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Abstract

An edge coloring of a graph G refers to the process of assigning colors to the edges such that
any two edges sharing a common vertex receive different colors. The Grundy edge chromatic
number, denoted by I''(G), is defined as the largest number of colors that can be used by a
greedy edge-coloring procedure across all permutations of the edges. This work focuses on
computing I''(G), for the shadow graphs derived from families of graphs, including star graphs,
double star graphs, comb graphs, fan graphs, and ladder graphs.
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1. Introduction

Graph theory is a fundamental area within discrete mathematics that explores the
interconnections between pairs of objects, typically modelled using vertices and edges. These
structures are used to represent various real-world systems, such as transportation networks,
computer architectures, and social relationships. A prominent line of study within this
discipline involves graph coloring an assignment of labels or colors to elements of a graph,
subject to specific rules.

One of the most widely studied coloring problems is vertex coloring, where each
vertex of a graph is assigned a color such that no two adjacent vertices share the same color.
The least number of distinct colors required to accomplish this for a graph G is known as its
chromatic number, denoted by x(G). This concept has widespread applications, including
conflict-free scheduling, assigning frequencies in mobile networks, and optimizing memory
allocation in compilers [3].

Beyond the optimal coloring represented by the chromatic number, another related
notion is the Grundy chromatic number, denoted by I'(G). This parameter stems from a greedy
coloring algorithm applied to vertices. In this process, the vertices of the graph are ordered
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arbitrarily as vi, vz, ..., va and each vertex v; is colored using the smallest natural number not
already assigned to its adjacent predecessors in the sequence. The largest color that appears
during the coloring defines the Grundy number for that ordering, and I'(G) is the maximum
such value over all possible vertex orderings [1, 2, 3, 5]. It is important to note that the
inequality x(G) < I'(G) always holds, which signifies that greedy methods may use more colors
than necessary in unfavorable orderings.

The greedy coloring approach and the concept of the Grundy number are not
restricted to vertices alone; they extend naturally to edge coloring. In this variant, the objective
is to assign colors to edges such that adjacent edges (those sharing a common vertex) receive
different colors. The edge Grundy chromatic number, symbolized as I''(G), is defined
analogously. Edges are considered in a particular sequence, and each is colored with the
smallest color that does not conflict with colors assigned to previously processed adjacent
edges. As with the vertex-based version, I''(G) represents the worst-case color usage over all
possible edge orderings.

Edge Grundy coloring holds practical relevance in areas involving sequential
resource distribution. For example, in network communications, each edge might represent a
data link requiring a unique channel among its neighbors to prevent interference. Similarly, in
transportation planning, edges may represent routes that must be timed or assigned without
overlap at shared junctions [9].

Studying the Grundy chromatic number and its edge counterpart sheds light on the
performance of greedy algorithms, particularly in scenarios where inputs must be processed
sequentially. These parameters help quantify the potential overhead introduced by greedy
strategies when compared to optimal methods. Moreover, they are valuable in evaluating
algorithmic behavior in dynamic settings, where decisions must be made without full
knowledge of the system, reinforcing the importance of understanding these upper bounds in
both theoretical and applied contexts.

2. Preliminaries

This section introduces specific graph structures pertinent to our study of chromatic and
Grundy chromatic numbers.

e Shadow Graph: Given a connected graph G, the shadow graph [7] D2(G) is
constructed by taking two copies of G, say G and G’, and connecting each vertex v in
G to the neighbors of its corresponding vertex v’ in G'.

e Star Graph: A graph G on n vertices is said to be star [6], a vertex in V(G) is adjacent
to the remaining vertices of G.

e Double Star Graph: A double star [4] S(n,m) is formed by joining the centers of two-
star graphs K, » and K1, m with an edge, where n > m > 0.
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e Comb Graph: A comb graph [6] is created by attaching a pendant edge to each vertex
of a path graph P,. It is denoted as P, © K.

o Fan Graph: A fan graph [8] Fm, nis defined as the join of a complete graph K and a
path graph Py, denoted as K+ P,. When m = 1, it corresponds to the standard fan graph;
m = 2 yields the double fan.

e Ladder Graph: A ladder graph [8] L. consists of two parallel path graphs P, connected
by a series of rungs, forming a structure resembling a ladder. It can be represented as
the Cartesian product P> 0 Py.

