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Abstract.

The new class of sets we present in this study is called bg*-closed sets in binary topological
spaces. The class of bg-closed sets and the class of b-closed sets are in between each other.
Their importance in the study of binary topology will be demonstrated by our examination of
their characteristics and examples. We will also highlight the distinctive features of bg*-
closed sets by analyzing their links with other well-known set classes.

INTRODUCTION AND PRELIMINARIES

In [6], Nithyanantha Jothi et al. introduced topology between two sets and specified some of
their features. Binary continuous maps and b-open and b-closed forms of sets have been
presented and investigated by a number of researchers in their generalizations, such as (See
[1-5] and [7-12]). This study presents a novel type of sets called bg*-closed sets in binary
topological spaces. This kind is situated between the b-closed set class and the bg-closed set
class. We will explore the properties of these bg*-closed sets and establish their significance
in the broader context of topology. By doing so, we hope to provide insights into how these
sets interact with existing topological concepts and contribute to our understanding of binary
topological structures.

A binary topological space (X, Y, M) will henceforth be termed B .
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2 Binary g”-closed sets

Definition 2.1 4 subset of B™ is denoted by (S1,S,). Then, a binary g¥-closed set (in a word
bg*-closed) is defined as (S1,S,) if clp(S1,S,) € (Hy, Hy) in (X,Y) whenever (Sy,S;) €
(H41,Hy) and (Hy, H,) is bag-open.

Received: August 10, 2025

592


mailto:owshithraja2019@gmail.com
mailto:kabilanchelian@gmail.com

International Journal of Applied Mathematics

Volume 38 No. 9s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Definition 2.2 4 subset of B™ is denoted by (S1,S,). Then, a binary gk-closed set (in a word
bg¥-closed) is defined as (S1,S,) if acly(Sy,S;) € (Hy, Hy) in (X,Y) whenever (S1,S;) €
(H4,Hy) and (H1, H,) is bag-open.

bg*-open (resp. bg-open) is the complement of a bg*-closed (resp. a bg-closed).
Proposition 2.3 In B’ has bg*-closed sets for b-closed set.

Proof. (I;,1;) is b-closed set in (X,Y) and (Hq,H;) is bag-open set € (I,1;), then
(Hy,Hy) 2 (I, 1) = b-cl(I3, 1,). Hence (I3, 1,) is bg*-closed.

Remark 2.4 As indicated by the next example, contrary statements of Proposition 2.3 need
not always be true.

Example 2.5 X ={hy, h,}, Y ={a;,a,} and M =
{(@.$), (¢, {az}), ({hi}, {ar}), ({h1}. Y), (X, V). Then
(@, P), {hy}, P), ({hy}, {a)), (X, {a.}), (X,Y) are called b-closed. Then bg*-closed sets are

(¢' ¢)' ({hZ}' ¢), ({hZ}' {al})l ({hZ}' {az}): ({hz}: Y)r (X' ¢)r (Xr {al})' (Xr {az}): (X' Y)- Here,
(I, 1) = {{h,},{a,}} is bg¥*-closed set but not b-closed in B™.

Proposition 2.6 Let (I;,1,) € (X,Y) in BM, any bg*-closed set is bgl-closed(resp. bg-
closed, bg*-closed, bsg-closed, bag-closed, bgs-closed, bgsp-closed).

Proof. 1. (I, 1,) is a bg®-closed subset of (X,Y) and (Hy,H,) is any bag-open set
containing (I;,1,), then (Hy, Hy) 2 clp (14, 1) 2 a-cly (14, 15). (I3, I;) hence is bgf-closed.

2. (I, 1) is a bg*-closed subset of (X,Y) and (H;,H,) is any b-open set containing
(I3, 1,), since every b-open set is bag-open, we have (Hy, H,) 2 clp(I1,1,). (14, 13) hence is
bg-closed.

3. (I3, 1) is a bg*-closed subset of (X,Y) and (Hy, H,) is any bg-open set containing
(11, 13), then (Hy, Hy) 2 cly(14,1,). We know that every bg-open set is bag-open. (I4,1,)
hence is bg*-closed in (X,Y).

4. Suppose that (I;,1,) € (Hy, H;) and (Hy, H,) is bs-open in (X, Y). Since every bs-open
set is bag-open and (I;,1,) is bg*-closed, therefore scl,(Iy,1,) E cly (I, 1) € (Hy, Hy).
(I3, I,) hence is bsg-closed in (X,Y).

