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Abstract 

This paper is devoted to the analysis of finite-time blow-up phenomena and the lifespan of solutions to a class of 

coupled doubly nonlinear parabolic systems with spatially weighted diffusion and time-dependent source terms. 

The governing model incorporates heterogeneous density functions, nonlinear diffusion with generalized 

exponents, and explicit inter-component coupling, which significantly influence the qualitative behavior of 

solutions. By employing weighted energy estimates, comparison principles, and integral inequalities, we 

establish sufficient conditions for blow-up and derive explicit upper bounds for the lifespan of weak solutions in 

terms of the system parameters and the decay rate of the initial data. The results extend and refine existing scalar 

and non-divergence formulations by addressing multi-component interactions, spatial heterogeneity, and growth 

effects. Furthermore, the critical thresholds separating global existence from finite-time blow-up are identified, 

highlighting the delicate interplay between nonlinear diffusion and nonlinear source dynamics. 

Math. Subject Classification: 47G20, 34L16, 58K55  

Key Words and Phrases: Finite-time blow-up, lifespan estimates, nonlinear parabolic systems, spatial 

weights, doubly nonlinear diffusion, coupled dynamics, time-dependent sources. 

1. Introduction 

  The analysis of nonlinear parabolic equations and systems has attracted considerable attention due to their 

wide range of applications in diffusion processes, population dynamics, fluid filtration, and the spread of 

particulate matter in heterogeneous media. In particular, the study of blow-up phenomena and the determination 

of the lifespan of solutions represent fundamental questions in the qualitative theory of such equations. Blow-up 

characterizes the finite-time divergence of solutions under the competition between diffusion and nonlinear 

source terms, while lifespan quantifies the maximal interval of time on which the solution remains finite. These 

issues are not only mathematically challenging but also relevant in describing physical situations where a 

concentration, density, or temperature grows without bound in finite time.  

Consider the coupled nonlinear weighted parabolic system 

( ) ( )
21

1 2 3 3( ) = ( ) ( ) ( ) , = 1,2,i
pm l t kki i i i i

i i i i i i

u
x x u u u t e x u u i

t

     
−−

−


   + −


                      (1) 

  ,0( ,0) = ( ), .N

i iu x u x xR                                                     (2) 

 where, NxR , > 0t , and the weight functions ( ) =| |
n

j

j x x  for =1,2,3j  represent spatial heterogeneity of 

the medium. The diffusion operator involves the parameters 1im  , 2p  , > 0k , > 0il , which capture the 

doubly nonlinear and possibly singular structure of the flow. The source term contains both a time-dependent 

growth factor ( )
t

it e


  and nonlinear inter-component coupling governed by the exponent ik  and constants 

, > 0i i  . 
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This model encompasses, as special cases, classical equations such as the porous medium equation, the p -

Laplacian, the heat equation, and Boussinesq-type models, all of which arise in fluid filtration, population 

dynamics, and nonlinear diffusion in physics and biology. However, the presence of spatial weights, double 

nonlinearities, and time-dependent source terms renders the analysis of (1)–(2) substantially more difficult. 

Related works. A number of works have been devoted to blow-up and lifespan phenomena for nonlinear 

parabolic problems. For example, Nurumova [4] studied blow-up for nonlinear differential inequalities, but her 

results do not extend to weighted PDE systems. Matyakubov and Raupov [3] obtained explicit blow-up 

estimates for nonlinear parabolic systems with variable density, yet only in non-divergence form, without time-

dependent coefficients or inter-component coupling. Zhang and Xiamen [12] established nonexistence results 

for certain quasilinear parabolic equations related to the p -Laplacian, but their setting did not incorporate 

weighted densities or multi-component interactions. Earlier studies by DiBenedetto [7], Vázquez [18], and 

Mamatov [1] emphasized global existence, smoothing, and decay properties, yet did not provide explicit 

lifespan bounds. Other contributions (e.g., Martynenko et al. [2], Giachetti and Porzio [6]) treated weighted or 

damped equations but focused primarily on global-in-time solvability rather than blow-up characterization. 