These graph classes exhibit diverse structural properties that significantly influence
their chromatic and Grundy chromatic numbers. Subsequent sections will delve deeper into
these influences.

3. Results
Theorem 3.1. For any positive integer n > 2, the Grundy edge chromatic number of shadow
graph of star graph satisfies
[ (D2(Ki1,n)) =2n+ 1.
Proof. Let the vertex set of D2(Ki, 1) be given by
V(DauKi,n)=4ui:1<i<n} U {vi: 1 <i<n} U {uo, vo},

and the edge set by

ED2Ki,n)={uoui: 1 <i<n} U {vovi: 1 <i<n} U {voui: 1 <1<n} U {uovi: 1 <i<n}.
We define the following edge color classes:

e Ex={uoux} for 1 <k<n,
e E;,={uvVpmen} forn+1=<p<2n,

®  Eont1= {Vovnj,

o Eq={vovg} forl <q=<n-1,

e Es= {VoU(smodm+ 1} forn<s<2n—1.

By inspecting the indices (suffixes) of the edges in each E; and E; with 1 # j, we observe that
Ei N Ej= ¢ for all i #].

Hence, the sets E1, Eo, ..., Eon+1 are pairwise disjoint, and their union gives the full edge set:
UZZI T Ei=E (D2(Ki, ).

Therefore, D>(Ki,n) admits a Grundy edge coloring with 2n + 1 colors. Furthermore,
no additional color can be used since there is no edge in the graph adjacent to 2n + 1 edges
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colored with distinct colors. Thus, adding a (2n + 2)-th color is not possible. So, the Grundy
edge chromatic number satisfies

[ (D2(K1,n))=2n+ 1.
Additionally, the maximum degree of a vertex in D2(Kj, ) is 2n, and the maximum
degree in the line graph L (D2(K1, 1)) is also 2n. Therefore,
[ (D2(K1,n)) <AL (D2K1,n))+1=2n+1.
Combining both bounds, we conclude that
I (D2(K1,n)) =2n + 1, for all integers n > 2.
|

Theorem 3.2. For any positive integers m, n > 2 with m >n the Grundy edge chromatic number
of shadow graph of double star graph satisfies

I'" (Dx(S (m, n)))=m +n +2.
Proof. Let the vertex set of D2(S (m, n)) be
VD2(S(mn)))={ui: 1 <i<m} U{vi: I <i<nj U {x:1<i<m} U {yi: 1 <i<n}
U {uo, Vo, X0, yo!.
The edge set is given by

E(D2(S(m,n))) = {uoui: 1 <i<m} U {vovi: 1 <1<n} U {ugyi:1 <i<n} U {voxi: 1 <1<m}
U{xovi: 1 <1<n} U {youi: 1 <i<m} U {uovo, Xoyo},

We define the following edge color classes:

e Eix= {uoux} for 1 <k <m,

e E,={wypmoedm} form+1<p<m+n-1,
®  Emint1= {YoVn, Uovo},

o Eninr2= {Xoyo},

¢ Enm= {XoX1},

o E.={yoy:}forl<r<n-1,

o Ei={yoXsmodn-)} forn<s<m+n-1,

o E.={XoXc+1} forl <c<m-1,

o Egq={voxq} for 1 <d<m,

e Ei={X0¥YImodm-n} for m<l<m+n+1,
o E.={VoVemod(m+nH} form+1<e<m+n.

By inspecting the suffixes of the edges in E; and E; for 1 # j, we observe that
Ei N E;=¢ foralli#].

Hence, the edge classes E1, E, ..., Em+n+2 are pairwise disjoint and
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U™ E; = E (DS (m, m))).

Thus, D2(S (m, n)) is Grundy edge colorable using m + n + 2 colors. Suppose we try to
color the graph with m + n + 3 colors. There is no edge adjacent to m + n + 2 distinct colors,
so no such coloring is possible.

