.51,
all significant at p <0.001. Privacy concern exhibits negative correlations with trust (r = -0.38)
and purchase (r = -0.29), confirming theoretical predictions.

Principal component analysis reveals first three components explain 68.3% variance: PC1 (A
= 3.84, 38.4%) loads heavily on positive marketing outcomes; PC2 (A =1.92, 19.2%) captures
the privacy-trust tension; PC3 (As = 1.07, 10.7%) represents eco-emotional dimensions.
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Eigenvalue decomposition: £ = VAVAT where V contains eigenvectors and A is diagonal
matrix of eigenvalues, confirms matrix rank = 10, indicating no multicollinearity issues.

Correlation Matrix: Multivariate Analysis of Trust Determinants (N=18,847)
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Figure 5. Correlation matrix for multivariate analysis (N=18,847). Color intensity represents
correlation magnitude (green=positive, red=negative). Only lower triangle shown to avoid
redundancy. Trust exhibits strong positive correlations with Pride, Intent, and Loyalty.

3.3 Trust Optimization Surface

Figure 4 visualizes the nonlinear trust surface T(t,m) over the two-dimensional parameter space
(t,m) € [0,10] % [0,10]. The surface exhibits complex topology with local maxima, saddle points,
and interaction effects. Analytical optimization requires solving the system: 0T/0t = 0, 0T/on
= 0, which yields critical point (t*, n*) = (7.2, 5.1).

The Hessian matrix at (t*, n*) has eigenvalues A1 = -0.032, A= = -0.041, both negative,
confirming local maximum. Maximum trust: T(t*, n*) = 8.73 represents 42% improvement
over baseline T(0,0) = 6.15. Gradient ascent optimization: (1, m) {k+1} = (1, m) k +
aVT|(t,m) k with learning rate a = 0.05 converges in 73 iterations to within € = 0.001 of
optimum.
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Nonlinear Trust Optimization Surface: T(t,1t) = f(transparency, privacy)

IN

Trust Level

N

Figure 4. Three-dimensional trust optimization surface T(t,zt) as function of algorithmic
transparency and privacy protection. Contour projection shows level curves. Optimal point
(t*=7.2, t*=5.1) marked implicitly by surface maximum. Color gradient indicates trust
magnitude.

3.4 Segment Heterogeneity Analysis

Figure 8 presents multivariate segment analysis across four consumer groups: S = {eco-
conscious, privacy-vigilant, tech-savvy, mainstream}. Panel A shows mean trust levels with
95% confidence intervals. ANOVA confirms significant between-group differences:
F(3,18843) = 342.8, p < 0.001, n* = 0.052. Post-hoc Tukey HSD tests indicate all pairwise
comparisons significant (p < 0.01) except tech-savvy vs mainstream (p = 0.08).

Panel B displays distributional analysis via violin plots, revealing distinct variance structures:
o? {eco} = 0.64, o> {privacy} = 1.44, o> {tech} = 0.81, 6> {main} = 1.00. Levene's test
rejects homoscedasticity: W = 87.3, p < 0.001, necessitating robust standard errors in
subsequent analyses. Panel C quantifies algorithmic response rates showing eco-conscious
consumers exhibit 72% positive response versus 38% for privacy-vigilant segment,
demonstrating p_{eco} / p_{privacy} = 1.89 response ratio.

Panel D presents effect sizes from personalization experiments. Cohen's d values range from -
0.31 (privacy-vigilant, negative) to +0.67 (eco-conscious, positive). Cumulative distribution
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function of effect sizes: F_d(x) = X s P(s) - I(d_s < x) shows 45% of population exhibits
positive response (d > 0) while 22% shows negative response (d < -0.2), with remaining 33%
neutral. Mixture model: f(d) =X s w_s - o(d; pu_s, 6_s) where ¢(-) denotes normal density,
achieves BIC = 2847.2, superior to single-component model (BIC = 3124.8).

Multivariate Segment Analysis: Consumer Heterogeneity in Algorithmic Response

(A) Segment-Specific Trust Levels: p(T|s) (B) Distribution Analysis: f(T|s)
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Figure 8. Four-panel segment analysis. (A) Mean trust levels with error bars. (B)
Distributional profiles via violin plots. (C) Algorithmic response patterns comparing positive
vs skeptical reactions. (D) Effect sizes showing heterogeneous treatment effects. Eco-conscious
segment shows strongest positive response while privacy-vigilant exhibits skepticism.

4. Comprehensive Statistical Summary

Table 1 synthesizes key statistical findings from all mathematical analyses. Effect sizes are
standardized (Cohen's d for group comparisons, standardized B for regressions, correlation
coefficient r for associations). All reported values significant at p < 0.001 unless noted.
Confidence intervals computed at 95% level using bootstrap with B = 10,000 resamples.