5. (I, I,) is a bg*-closed subset of (X,Y) and (H,,H,) is any b-open set containing
(I3, Iy), since every b-open set is bag-open, we have (Hy, Hy) 2 cly (I3, 1) 2 acly (14, 1,).
(I, 1) hence is bag-closed in (X,Y).

6. (I3, 1) is a bg*-closed subset of (X,Y) and (Hy,H,) is any b-open set containing
(I3, Iy), since every b-open set is bag-open, we have (Hy, Hy) 2 clp (14, 1,) 2 scly (14, 1,).
(I3, 1) hence is bgs-closed in (X,Y).

7. (I, 1) is a bg*-closed subset of (X,Y) and (H,,H,) is any b-open set containing
(11, I), every b-open set is bag-open, we have (Hy, Hy) 2 clp(I1, 1) 2 spcly (11, 15). (14, 1)
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hence is bgsp-closed in (X,Y).

Remark 2.7 The example that follows shows that the converse of Proposition 2.6 does not
necessarily have to be true.

Example 2.8 1. Let = {a,,a,,as}, ={mn} and M =
{¢,9), ({a1}, {m}), ({az}, ¢), ({az}, {n}), ({al az}, {m}), ({as, az} Y),(X,Y)} Then
(¢, $), ({as}, ¢), ({as}, {m}), ({as}, {n}), ({as}, Y), ({ay, as}, @), ({ay, as}, {m}), ({ay, as}, {n}),

({all a3}! Y), ({a2! a3}! ¢)’ ({aZI a3}) {m})’ ({aZ’ a3}, {Tl}), ({aZ' a3}, Y), (X, ¢), (X, {m})r (X, {n}),

X,7) are bg-closed sets and
((p' ¢), ({a3}, ¢)J ({a3}, {m}), ({a3}, {n}), ({a3}, Y)' ({all a3}' (nb)' ({all Cl3}, {m})' ({alr a3}' {Tl}),

({ar, a3} Y), ({az, as}, @), ({az, as}, {m}), ({az, az}, {n}), ({az, a3}, V), (X, {n}), (X,Y)  are
bg*-closed sets. Then the subset (I;,1,) = (X, {m}) is bg-closed but not bg*-closed set in
BM.

2. X = {alJ aZ}a Y = {m, Tl} and M = {(¢' ¢)' ((,'b, {m}), ({al}' {m}), (X' Y)} Then
(¢, 9), ({az}, (n}), (X, {n}),(X,Y) are bg¥*-closed sets. Then bg¥-closed sets are
(@, ), (¢, {n}), (a1}, 9), ({as}, {n}), ({az}, ), ({az}, {n}), (X, @), (X, {n}), (X,Y). Then the
subset (I1, 1) = (¢, {n}) is bgﬁ-closed but not bg#-closed set in B,

3. = {aq,a,}, = {m,n} and M =
{(@,9), (¢, {m}), ({a}, {m}) ({az}, {m}), (X, {m}) X, ¥)}. Then
(@, 9), (¢, {n}), (¢,Y), ({a}, {n}), (a1}, ), ({az}, {n}), ({a;},Y), (X, {n}),(X,Y) are bg*-
closed sets. Then bg*-closed sets are (¢, ¢), (¢, (n}), ({a,}, {n}), {az}, {n}), (X, {n}), (X, V).
Then the subset (I;,1,) = ({a,},Y) is bg*-closed but not bg*-closed set in BM.

4. Example 2.8(3) shows that the Dbinary sg-closed sets are

(@, 9), (¢, {n}), ({a1}, 9), ({a1}, {n}), {az}, @), ({az}, {n}), (X, ), (X, {n}), (X, Y).
Accordingly, the subset (I3, I,) = ({a,}, ¢) is bsg-closed, but not bg#-closed in B”?.

5. bag-closed sets in Example 2.8(3) are
(@, 9), (9, {n}), ({as}, d), {as}, {m}), ({as}, {n}), ({as}, ¥), ({ar, as}, @), ({ar, as}, {m}), ({ay, as},

{n}), ({a1, as},Y), ({az, az}, ¢), ({az, az}, {m}), ({az, az}, {n}), ({az, as}, Y), (X, ¢), (X, {m}),
(X,{n}), (X,Y). The subset (I;,1,) = (¢, {n}) is therefore bag-closed, but not bg*-closed in
BM.