Hence,
I''(D2(S(m, n)))=m+n+ 2.
Also, the maximum degree of the line graph is A(L(D2(S(m,n)))) =m +n + 1, and so
I''(D2(S(m,n))) < A(L(D2(S(m,n)))) + 1 =m+n+2
Combining both bounds, we conclude:

I''(D2(S(m,n))) = m + n + 2, for all integers m, n > 2 with m > n.

Theorem 3.3. For any positive integer n > 5, we have
I'" (D(Pn © K1) =09.
Proof. Let
VD2(PnOK))={ui: 1<i<n} U{vi: 1<i<n}U{xi:1<i<n}U{yi:1<i<n},
The edge set is given by:
E(D2(Pn®K1))={uiui+1: 1 <i<n-1} U {uxi: 1 <i<n} U {vivit1: 1 <i<n -1}
U{viyi: 1<1i<n} U {xivi: 1 <i<n} U {ujyi: 1 <i<n}
U {uivi+1: 1 <i<n-1} U {uisvi: 1 <i<n-1}.
Case (i):n=>5
Ei= {xivi, uivz, vz} U {Xit3vir3: 1 <1 <2} U {Xir1 virr 1 1 <1523,
E> = {viy1, X1v1, U1z, U3y3, U4ys, V3V4, UsX5, V5X5},
E3 = {u1y1, uavi, vay2, X3V3, U4Vs, V4y4, Usys},
E4 = {wixi, U2y2, vav3, UsUis, V4Vs},
Es = {uavs3, Viva, usxs, usva},

E¢ = {uous, vays},

E7 = {usva},
Eg = {u3va},
Eo = {usu4}.
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Case (ii): n=16

E1 = {usus, X6Ve, X1V1, W1v2, U4v3} U {Xir1uir1: 1 <1 <2} U {Xis3viez: 1 <1 <24,

E> = {ueXs, VY6, V1Y1, X1V1, U2, U3Y3, U4Yy4, V3V4. U5X5, V5X5},

Es = {usys, u1y1, Wavi, Vay2, X3V3, UaVs, Vays, UsY5},

E4 = {uix1, w2y2, vavs, uqus, v4vs},

Es = {uevs, uavs, Viva, UsXs, UsV4},

E6 = {usve, uaus, vays},

E7 = {vsvs, w3v2},

Es = {u3va4},

Eo = {usus}.

Case (iii): n=7

E1 = {usue, X6Ve, X1V1, U1V2, UsV3, X7V7, U7y7} U {Xir1 Ui+1: 1 <1<2} U {Xir3viz 0 1 <1<24,
E> = {usxe, VY6, V1Y1, X1V1, UlU2, U3Y3, U4Y4, V3V4. UsX5, V5X5, U7X7, V7Y7},

Es = {ueys, uy1, uavi, vayz, X3vs, U4vs, V4ys, Usys, U7ve},

E4 = {uix1, u2y2, vav3, Uquis, v4vs, Usu7, Vev7},

Es = {uevs, uavs, Viva, UsX4, UsVa},

Es = {usvs, waus, vays, uev7},

E7 = {vsve, u3va},

Es = {usvs},

Eo = {usu4}.

Case (iv): n =8

E1 = {usus, X6Ve, X1V1, U1V2, UsV3, X7V7, U7y7, X8V8} U {Xi+1Ui+1: 1 £1<2} U {Xuavies: 1 <1524,
Ex = {u6X6, Veys, V1Y1, X1V1, U1U2, U3Y3, U4y4, V3V4. UsXs, V5Xs, U7X7, V7Y7, USXS, V8Y8},
E3 = {ueys, u1y1, U2vi, vay2, X3V3, U4Vs, V4ys, Usys, U7Ve, USYS, VIVs},

E4 = {uix1, u2y2, vav3, Uquis, V4Vs, Usu7, VeV7},

Es = {uevs, uavs, Viva, UsX4, UsV4, U7V8, USV7},

E6 = {usvs, uaus, viys, uevs, usus},

E7 = {vsve, usva},

Es = {usv4},
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Eo = {uzus}.