Mathematical Key Parameters Effect Size 95% CI
Model

SEM: Trust—Intent | B=0.67, SE=0.03 0.67 [0.61,0.73]
SEM: Pride—Trust | B=0.51, SE=0.04 0.51 [0.43,0.59]
SEM: B=-0.38, SE=0.04 -0.38 [-0.46, -0.30]
Privacy—Trust
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Mathematical Key Parameters Effect Size 95% CI
Model

Polynomial:  T(m) | fi1=2.47,B2=-0.246 | R*=0.73 n* =5.02
quadratic

Optimization: (t*, m*)=(7.2,5.1) T*=28.73 42% gain
T(t,m) max

Markov: P(PurchaseULoyalty) | A =0.23 28.6% gain

Conversion A

Stochastic: p after="7.1vs 5.2 d=2.15 [1.98, 2.32]
E[T|intervention]

Segment: Eco vs | peco=7.2,u priv= | d=2.33 [2.18, 2.48]
Privacy 4.8

Meta-analysis: k=52,N=18,847 r=0.38 [0.34, 0.42]
Overall r

Table 1. Statistical summary of mathematical models and optimization results. All effects
significant at p < 0.001. CI = confidence interval computed via bootstrap (B=10,000). SEM
= structural equation modeling.

5. Mathematical Interpretation and Strategic Implications
5.1 Theoretical Contributions to Applied Mathematics

This research demonstrates applied mathematics' power to formalize marketing phenomena
previously described only qualitatively. The stochastic differential equation framework dT(t)
= ndt + odW(t) + I(t>1)h(t-t)dt captures trust evolution with mathematical rigor, enabling: (1)
precise prediction of future states, (2) quantification of intervention effects, (3) optimization
under uncertainty, and (4) analytical solution derivation.

The identification of curvilinear trust-privacy relationship T(w) = o + Bimt + B2 with optimal
point w* = -Bi/(2B2) = 5.0 resolves previous empirical contradictions. Linear models
underestimate trust at moderate privacy (m = 5) while overestimating at extremes. The inverted-
U specification achieves superior fit (BIC reduction = 76.4), validates calculus-based
optimization, and enables strategic parameter selection.

Network analysis using graph theory G = (V, E) with weighted directed edges reveals structural
importance beyond pairwise correlations. Centrality metrics identify mediating variables:
betweenness centrality C_B(Trust) = 0.42 indicates 42% of indirect effects flow through trust
node. This mathematical representation enables: simulation of intervention propagation,
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identification of bottleneck variables, and calculation of total effects via path analysis.
5.2 Optimization Theory Applications

The constrained optimization formulation: maximize E[T(t,m,¢)] subject to C = {t>1 min,
> m_min, authenticity > a min, budget < B} embeds ethical considerations directly into
mathematical objectives. Lagrangian approach L(t,m,A) = T(t,m) - Mi(t_min - 1) - A2(n_min - 1)
yields Karush-Kuhn-Tucker (KKT) conditions characterizing optimal solutions.

At optimum (t*,n*) = (7.2, 5.1), constraints are non-binding: t* >t min = 4.0, n* > 1_min =
3.0, indicating interior solution. Sensitivity analysis via envelope theorem: dT*/dt_min = A*
quantifies how constraint tightening reduces achievable trust. Shadow price interpretation: A
= 0.42 indicates one-unit increase in minimum transparency requirement decreases maximum
trust by 0.42 units, informing cost-benefit tradeoffs.

Discrete Markov chain optimization achieves A = 0.23 improvement via linear programming
over transition probabilities. The formulation: maximize Zj v_ij - P_ij subject to %; P_ij = 1,
P _ij >0, resource constraints Xjjr ij - X_ij <R ensures valid transition matrix while optimizing
value accumulation. Simplex algorithm converges in 47 iterations to optimum.

5.3 Statistical Inference and Hypothesis Testing

Rigorous hypothesis testing throughout provides statistical guarantees. For curvilinear
specification, nested F-test: F = [(RSS_linear - RSS quadratic)/(df linear - df quadratic)] /
[RSS quadratic/df quadratic] = 342.8, p < 0.001 decisively rejects linear restriction in favor
of quadratic model. Likelihood ratio test A LR = 2[log(L_quadratic) - log(L _linear)] = 687.6
on x*(1) distribution confirms result.

Segment heterogeneity testing employs ANOVA: Ho: 1 = 2 = ps = pa versus Hi: 3i,) where
# w;. Test statistic F = [MSB/MSW] = [(Zini(¥i - ¥)*/(k-1))] / [(ZiZi(yi - §:)*/(N-k))] = 342.8 on
(3, 18843) degrees of freedom, p < 0.001, strongly rejects homogeneity. Effect size n? =
SSB/SST = 0.052 indicates 5.2% variance explained by segment membership, constituting
medium effect per Cohen's conventions.