Thus, the available literature leaves open several fundamental questions: (i) how coupling between two 

nonlinear components affects the onset of blow-up; (ii) how weighted densities ( )j x  modify lifespan 

estimates; (iii) how time-dependent source terms ( )
t

it e


  accelerate or delay blow-up. 

  Contribution of this paper. The present work addresses these gaps by analyzing the system (1)–(2). Our main 

contributions are: 

    • Derivation of sufficient conditions for finite-time blow-up of weak solutions under the combined effect of 

nonlinear diffusion, weighted heterogeneity, and time-dependent sources.  

    • Establishment of explicit upper and lower bounds for the lifespan *T  of solutions, expressed in terms of the 

parameters ( , , , , , , )i i j i im k l p n    and the decay rate of the initial data.  

    • Identification of critical exponents that separate the regimes of global existence and finite-time blow-up in 

the coupled setting, extending known scalar results to multi-component systems.  

In this way, our analysis advances the qualitative theory of nonlinear weighted parabolic systems, providing 

new insights into blow-up dynamics and lifespan behavior in heterogeneous, coupled environments. 

2. On the Blow-Up Behavior of Weak Solutions 

The underlying model exhibits both spatially varying coefficients ( )i x  and nonlinear source terms, which 

complicate the classical blow-up analysis. Such inhomogeneities play a crucial role in modifying the blow-up 

behavior, and in certain regimes, may delay or accelerate the singularity formation. We establish a threshold 

result based on the size of the initial data and the asymptotic decay of the initial profile. The main result reveals 

that if the initial data exceeds a critical barrier determined by a self-similar solution, then the corresponding 

solution cannot exist globally in time and must blow up in finite time. 

(i) Maximal existence time. Let 1 2( , )u u  be a (classical) solution defined on a maximal interval max[0, )T , with 

max (0, ]T   . We call 
maxT  the maximal existence time[8] of the system (common to both components). 

 (ii) Blow-up in finite time (system level). We say that the solution blows up in finite time if  

1 2( ) ( )

max

( ( , ) ( , ) ) = ,lim N NL L
t T

u t u t 
−→

   +
R R

P P P P  

for some max0 < <T  . In this case maxT  is called the blow-up time [17]. 

 (iii) Componentwise blow-up. We say that component i  blows up if  
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( )

max

( , ) = .lim i NL
t T

u t 
−→

 +
R

P P  

If both components satisfy this, we speak of simultaneous blow-up [5]; if only one component does, we speak of 

partial (componentwise) blow-up. 

 (iv) Global existence (system level). The solution exists globally if 
max =T +  and  

( )
( , ) < for all > 0, =1,2.i NL

u t t i 
R

P P  

 (v) Initial-data threshold for the system. Let a

i F   be nonnegative profiles (with the prescribed decay at 

infinity) and consider scaled initial data ,0 ( ) = ( )i iu x x , the same > 0  for =1,2i . We say that 
1 2( , )   lies 

below the blow-up threshold if there exists * *

1 2= ( , ) > 0     such that:   

• for all *0 < <  , the corresponding solution is global;  

• for all *>  , the corresponding solution blows up in finite time (in the sense of (ii)).  

The value of *  depends on the interplay between the nonlinear diffusion exponents ( , , , )i i im k l p , the coupling 

via ( )
t

i
it e


  , and the inhomogeneous weights 

1 2 3, ,   . 