Case (v):n=9

E1 = {usue, X6Vs, X1V1, U1V2, U4V3, X7V7, U7Y7, X8V8, X9V9, UgU9 |
U {xi+1ui+1: 1 <122} U {Xinzviez 1 1 <1 <28,

E> = {usxe, VY6, V1Y1, X1V1, UlU2, U3Y3, U4Y4, V3V4. U5X5, V5X5, U7X7, V7Y7, USXS, V8Y8s, U9X9, Voy9},

E3 = {ueys, Ury1, Uavi, vay2, X33, U4Vs, V4y4, Usys, U7Ve, Ugys, V7Vs, Uoy9},

Es= {U1X1, u2y2, v2vs, u4us, vV4Vs, UeU7, V6V7, USVY, u9V8},

Es = {uevs, uavs, viva, UsxX4, Usva, U7vs, UgV7},

Es = {usve, uaus, v3ys, usvs, usus, vsvo},

E7 = {vsvs, w3v2},

Eg = {usva},

Eo = {usu4}.

Case (vi): n=10

E1 = {usus, X6Vs, X1V1, UI1V2, U4V3, X7V7, U7y7, X8V8, X9V9, UsU9, X10V10, U10Y10}
U {xi+1ui+1: 1 <1523 U {Xiavisz 1 1 <1 <2},

E>= {u6X6, V6ye6, V1Y1, X1V1, U1U2, U3Y3, U4Y4, V3V4, UsX5, V5X5, U7X7, V7y7, USXS, V8YS, U9X9, VoYyo,
U10X10, V10Y10},

Es= {U6Y6, uryi, u2vi, v2y2, X3vi, U4Vs, v4ys, Usys, U7ve, Ugys, V7vg, U9yo, V9V10},

E4 = {uix1, uay2, vav3, Usus, v4Vs, Usuy, V6V7, UsV9, UoVg},

Es= {u6V5, Uu2v3, Vi1V, U4X4, Usv4, U7Vs, Ugvsz, UgVvio, uloV9},

Es = {usve, uaus, v3y3, uev7, Usus, Vgvo, Uolio},

E7 = {vsve, u3va},

Es = {uzva},

Eo = {usus}.

Case (vii): n > 11

E1 = {usue, X6Vs, X1V1, U1V2, U4V3, X7V7, U7Y7, X8V8, X9V9, UgU9, X10V10, U10y10} U {Xi+1Ui+1:1<1<2}
U {xi+3virz: 1 <1<2} U {Xirrovieio: 1 £1<n- 10} U {uirioyi+i0: 1 <1<n- 10},

Ez = {u6X6, Ve6Ye6, V1Y1, X1V1, UiU2, U3y3, U4y4, V3V4, UsXs5, V5Xs5, U7X7, V7Y7, USXS, V8Yys, U9X9, VoYyo9,

u10X10, Vioy1o} U {uirioXir10: 1 £1<n-10} U {vitioyit10: 1 <1<n-10},
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E3 = {ueys, U1y1, Uavi, vaya, X3V3, U4Vs, V4y4, Usys, U7Vs, Ugys, V7Vs, U9Y9, VoVi0}

U {ui+ovi+10: 1 <i<n- 10},
. n
E4 = {uix1, way2, vavs, U4us, vavs, Usl7, VeV, UgVvo, Uovs} U {Wai1+ouzito: 1 <1< H -5}

. n
U {vaii1+9v2irg: 1 <1< [El - 5%,
Es = {usvs, uav3, Viva, WsXa, UsVa, U7V8, UgV7, UoVio, UioVe} U {Ui+iovito: 1 <i<n - 10},

. n
E¢ = {usve, u2us, viys, usv7, usus, vgvo, Uoujo} U {uzirouzi+1+9: 1 <1< H -5}

U fvasvaio: 1 i< [2] = 55,
E7 = {vsvs, w3v2},
Es = {usva},
Eo = {usu4}.

In all cases, by observing the suffixes of the edges of E; and E; (i#)), it is inferred that
there are no common edges between E; and E;, i.e.,

Ei N E; = ¢ for i# ],
Clearly, the sets E; are pairwise disjoint, and
U,_, E: = E (Dx(P O K)).

Hence, D2(Pn ® K1) is Grundy edge colorable with 9 colors.