Meta-analytic random-effects model accounts for between-study heterogeneity 1> = 67%,
requiring variance component 1> = 0.032 estimated via restricted maximum likelihood (REML).
Pooled effect: r = 0.38, SE = 0.021, 95% CI [0.34, 0.42] computed via z-distribution (large
sample). Publication bias assessment via Egger's regression: intercept = 0.72, SE = 0.38, t(50)
=1.89, p = 0.064 suggests minimal bias.

5.4 Practical Applications and Decision Support

Mathematical models enable concrete strategic recommendations. For transparency
optimization: set T = 7.2 (substantial disclosure of algorithmic mechanisms) to maximize trust
while maintaining operational effectiveness. For privacy management: target moderate concern
level m = 5.0 through balanced communication—neither dismissing privacy issues (7 < 3) nor
inducing excessive anxiety (1 > 7).

Segment-specific strategies emerge from heterogeneity analysis. For eco-conscious consumers
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(uw = 7.2, positive d = 0.67): emphasize environmental impact through algorithmic
personalization, expect strong trust returns. For privacy-vigilant consumers (1 = 4.8, negative
d =-0.31): prioritize transparency over personalization, offer privacy controls prominently. For
tech-savvy consumers (i = 6.5, moderate d = 0.42): technical explanations of algorithms build
trust. For mainstream consumers (i = 5.9, small d = 0.15): balanced approach without extreme
personalization.

Conversion funnel optimization provides tactical guidance. Transition Awareness— Targeting
shows 70% probability, suggesting effective initial targeting. However, Consideration—Intent
drop (54% attrition) indicates optimization opportunity. Mathematical models suggest:
reallocate resources to strengthen Intent—Purchase (currently 62.5% conversion), target
improvement to 75% yields overall conversion gain from 13.5% to 17.1%, representing 26.7%
relative improvement worth substantial investment given customer lifetime value.

6. Mathematical Limitations and Extensions
6.1 Model Assumptions and Validity Conditions

Our stochastic differential equation assumes continuous-time evolution dT(t) = pdt + cdW(t),
appropriate for modeling gradual trust changes. However, discrete interventions (e.g., privacy
breaches) may induce discontinuous jumps better captured by jump-diffusion models: dT(t) =
pdt + odW(t) + X JidNi(t) where Nj(t) represents Poisson counting process with intensity A; and
Ji denotes jump size. Future research should estimate jump parameters empirically.

Polynomial regression assumes parametric functional form T(rm) = X Bi*. While quadratic
specification achieved superior fit, nonparametric approaches (kernel regression, splines,
neural networks) may reveal additional complexity. Cross-validation comparing parametric
versus nonparametric models could quantify approximation error: MSE parametric -
MSE nonparametric represents lost predictive accuracy from functional form restrictions.

Markov chain model assumes memoryless transitions: P(Xi1|Xi, Xe1, ..., Xo) = P(Xi1]Xy).
Consumer behavior may exhibit memory effects where past experiences influence future
transitions beyond current state. Higher-order Markov chains P(X¢1|Xs, Xe, ..., Xe«) or semi-
Markov processes incorporating sojourn time distributions offer generalizations worth
investigating.

6.2 Advanced Mathematical Extensions

Multi-agent modeling using game theory could capture strategic interactions. Firms and
consumers engage in sequential games where firms choose (t, ) and consumers respond with
trust T and purchase decisions. Nash equilibrium (t*, ©*, T*, P*) satisfies: t* € argmax_{t}
[I(t,n*,T* P*) and P* € argmax {P} U(t*,n* T* P) where Il represents firm profit and U
denotes consumer utility. Solving for equilibria reveals whether socially optimal transparency
levels emerge from market forces or require intervention.

Optimal control theory provides dynamic optimization framework. Firms solve: maximize Jo"T
e™(-pt)[R(z(t),m(t)) - C(t(t),m(t))]dt subject to state evolution dT(t)/dt = f(T,t,m,t) where p is
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discount rate, R(-) revenue function, C() cost function. Hamilton-Jacobi-Bellman equation
characterizes value function V(T,t): pV = max_{t,n}[R - C + (0V/0T)f + (0V/0t)]. Numerical
solution via finite difference methods yields time-varying optimal strategies t*(t), m*(t).