 (vi) Blow-up rate (componentwise). If 
max <T   and component i  blows up, a (Type I) blow-up rate is given 

by the existence of > 0iC  and > 0i  such that  

max( )

max

( , ) as .
( )

i

i NL i

C
u t t T

T t


−

 →
−R

P P :  

When needed, one may distinguish upper/lower rates via  

max

max

max

max

( ) ( , ) < ,lim sup

( ) ( , ) > 0.lim inf

i
i L

t T

i
i L

t T

T t u t

T t u t






−→


−→

 −  




− 


P P

P P
 

The exponents 
i  generally depend on ( , , , )i i im k l p  and on the weights 

1 2 3( , , )    through the effective 

scaling of the system. All statements above are written for = N R  and the L  norm. They adapt verbatim to 

bounded domains with appropriate boundary conditions, replacing NR  by  . In this section, we aim to 

rigorously characterize the conditions under which solutions to system (1) exhibit blow-up phenomena in finite 

time. The term blow-up refers to the scenario where a certain norm of the solution, typically in a weighted 

Lebesgue space, becomes unbounded within a finite temporal interval. This behavior often signals the 

dominance of the source term over the diffusive effects, especially in nonlinear systems with degenerate or 

singular structure. To proceed, we first establish foundational blow-up results under general assumptions on the 

initial data and parameters. Then, we refine these results to obtain sharper blow-up criteria, lower bounds on the 

blow-up rate, and necessary conditions for finite-time blow-up. The following theorems provide a 

comprehensive analysis of blow-up behavior for solutions of system (1). Each result is accompanied by a 

rigorous proof and, where applicable, connections to existing literature are highlighted for comparison. 

Throughout, the notations and assumptions stated in the previous sections remain in force. 

Theorem 1: Let 1 2( , )u u  be a nonnegative weak solution of the coupled Cauchy problem  

( )1 2

1 2 3 3( ) = ( ( ) | | ) ( ) ( ) ,

( ,0) = ( ), , = 1,2,

i
m k l t kpi i i i i

t i i i i i i i

N

i i

x u x u u u t e x u u

u x x x i

     



− −

−
     + −


 R
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where the weights ( )N

j C  R  satisfy 
*

*0 < ( ) <j x      for =1,2,3j , the time factor satisfies 

0( ) > 0t   on [0, )T , and the coupling strengths satisfy > 0i . Assume the initial profiles loc ( )N

i L  R  are 

nonnegative and not identically zero, and let  

3 2> := ,
( 2)

c

i i i

p n n
a a

m k p

+ −

− − −
 

for some fixed index {1,2}i , where we set :=i ik  (the effective source exponent acting on component i ). 

Suppose further that the parameters satisfy the supercritical inequality  

2 3

1

> ( 2) .i i i

p n n
m k p

N n


− −
+ − +

+
 

Then there exists 
0 0 1 2= ( , ) > 0     such that for every 0>   the corresponding solution 

1 2( , )u u  blows up in 

finite time; i.e. there exists 
* <T   with  

1 2( ) ( )* loc loc

( ( , ) ( , ) ) = .lim N NL L
t T

u t u t 
→ −

   +
R R

P P P P  

Proof. The proof follows the standard subsolution (ODE blow-up) + comparison strategy adapted to the 

coupled weighted setting. We give the argument for the component i  for which assumption (H) holds; by 

symmetry the same construction can be done for the other component if the corresponding condition holds. 

1. Preparation and choice of spatial profile. Fix i  verifying (H). Since 
3 0i −   and 

3 loci L 

−  , there exists 

a compact ball 
0

RB  and > 0  such that  

3
0

( ) > 0 for .i Rx x B −    

Choose a smooth, radial, nonincreasing cutoff profile 
0

( ) = (| |) ( )c Rx x C B    with 0 1   and 1   on 

/ 2
0

RB . Fix a positive spatial profile ( )w x  (compactly supported in 
0

RB ) defined by   

0( ) := ( ) (| |), (0) > 0, smooth, nonincreasing on[0, ].w x x W x W W R  

The precise choice of W  is made so that the diffusion operator acting on w  can be bounded from above by a 

multiple of a power of w  (this is standard; one may take W  to be a small positive constant on / 2
0

RB  and 

smooth decreasing to 0  near 
0

RB ). 