Even if one tries to assign a 10th color, there does not exist a vertex incident with 9
different colors (i.e., no edge with 9 differently colored adjacent edges), so no edge can be
assigned the 10th Grundy color in D2(P, © Ky).

Therefore,

I (DyPy © Ki)) =9 forn> 5.

Theorem 3.4. For any positive integer n > 3, we have:

, 2n+2, ifn=3
F(DZ(FI,H)):{2n+1 ifn=4

Proof. Let
V (D2(F1,n)) = {uo, vo} U {ui: 1 <i<n} U {vi: 1 <i<n},

Received: August 15, 2025 1228



International Journal of Applied Mathematics

Volume 38 No. 9s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

and

E(Dz(Fl,n)) = {uiU(iH) modn: 1 <1< 1’1} U {ViV(i+1)m0dn: 1<i< 1’1} U {UiV(i+1)modn: 1<i< 1’1}
U {u@+1)modnvi: 1 <i<n}

Case (i): n = 3.

We define the edge color classes E1, Eo, ..., Eg as follows:
E1 = {uoui, vovi, uovz, vavs},

Ez = {u1v2, uouz, vovs},

E3 = {uous, uzvz, uzvi, vour },

E4= {uovi, ujuz, vous},

Es = {ugvs, viva, vouz},

Es = {uovo, wovs},

E7 = {vov2},

Es = {usva}.

Each edge in E; is distinct and pairwise disjoint from edges in E; for i # j. Hence, the
coloring is a valid Grundy edge coloring using 2n + 2 = 8§ colors. Since no edge can be colored
with 2n + 3 = 9 under the Grundy condition, we conclude:

I''(D2(Fi3))=8=2n+2.
Case (ii): n = 4.
Define sets similarly for Ex, E,, Eq, Er, Es as:
Ex= {uouk} for 1 <k <n,  Ep={uoVpmodn} forn+1<p<2n, Eq= {vovq} for1<q<2,
E= {vovi+1} for3<r<n-1, Es&= {VoUsmodm-1)} forn<s<2n-1.
Ei = {uous, vavs},
E> = {usug, vava},
E3z = {uiuz, viva, uavs},
Es = {wavi, usva},
Es = {uivo, uzva}
E¢ = {uvs}.
These sets are pairwise disjoint and form a Grundy edge coloring with 2n + 1 =9 colors.
Case (iii): n=35

Ex = {uoux} for 1 <k <n,

Received: August 15, 2025 1229



International Journal of Applied Mathematics

Volume 38 No. 9s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Ep = {UoV(pmodn)} forn+ 1 <p<2n,
Eon+1= {vovs},

Eq= {vovq} for 1 <q<2,
E:={vover1} for3<r<n-1,

Es = {Vousmod n-1))} forn<s<2n-1,
E1 = {uus, vavs, usus, v4vs},

E> = {uzuy, vava},

Es = {uiu, viva, usvs},

E4 = {u1va, u3vs, upvi},

Es = {uav3, u3v2, ugvs},

Es = {usvs}.

Case (iv):n>6

Ex = {uoux} for 1 <k <n,

Ep = {uovpmodn)} forn+1<p<2n,
Eont1= {vovs},

Eq= {vovq} for 1 <q<2,
Er={vovi+1} for3<r<n-1,

Es = {Vousmod @-1} forn<s<2n-1,

[n|2]-3

2]-3
E1 = {uu3, vavs, ugus, vavs} U U[z/l ] {wirauaiss} U Ui=1 {vairavairs},

E> = {usus, vava} U UEJ; 2{H2i+3uzi+4} U UEI; 2{V2i+3V2i+4},

n_, n_,
Es= {uiuz, viva, ugvz} U UEJI {wirsvaina} U Ulijl {u2ivavaiss},

[n]2]-3
i=1

[n]2]-3
i=1

Es= {urva, uzv4, uavi} U | {uisavaiss} U |J {uzitsvoira},

Es= {uvs, usva, usvs},
E6={usva}.

In cases (ii), (ii1) and (iv) by observing the subscripts of the edges in E; and E; for 1 #j, we note
that there are no common edges between E; and E;. That is,

Ei N E;=¢ fori#j.