6. bgs-closed sets in Example 2.8(3) are
(@, 9), (@, {m}), (¢,{n}), (¢,Y), ({a:}, ¢), ({a1}, {n}), ({a:}, V), ({az}, {n}), ({as}, ¢), ({as}, {m}),
({a3}1 {n})r ({a3}1 Y), ({alf a3}’ ¢)’ ({alf a3}f {m})’ ({al' a3}’ {n})’ ({al}’ {ag}, Y)' ({az, a3}, ¢)u

({az, az}, {m}), ({az, az}, {n}), ({az, a3}, Y), (X, @), (X, {m}), (X, {n}), (X,Y). Consequently,
the subset (I3, 1,) = ({a,},{m}) has bgs-closed but not bg*-closed set in B™.

7. Assume ={a;,a,},Y = {m,n} and M =
{(d, 9), (¢, {n}), {as}, {m}), {a.},Y), (X {m}), X,Y)}. Next, the subsets
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(d)! ¢), (d)! {n})! ({aZ}J d))) ({aZ}) {m})’ ({aZ}) {Tl}), ({aZ}l Y), (X, (p)' (X, {m}), (X, {n}), (X, Y)
They are bg*-closed set and

(@, 9), (¢, {m}), (¢, {n}), (¢, Y), ({a1}, 9), (a1}, {n}), ({az}, ¢), ({az}, {m}), ({az}, {n}), ({a,}, Y),

X, ¢), (X, {m}), (X,{n}),(X,Y) are bgsp-closed set, as well. Accordingly, the subset
(I, L) = (¢, {m}) is bgsp-closed, but not bg*-closed in BM.

Remark 2.9 When illustrated by the next examples, the bg*-closed set family is independent
of the two bs-closed sets and ba-closed sets.

Example 2.10 Using 2.8(3) as an example,
(@, ), (¢, {n}), {as}, ), ({as ¢), ({as {n}), ({a1, as}, {m}), ({a, a5}, ¥), ({az, as}, {n}), (X, Y)
are ba-closed and

(¢' ¢)' (¢' {Tl}), ({al}J {m}), ({al}' Y)' ({aZ}' {Tl}), ({a3}' (,'b), ({a3}' {Tl}), ({all a3}' {m})' ({al' a3}'

m})), {ay, a3},Y), (X,Y) are bs-closed. Subset (I1,1,) = ({ay,as},{n}) is then bg*-closed,
but it is neither ba-closed nor bs-closed in B™. Subset (I;,1,) = (¢, {n}) is then ba-closed
and bs-closed, but not bg#-closed in BM.

Remark 2.11 These results are shown in the diagrams.

Diagram - I
b-closed — bg*-closed — bg*-closed — bg-closed
N 1 \ Z !
ba-closed bga-closed bag-closed
\) \ )
bs-closed — bsg-closed — bgs-closed
\) \)
bf-closed — bgsp-closed

N bp-closed 7
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Diagram - 11
bf-closed
T
bs-closed L bg*-closed - bag-closed
\)
bsg-closed

3 More properties of binary g*-closed sets

Definition 3.1 The bag-kernel of (I3, 1,) is the intersection of all bag-open subsets of B™
that contain (14, 1;). It is represented by bag-ker (I, 1,).

Lemma 3.2 bg*-closed is a binary subset (I1,1,) of a B™. If and only if cl,(1;,1,) S bag-
ker(ly,1,).

Proof. Let (I;,I;) be bg*-closed. If (I,1,) € (E, E;) and (E;,E,) are bag-open, then
cly(I1, ;) € (Eq, Ey). let (iq,i3) € cly(I4,1;). There is a bag-open set (E;, E,) that contains
(11, 12) such that (il, 12) Z (Ell Ez) if (il' lz) Z bag-ker(]l, 12) We have
(i1,1y) £ cly (1, I;), which is a contradiction since (Eq, E;) is a bag-open set including
(I, ).

Conversely, let cl,(1y,1,) € bag-ker(ly,1). If (E{,E,) is any bag-open set containing
(I, 1), then cly (I, I,) € bag-ker(Iy,1,) € (E;, E;). Therefore, (I1,1,) is bg*-closed.
Theorem 3.3 Assuming that (I3, 1,) is bg*-closed. There isn’t a nonempty bag-closed set in
X, Y) ifcly(Iy, I2) — (11, I2).