2. Ansatz for a time-dependent subsolution. We seek a subsolution of the form  

3( , ) = ( ) ( ), ( , ) = ( ) ( ),i iu x t A t w x u x t A t w x−
 

(i.e. both components share the same time amplitude ( )A t  and the same compact spatial profile w ). We will 

construct ( )A t  such that 
1 2( , )u u  is a weak subsolution ([13]) of the system on 

0
(0, )RB T  with initial 

amplitude 
0

(0) = > 0min
B

R
A w . Compute the time derivative and the diffusion term for the i -th equation:  

1 1( ) = ( ) ( ) ( ),t ix u x A t w x    

and (by straightforward algebra and using that w  is compactly supported and smooth)  

( 2) 11 2

2( | | ) = ( ) ( ; ),
m k p lm k lp i i ii i i

i i i iu u u A t x w
+ − + −− −   D  
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where ( ; )i x wD  is a fixed smooth function depending only on 
2,w   and the exponents (note that the exact 

power of A  follows by homogeneity: 
11 mm ii

iu A
−−

: , 
( 2)2| |

k pk p ii
iu A

−− : , and 
ll ii

iu A : , so total A -power 

is 1 ( 2)i i im k p l− + − + ). Since w  is compactly supported, 
iD  is bounded above on 

0
RB . 

The source term on the right is  

3 3 3( ) ( ) = ( ) ( ) ( ) ( ) .
t k t k k

i i i i i
i i it e x u t e x A t w x

 
     −  

3. Reduction to an ODE inequality. Collecting the previous computations and using the boundedness of the 

coefficients on 
0

RB , there exist positive constants 
1 2, > 0C C  (depending on , , ,j iw    ) such that, for 

0
Rx B ,  

( 2) 1

1 1 2( ) ( ) ( ) ( ) ( ) .
m k p l k

i i i ix A t w x C A t C A t
+ − + −

  +  

Because ( )w x  is strictly positive on / 2
0

RB , dividing by 1/2
0

minB
R

w  yields for all t  the pointwise inequality on 

/ 2
0

RB  [15]:  

( 2) 1

3 4( ) ( ) ( ) ,
m k p l k

i i i iA t C A t C A t
+ − + −

  +  

with constants 
3 4, > 0C C . For large amplitudes A  the dominant term on the right is the one with the larger 

exponent. Under assumption (H) the exponent 
ik  in the source dominates the effective diffusion exponent:  

> ( 2) 1.i i i ik m k p l+ − + −  

(Notice this is essentially the hypothesis that the source growth is supercritical with respect to the nonlinear 

diffusion.) Thus for A  large we have  

4

*( ) ( ) (for large enough).
2

k
i

C
A t A t A A    

Hence the amplitude ( )A t  satisfies the differential inequality  

0

0

( ) ( ) , (0) = = > 0,min
k
i

B
R

A t CA t A A w   

for some > 0C . 

4. ODE blow-up and conclusion. The scalar ODE =
k
iy Cy  with >1ik  has finite blow-up time 

( 1)1 1

ODE 0= ( 1)
k
i

iT C k A
− −− −− . By standard comparison (subsolution) principle for parabolic equations, as long as 

the constructed pair 
1 2( , ) = ( ( ) , ( ) )u u A t w A t w  remains a subsolution, the actual solution 

1 2( , )u u  with initial data 

,0 =i iu   (and with 
3 i −   on 

0
RB ) satisfies  

( , ) ( , ) = ( ) ( )i iu x t u x t A t w x  

on / 2
0

RB  up to the maximal existence time of the subsolution. Therefore iu  must blow up no later than 
ODET . In 

particular, for sufficiently large   (so that 0A  is large and ODET  is small), the solution 1 2( , )u u  blows up in 

finite time. 