Clearly, the Ei’s are pairwise disjoint, and
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U Ei = E(Da(F1,0)).
Hence, the graph D>(F1,,) is Grundy edge colorable with 2n + 1 colors.

Suppose we try to assign color 2n + 2. There is no edge that can be assigned this color without
violating the Grundy edge coloring condition in D2(F1 ). Thus, we conclude:

I"(D2(F1n))=2n+ 1.
Since A(L(D2(F1,n))) = 2n + 4, we have:
A(E(D2(F1n))) +1=2n+5>T"(D2(Fi)) =y (D2(F1,)).
Therefore,

I"(D2(F1n)) =2n+ 1 for all n > 4.

Theorem 3.5. For any positive integer n > 2, we have:

6, if n=2,

8, ifn=23,
I'" (D2(Ln)) = 9 i;n —a

10, if n = 5.
Proof. Let

VD2(Ln)) ={ui: 1 <i<n} U {vi: I<i<n} U {xi: 1<i<n} U {yi: 1 <i<n},
E(D2(Ln)) = {uiui+1: 1 <i<n-1} U {uxi: 1 <1<n} U {vivir1: 1 <i<n-1} U {viyi :1 <1 <n}
U{{xivi: 1 <i<n} U{wyi: 1<i<n} U {uyvitl:1<i<n-1} U
{fuinvi: 1 <i<n-1} U {xixi+1: 1 <i<n-1} U {yiyitl : 1 <i<n- 1}
U {xiyir1: 1 £ I<n-1} U {Xir1yi: 1 £1<n - 1}U {uiun, Viva, U1Vn, UnVi}.
Case (i):n=2
E1 = {wu1, vavi, uavs, usva},
E> = {uiv2, wavi, usva},
E; = {uiw, vivz, usva},
Es = {uiuz, vavs},
Es = {wavi, usvs},
Es = {uous}.

By observing the suffixes of the edges of E; and E; for i #, it is inferred that there are
no common edges between E; and E;, i.e., Ei 1 E; = ¢ for i # j. Clearly, the E; are pairwise
disjoint and
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U=y Ei= E(Da(La)).

Hence, D2(L2) is Grundy edge colorable with 6 colors. If color 7 is attempted, there is no edge
with 6 adjacent colors, so it is not feasible. Therefore,

I"(D2(L2)) = 6.
Case (ii): n=3
E1 = {x1vi, uiva, u2X2, y2y3, Xav3},
E> = {uiuz, Xx2v2, y1y2, U3xs, v3ys},
Es = {uiy1, uavi, X2y3, usva, x3y2},
E4 = {uixi, viy1, vav3, Uaus, X2X3},
Es = {xix2, w2vs, viva, usys},
E¢ = {x2y1, w2y2},
E7 = {vay2},
Es = {x1y2}.

Again, by observing the suffixes of edges in E; and E; for i # j, there are no overlapping edges:
Ei N E; = ¢. Clearly,

U, Ei = E(Da(L3)),

So Ds(L3) is Grundy edge colorable with 8 colors. No additional edge has 8 distinct adjacent
colors, so color 9 is not possible. Therefore,

I"(Da(L3)) = 8.

Case (iii): n=4

E1 = {wix1, viy1, XoX3, y2y3, U2U3, X4V4, U4V3},
Es = {X1V1, ury1, UsXa, Xsy2, U3y3, V3v4, Usya},
Es= {uiu, viva, X2y3, X3V3, U3V4, UsX4},

E4 = {X1y2, UIv2, X2y1, U2V3, X3Y4, U3U4, X4Y3},
Es = {xix2, y1y2, U2V1, U3X3, V3Y3, V4Y4},

E6= {w2y2, U3v2, X3X4, y3y4},

E7 = {x2v2},
Eg = {vay2},
Eo = {vavs}
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By observing the edges in E; and E; for i #j, it is inferred that E; (1 E; = ¢ for all i #.
Clearly, the Ei’s are pairwise disjoint and cover all edges of Da(Ly), i.e., Uj_; Ei= E(D2(Ln)).
Thus, D2(Ly) is Grundy edge colorable with 9 colors.