Proof. Suppose that (I;,1,) is bg*-closed. Let (H,,H,) be a bag-closed subset of
cly(I, ) — (I, I). Then (I,1,) € (Hy,Hy)¢. But (I,1,) is bg¥-closed, therefore

cly (I, 1,) € (Hy, Hy)C. Consequently, (Hy, H,) € (cl, (14, 1,))¢. We already have (Hq, H,) S
cly (11, 15). Thus (Hy, Hy) € cly (14, 1) N (cly (14, 1))€ and (Hq, H,) is empty.

Theorem 3.4 If (I;,I,) is bg*-closed in B™ and (I1,1,) € (E1, E;) € clp (I, 1,), then
(Ey, E,) is bg*-closed.

Proof. In BM, let (H,,H,) be a bag-open set such that (I;,I,) S (Hy, Hy). clp(I,1,) S
(Hy, Hy) since (I3, 1) is bg*-closed. We have cly,(E;, E,) € (Hy, H,) since cl,(Eq, E;) €
cly(I, I,). (E1, E) is therefore a bg*-closed set.

Theorem 3.5 (I, 1,) is b-closed in B™ ifit is a bag-open and bg*-closed in B .
Proof. Considering that (I3, 1) is bag-open and bg*-closed, cl,(I1,1;) € (I1,15), so (I3, 1)
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is b-closed in BM.

Theorem 3.6 For every (a,,a,) € BM, either {a,,a,} is bag-closed or {a,,a,}° is bg*-
closed in BM.

Proof. Let {a;, a,} not be bag-closed in B*. The space BM itself is the only bhag-open set
that contains {a;,a,}°, and {a;,a,}¢ is not bag-open. Hence, cl,({a;,a,}°) € BM, and
{a,,a,}¢ is bg*-closed in BM accordingly.

Proposition 3.7 For a B, let (I, 1,) be a bg*-closed set. pint, (I1,1,) and scl,(I,,1,) are
likewise bg*-closed sets if (I3, 1) is br-open.

Proof. The fact that (I}, ],) is br-open in B™. Int,(cl,(I,1;)) = (I1,1;). Consequently,
scly (I, 1) = (I, 1) U int, (cly (11, 15)) = (I, 1;) results. scl,(Iy,1,) is hence bg*-closed
within B™. Since pint, (I3, ;) = (I3, ;) N int,(cl, (I3, 1,)) = (I3, 1,), There is a bg*-closed
pinty (11, I3).

Proposition 3.8 A4 bg*-closed set of a B™ is (I,,1,). It follows that pcl,(I,,1,) is bg*-
closed if (11, I,) is br-closed.

Proof. Because (I;,1,) is br-closed in B™, (I,,1,) = cl,(int, (I3, 1;)). Then pcl, (11, 1) =
(I, ) U clp(int, (I3, 1,)) = (I3, 1,). Consequently, pcl, (I3, I,) is bg*-closed.

Remark 3.9 We may conclude given the subsequent example that both the converses of
Propositions 3.7 and 3.8 are not true.

Example 3.10 The subsets (¢, ), (¢, {n}), (X,{m}), and B are br-open in Example
2.8(7). Subset (I1,1,) = ({b},{m}) is not br-open in that case. (I1,1,), however, is bg*-
closed, and scly (I3, 1,) = (X,{m}). pint,(I;,1;) = ({b},{m}) is likewise bg*-closed, and is
bg*-closed. The subset (Eq,E;) = ({b},{n}) is therefore not br-closed. But in B™, (E;, E,)
is a bg*-closed, and pcl, (Ey, E;) = ({b},{n}) is a bg*-closed.

4 Conclusion

The main point of this paper is that we discussed the theory of bg*-closed and their related
possession in BM. Future research can focus on bg*-open maps and bg*-closed maps, as
well as continuous functions (i.e., The binary topological space consists of the domain and
the codomain.). Finding an inverted maps or function for bg*-closed to bg*-closed set is
another way to expand. We may also discover a number of topological space regions with
related characteristics. This exploration could lead to a deeper understanding of how these
concepts interact with various types of continuity and compactness in binary topological
spaces. Additionally, investigating the implications of bg*-closed sets on other fundamental
topological constructs may reveal new connections and enhance our overall comprehension
of the subject.
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