This yields the desired statement: there exists 0 > 0  such that for all 0>   the solution with initial data   

blows up in finite time. 
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Theorem 2: Let 
1 2( , )u u  be a nonnegative weak solution of the coupled problem (1)–(2) with initial data  

( ,0) = ( ), =1,2,i iu x x i  

where each loc ( )N

i L  R , 0i   and 0i  . Assume that the parameters satisfy  

2 3

1

> ( 2) , = 1,2,i i i i

p n n
m k p l i

N n


− −
+ − + +

+
                                           (3) 

 and let  

3 2= .
( 2)

c

i i i i

p n n
a

m k p l

+ −

− − − −
                                                        (4) 

 Suppose 
i  obeys the decay estimate  

( ) (1 | |) , > .a

i cx C x a a − +  

Then there exists 
0 > 0  such that for all 

0>   the solution 
1 2( , )u u  blows up in finite time; that is, there 

exists * <T   with  

1 2
* loc loc

( , ) ( , ) = .lim
L L

t T

u t u t 
→ −

    + 
 
P P P P  

Proof. The argument is based on a scaling transformation combined with a comparison principle. 

 1. Rescaling. Fix {1,2}i . Define the rescaled function  

( , ) = ( ) ( , ( )),i i i iZ x t I t w x J t  

where ( )iI t  and ( )iJ t  solve the auxiliary ODE system  

 

1 1 ( 2) 2

0

( 2) 2

( ) = ( ) ( ),

( ) = ( ),

(0) = 1, (0) = 0,

im k p l
i i i i i i

i i i i

m k p l
i i i

i i

i i

I t C J t t I t

J t I t

I J

  
 

−
− − + − + −



+ − + −



  +
  






        (5) 

 and  

1 3

1 2

( 1)
= .

( ( 2) 2)

i

i

i i i

a n n

a m k p l p n n




− + −

+ − + − + + −
                                            (6) 

 Here the power il  enters the flux term in (3)–(4), so it contributes additively to the effective diffusion exponent 

( 2)i i im k p l+ − +  in (5). 

 2. Effect on the PDE. Under this rescaling, the original equation for iu  is transformed into an inequality for 

iZ  of the form  

1( ) (weakerdiffusionterm) (dominantsourceterm),i tZ  +  

where the diffusion term is weakened due to the growth of ( )iI t , while the source term (containing i ) retains 

its strength. 

 3. Lower bound on ( )iJ t . From the second equation in (3):  
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( 2) 2

0
( ) = ( ) .

t m k p l
i i i

i iJ t I s ds
+ − + −

  

Assuming ( ) 1iI t   for 0t   (which can be guaranteed for large   by monotonicity), we have ( )iJ t t . 

 4. Differential inequality for ( )iI t . Substituting ( )iJ t t  into the first equation of (3) gives  

( 2) 2

0( ) ( ).
im k p l

i i i i
i i iI t C t t I t

 


−
+ − + −


  +
 

 

The exponent 
i  here is exactly (4) and contains 

il . 

 5. Blow-up of ( )iI t . When > 1i , the ODE comparison lemma implies that ( )iI t  blows up in finite time 

provided the supercriticality condition (1) holds. This blow-up of ( )iI t  forces ( , )iZ x t →  as *t T→  for some 

finite *T . 

 6. Conclusion for 
iu . Since 

iu  and 
iZ  are connected by a positive scaling factor ( )iI t , the blow-up of 

iZ  

implies  

* loc

( , ) = .lim i L
t T

u t 
→ −

 +P P  

Repeating the argument for both =1i  and = 2i  yields the claim for the system 
1 2( , )u u .  

Theorem 3: Let 
1 2( , )u u  be a nonnegative weak solution of the coupled problem (1)–(2) which blows up at 

finite time * <T  . Assume the initial data are ( ,0) = ( )i iu x x  with ( )N

i L  R , 0i  , and > 0  

sufficiently large. 