If one attempts to use a 10th color, there will not exist a vertex incident to edges
colored with all 9 previous colors, violating the Grundy condition. Hence, confirming that
I"(D2(Lyn)) =9 forn =4.

Case (iv):n=5

Ei = {X1v1, y1y2, U1V2, U2u3, X2Y3, X3X4, V3V4, U4lUs, X5Y4, V5y5},

E> = {wiy1, X1y2, W2X2, U3V2, Y23, X3Y4, X4V4, U4V5, USY5},

Es = {viy1, XiX2, Uiu2, V2y2, U3X3, X4Y3, U4Y4, X5V5, U5V4},

Es4 = {uix1, Xav2, U2V1, X3y2, U3y3, UsX4, V4V5, Y4Y5, UsX5},

Es = {uy2, viva, X2X3, y3y4, U3U4, X4X5},

Es = {x0y1, u3v4, U4v3, X4ys},

E7 = {uavs, vays},

Es = {x3v3},

Eo = {vav3},

Eio = {v3y3}.

Again, all sets E; are pairwise disjoint and collectively cover all edges of D2(Ly), i.e.,
UL, Ei= E(Da(Lu)).

So, Da(Ly) is Grundy edge colorable with 10 colors.

Since no vertex is incident to edges with 10 distinct colors, one cannot add a color 11
under Grundy conditions. Hence, confirming I"'(D2(Ln)) = 10 for n = 5.

Case (v):n=6

E1 = {xiv1, y1y2, u1v2, Wou3, X2y3, X3X4, V3V4, U4Us, X5Y4, V5Y5, UsY6, X6V6},
Ez = {wiy1, X1y2, W2X2, U3v2, y2Y3, X3Y4, X4V4, U4Vs, USYs, X5X6, V6Y6,

Es = {viy1, X1X2, U1z, V2y2, U3X3, X4Y3, U4y4, X5V5, UsV4, X6Y5},

E4 = {uix1, Xav2, UaV1, X3Y2, U3Y3, U4X4, V4VS, Y4Ys5, UsXs, U6Xe ),

Es = {u2y2, viv2, X2X3, y3y4, U3U4, X4X5, UsUs, V5V6, Y5Y6}

Ee¢ = {X2y1, U3V4, U4V3, Xays5, X5¥6, UsVe, UsV5},

E7 = {wovs, vaya},

Es = {x3v3},
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Eo9 = {vov3},

Ei0 = {v3y3}.

Case (vi):n=7

E1 = {x1v1, y1y2, u1v2, U2u3, X2y3, X3X4, V3V4, UsUs, X5Y4, V5ys, U6Y6, X6V6, U7X7, VTY7},

Ez = {u1y1, X1y2, U2X2, U3V2, Y2Y3, X3Y4, X4V4, U4V5, U5Y5, X5X6, V6Y6, UU7, X7V7},

Eb = {V1y1,X1X2,u¢u2,V2y2,U3X3,X4y3,U4y4,X5V5,U5V4,X6y5,u6V7,X7Y6,u7V6},

E4 = {uix1, X2v2, W2V1, X3y2, U3Y3, U4X4, V4Vs, Y4Y5, UsXs, U6X6, V6VT, Y6Y7},

Es= {uzyz, V1V2, X2X3, Y3Yy4, U3U4, X4X5, UsUe, V5V6, Y5Y6, X6X7, U7Y7},

E¢ = {X2y1, U3va, U4V3, X4Y5, X5Y6, UsVe, U6V5, X6Y7},

E7 = {uavs, vays},

Es = {xavs},

Eo = {vav3},

Eio = {v3y3}.