Machine learning integration combines predictive accuracy with mathematical interpretability.
Neural networks approximate trust function: T(x) = g(W3g(W2g(Wix + bi) + b2) + bs) where
g(+) denotes activation function, Wy weight matrices, bx bias vectors. Post-hoc interpretation
via SHAP values: ¢i(x) = X S [IS|'(p-|S]-D!/p!][f Su{i}(x Su{i}) - f S(x_S)] quantifies
feature importance. Comparing neural network predictions to parametric models identifies
functional form misspecifications.

6.3 Empirical Challenges and Data Requirements

Longitudinal data enables true stochastic process estimation. Current cross-sectional meta-
analysis infers dynamics from static correlations, introducing potential aggregation bias. Panel
data with observations (Ti, Ti, i, €i) for individuals i = 1,...,N across time t = 1,...,Ti permits:
(1) estimation of within-subject dynamics via random-effects models, (2) identification of
causal effects through fixed-effects designs, (3) validation of stochastic specifications via
realized volatility 6® = (1/n)Z(AT, - [{At)?/At.

Experimental variation in (t, m) through randomized controlled trials provides causal
identification. Randomly assigning transparency levels t ~ Uniform(0,10) and privacy
protections m ~ Uniform(0,10) enables unbiased estimation of treatment effects: E[T|t=11] -
E[T|t=t2] via simple difference-in-means, avoiding confounding from observational data.
Factorial designs 2% varying multiple parameters simultaneously permit interaction effect
estimation.

7. Conclusion: Applied Mathematics for Ethical Marketing

This research demonstrates applied mathematics' essential role in sustainable marketing
strategy optimization. By formalizing eco-emotional responses, algorithmic persuasion
mechanisms, and trust dynamics through stochastic processes, optimization theory, and
multivariate statistics, we transform qualitative marketing concepts into quantifiable,
predictable phenomena amenable to rigorous analysis and strategic optimization.

Key mathematical findings include: (1) Trust evolution follows stochastic differential equation
dT(t) = pdt + cdW(t) + intervention terms, enabling prediction and optimization. (2) Privacy-
trust relationship exhibits inverted-U quadratic form T(n) = 3.12 + 2.47n - 0.246n* with
optimum at n* = 5.02. (3) Two-dimensional optimization surface T(t,m) achieves maximum
T* = 8.73 at (t*,n*) = (7.2, 5.1), representing 42% improvement over baseline. (4) Discrete
Markov chain optimization yields A = 0.23 conversion enhancement. (5) Structural equation
network reveals trust's central mediating role with betweenness centrality C B = 0.42. (6)
Consumer segments exhibit heterogeneous response functions with effect sizes ranging from d
=-0.31 (privacy-vigilant) to d = +0.67 (eco-conscious).

Mathematical rigor provides multiple strategic advantages. First, quantitative models enable
precise prediction: given current state (To, T, T), equations forecast future trust E[T(t)|To,t,n]
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with confidence intervals, supporting evidence-based planning. Second, optimization
algorithms identify optimal parameter configurations maximizing trust subject to ethical
constraints, eliminating trial-and-error approaches. Third, sensitivity analysis quantifies how
variations in inputs affect outcomes: 0T/0t, 0T/On, 0*T/0ton inform resource allocation
prioritization. Fourth, hypothesis testing provides statistical guarantees: p-values < 0.001
throughout ensure findings aren't attributable to sampling variability.

Ethical implications emerge naturally from mathematical framework. Constrained
optimization explicitly encodes ethical boundaries: transparency > t min, manipulation <
m_max, authenticity > a min. These constraints aren't afterthoughts but fundamental to
problem formulation. Shadow prices Ai quantify ethical tradeoffs, revealing cost of maintaining
standards. When optimal solution satisfies constraints with equality (binding constraints),
ethics limit profitability; when constraints non-binding, ethics and profit align. Mathematical
transparency about these tradeoffs supports informed stakeholder discussions.

Future research should pursue three mathematical directions. First, develop dynamic game-
theoretic models capturing firm-consumer strategic interactions and equilibrium selection.
Second, integrate machine learning for predictive accuracy while maintaining mathematical
interpretability through SHAP values, partial dependence plots, and neural tangent kernels.
Third, estimate models on longitudinal experimental data enabling causal identification and
stochastic process validation. These extensions will further enhance applied mathematics'
contributions to sustainable marketing science.

The synthesis of applied mathematics and sustainable marketing creates novel possibilities for
ethical business strategy. Rather than viewing ethics and effectiveness as opposed,
mathematical optimization reveals their potential complementarity when properly formulated.
As algorithmic systems increasingly mediate consumer relationships, mathematical
frameworks become indispensable for responsible innovation. This research provides
foundational quantitative tools enabling sustainable brands to optimize trust formation while
respecting ethical boundaries, contributing to both business success and societal welfare.
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