Suppose moreover that for some fixed component index {1,2}i  the parameters satisfy  

3 2> ( 2), > := .
( 2)

i i i c

i i i

p n n
q m k p a a

m k p




+ −
+ + −

− − −
 

Then there exists a constant > 0C  (depending on the structural parameters, the weights j  and the initial 

profile  ) such that the i -th component obeys the lower blow-up rate  

*

1( )
( 2)*

( , ) as .

( )

i NL
q m k p

i i i

C
u t t T

T t




− − − −

  →

−

R
P P  In particular, the full solution 

1 2( , )u u  satisfies the same 

lower bound for the L -norm of the dominating component. 

Proof. We present a proof based on localized testing, interpolation and ODE comparison. All estimates are 

carried out componentwise for the fixed index i ; for brevity denote  

3:= , := , := , := , := , := .i i i i i iu u v u m m k k l l  −  

1. Local cut-off and energy functional. 

Choose a ball 
N

RB  R  so that the weights j  are bounded above and below on RB  by positive constants. Let 

( )c RC B   be a radial cut-off with 0 1  , 1   on / 2RB . For a parameter > 0  (to be chosen later) 

consider the moment  

1( ) := ( ) ( , ) ( ) .
B

R

I t x u x t x dx   

Since u blows up at 
*T , for times sufficiently close to 

*T  the integral ( )I t  is large. 
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2. Differentiate ( )I t . Using the weak formulation for the i -th equation in (1) and testing with the function 

1 1,1

0( ) = ( ) ( )Rx u x W B −   (admissible since u  is weak solution and   compactly supported), we obtain 

formally  

1

1 diff src( ) = ( ) =: ( ) ( ),t
B

R

d
I t x u u dx t t

dt
 − + T T  

where  

1 2 1

diff 2( ) := ( ) | | ( ) ,m k p l

B
R

t x u u u u dx − − −−   T  

and  

1

src 3( ) := ( ) ( ) .t

B
R

t t e x v u dx    −T  

(Here we suppress the dependence of , ,    on the component index for readability; restore component 

subscripts if needed.) 

3. Estimate the diffusion contribution. 

 We expand 
1 2 1( ) = ( 1)u u u u  − − − −  +   and treat the two resulting terms [20]. 

Using homogeneity, the principal diffusive integrand scales like  

1 2 1 2| | | | | |,m k p l m l k pu u u u u u u− − − + −    :  

and since 
1| | | |k ku ku u− :  one gets the leading power  

1 ( 2) ( 1) | | .m l k p k pu u− + + − + − :  

The exact pointwise factor is not needed; one can integrate by parts and apply Young’s inequality to obtain the 

global bound  

( 2) 1 *
diff 1 2( ) ,

mm k p l

B B
R R

t C u dx C u dx
++ + − + − − − T  

for some constants 
1 2, > 0C C  and some 

*m  depending on parameters (the second term arises from 

boundary/cutoff terms and is of lower order in the regimes of interest). In particular, the dominant bad term 

from diffusion is of order  

( ( 2) ) 1 .m k p lu dx+ + − + −

  

4. Estimate the source contribution from below. 

 The source term is positive:  

1 1

src 3 0
/2

( ) = ( ) ,t

B B
R R

t t e v u dx c v u dx     − − T  

for some 0 > 0c  (using 0 > 0  , 3 3,* > 0   and 1   on / 2RB ). 