Case(vii): n =8

E1 = {x1v1, y1y2, U1v2, U2u3, X2y3, X3X4, V3V4, UsUs, X5y4, V5Y5, UsY6, X6V6, U7X7, V7Y7, USXS, V8YS},
E> = {wiy1, X1y2, W2X2, U3V2, Y23, X3Y4, X4V4, U4Vs, UsY5, X5X6, V6Ys, UsU7, X7V7, X8V, USYS},
Es = {viy1, X1X2, U1u2, V2y2, U3X3, X4Y3, U4Y4, X5V5, U5V4, X6Y5, U6V7, X7Y6, U7V6, X8Y7},

E4 = {uix1, Xav2, U2vi, X3y2, U3Y3, U4X4, V4Vs, Y4Ys, UsX5, UeX6, V6V7, Y6Y7, X7X8, U7Vs},

Es = {uy2, viv2, X2X3, y3y4, U3U4, X4X5, UsUs, V5Ve, Y5Y6, X6X7, U7y7, USV7},

E¢ = {X2y1, U3V4, UsV3, X4ys, X5¥6, UsVe, UsVs, X6Y7, X7ys, UTUs, V7Vs},

E7 = {uavs, vayas, y7ys},

Eg = {x3v3},
Eo = {vav3},
Eio = {v3y3}.

Case(viii): Letn>9.
E1 = {x1v1, y1y2, u1v2, U2u3, X2y3, X3X4, V3V4, U4Us, X5y4, V5Y5, U6Y6, X6V6, U7X7, V7y7, USXS, V8Ys}
n—=8 n—=8
U Ui: ) {uirsxi+s} U Ui= ) {visgyi+s},
E> = {wy1, x1y2, U2X2, U3V2, Y2Y3, X3Y4, X4V4, UaVs, UsYs, X5X6, V6Y6, UsU7, X7V7, X8V8, Ugys}
n-=8 n—=8
U Ul.z X {Xi+gvirg} U Ul.z 1 {ui+syi+s},
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E3 = {viy1, XiX2, Uiu2, V2y2, U3X3, X4Y3, U4Y4, X5V5, U5V4, X6Y5, UsV7, X7Y6, U7V6, X8Y7}

-8 2]-4 2]-4
U U:; | xissyir} U Uzlll {wzireuziv7} U U[le] {vair6V2ir7},

E4 = {uix1, Xav2, U2V1, X3y2, U3y3, UsX4, V4Vs, Y4Y5, U5X5, U6X6, V6V7, Y6Y7, X7X8, U7V8}
n-8 [n|2]-4 Ej—z} B -
U Ui=1 {uir7virg} U Ui=1 {yai+ey2i+7} U Ui=1 {xoi+7%2i+8} for n = 2q+8, g>1,
— n-—38
Es = {wy2, Viv2, X2X3, y3y4, U3U4, X4X5, UsUs, V5Ve, Y5Y6, X6X7, U7y7, UsV7} U {U;Z7. UirsVie7}

U U{n|21_4{xzi+sxzi+7} U UEJ; 4{yzi+7}’2i+8} for n=2q+8, g>1,

=1

n-8
E¢ = {x2y1, U3v4, U4v3, X4ys, X5Y6, U5V6, U6V, X6Y7, X7y8, U7Us, V7Vs} U Ui=1 {xi+7yi+s}

U UEJ; 4{uzi+7uzi+8} U UEJI_ 4{Vzi+7V2i+8} forn=2q+3, g=1,

E7 = {u2v3, vays, y7ys},
Es = {x3v3},
Eo = {vav3},
Ei0 = {v3ys3}.

In cases (iv) to (viii), by observing the suffixes of the edges in E; and E; (i #j), we
infer that there are no common edges between E; and E; ; i.e., E; (1 Ej= ¢ for i #j. Clearly, the
sets E; are pairwise disjoint and

U, Ei = E(Da(Ly)).

Hence, D>(Ly) is Grundy edge colorable with 10 colors. If we attempt to assign an
11™ color, we find that there is no adjacent edge with Grundy index 10 in the given graph
DZ(Ln)).

Therefore, for all n > 5, we have:
I'" (D2(Ly)) = 10.
4. Conclusion

In this study, we have determined the Grundy edge chromatic number I'" (G) for the
shadow graphs derived from various graph classes, including star, double star, comb, fan and
ladder graphs. These results enhance our understanding of greedy edge-coloring algorithms
and their performance on specific graph structures. The findings contribute to the broader field
of graph theory by providing insights into the coloring properties of shadow graphs associated
with these well-known graph families.
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