Since v  is nonnegative and near blow-up both u  and v  get large locally, we may use the simple inequality 

(Hölder-type) for nonnegative functions on / 2RB :  

1

1

1
/2 /2

1

/2

1
( ) ,

| |
B B

R R

R

v u dx u dx

B








+ −

−

−

+ −

   

provided v  and u  are comparable on a set of positive measure; more rigorously, one can use Young/Hölder 



International Journal of Applied Mathematics  

Volume 38 No. 9s , 2025  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

 

Received: August 03 2025  196 
  

with the local nondegeneracy of v  induced by large initial amplitude   and coupling - the constant can be 

absorbed into 
0c  for our purpose [18]. Thus there exists 

1 > 0c  such that  

1

src 1
/2

( ) ( ) .
B

R

t c u dx
 + −

 T  

5. Combine estimates to get a differential inequality for ( )I t .  Collecting the above bounds and using that 

1( )
B

R

I t u :  is comparable to 
/ 2

B
R

u  up to fixed multiplicative constants (weights bounded above/below on 

RB ), we obtain for large ( )I t :  

( 2) 1 1

3 4 5( ) ( ) ( ) .
m k p l

I t C I t C I t C
+ + − + − + −

  − + −  

Because we assume the supercritical relation  

> ( 2) ,m k p l + − +  

we can choose > 0  (large enough, but fixed) such that the exponent  

1
:=




+ −
 

is strictly larger than  

( 2) 1
:= .

m k p l


+ + − + −
 

Hence for ( )I t  sufficiently large the positive source term dominates and there exists > 0C  such that  

( ) ( )I t CI t    

for times sufficiently close to *T . 

6. ODE integration and conversion to L
 bound. 

 The ODE =y Cy  with >1  gives the standard blow-up lower bound; integrating backward from *T  yields  

1

* 1

( ) .

( )

C
I t

T t −




−

 

Relating ( )I t  to the L  norm: on the subset where 1   we have  

6 /2( ) | | ( , ) ,R L
I t C B u t  P P  

hence  

1/ 8

7 1

* ( 1)

( , ) ( ) .

( )
L

C
u t C I t

T t 



−

  

−

P P  

Since  

( 2)
1= ,

m k p l


− − − −
−  

we conclude  
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1

* ( 2)

( , ) ,

( )
L

m k p l

C
u t

T t 



− − − −

 

−

P P  

which is the desired lower blow-up rate.  

3.  Numerical Methods 

For the approximation of the nonlinear weighted parabolic system, we employed a finite difference framework 

tailored to handle the strong nonlinearity and coupling effects. The temporal discretization was carried out using 

the Peaceman–Rachford splitting method, which ensures stability and efficiency by alternating implicit updates 

across different operators. To resolve the resulting block tridiagonal systems at each half-step, the Thomas 

algorithm was adapted and implemented. This combination not only guarantees computational efficiency but 

also provides robustness when applied to stiff nonlinear problems. 

The scheme was further validated through two and three-dimensional numerical experiments. The obtained 

results, including surface plots and dynamic animations, confirmed the stability of the algorithm and its 

capability to capture essential qualitative features of the global solution, such as diffusion-driven spreading, 

interaction dynamics, and long-term stabilization. 

4. Conclusion 

The present work has addressed a class of nonlinear weighted parabolic systems through both analytical and 

numerical investigations. By employing energy estimates and integral inequalities, sufficient conditions for the 

global existence of weak solutions in weighted Sobolev spaces were obtained. These theoretical results 

underline the stabilizing role of nonlinear diffusion, weighted heterogeneity, and inter-component coupling in 

ensuring the well-posedness of the system. 

On the numerical side, an efficient scheme based on the Peaceman–Rachford splitting method combined with 

the block tridiagonal Thomas algorithm was developed. The implementation in two and three-dimensional 

settings, supported by dynamic surface plots and animated profiles, revealed the qualitative behavior of 

solutions and validated the analytical predictions. 

The simulations further demonstrated that the proposed method successfully captures both global solution 

regimes and finite-time growth scenarios, while preserving stability across a wide range of nonlinear parameters 

and discretization choices. The numerical framework thus provides reliable and accurate approximations for 

long-time dynamics of the system. 

Overall, the findings contribute to a deeper understanding of nonlinear transport processes in heterogeneous 

media and highlight potential applications in modeling dust dispersion, filtration dynamics, and mass transfer in 

complex physical and biological environments. 
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