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Abstract:

In this article, we are going to introduce the concept of r-primitive on the near-rings.
For that first we give the definition of semi-type on the N-groups of near-rings. Then we study
the properties semi-type N-groups. Using semi-type N-groups we define the definition of
r-primitive near-rings. Finally, we study the properties of r-primitive near-rings.
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1. Introduction:

In 1905, Dickson introduced the concept near-field [3]. It was the first near-ring founded.
The first one to use the term “near-ring” were Zassenhaus in 1936 [5]. N-groups is the analogue
of the concept of a module in ring theory. In this article we are going to use right near-rings
and left near modules (left N-modules) as N-groups. Primitivity in near-rings are based on the
concepts like faithful, monogenic and simple of N-groups of near-rings. In near-ring primitivity
is called v-primitive near-rings where v € {0,1,2} and mainly classified into three types as
O-primitive, 1-primitive and 2-primitive near-rings based on the types of N-groups of the
near-rings. In this article we learn the properties of semi-type N-groups and r-primitive
near-rings through examples, notes, remarks, propositions and theorems.

2. Preliminaries
Definition 2.1:[4]
A near-ring is a non-empty set N together with two binary operations " + " and " - " such

that
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a) (N, +) is a group (not necessarily abelian).
b) (N, -) is a semigroup.
c) V nq,ny, ng € N such that (ny+n,) - ng = ny - n3 + n, - ng (“right distributive law”).

Notation 2.2: [4]

The class of all near-rings will be denoted by 7.

Definition 2.3: [4]

. No = {n € N| n0 = 0} is called the zero-symmetric part of N.
. Nce={n € N|n0 =n}={n € N|Vn' € N:nn' = n}is called the constant part of N.

No and N are itself near-rings.
Definition 2.4: [4]

N € 7 is called zero symmetric (constant) if N = Ny (N = N, respectively).
70 (7.) stand for all classes of all zero symmetric (constant) near-rings.
Definition 2.5: [4]

Let (I', +) be a group with zero O and let N €7 Let u : NX T = T {(n,y) = ny}. (T,
is called an N-group (“near-module over N”) if Vy € ',V n,n" € N such that (n + n)y =
ny + n'y and (nn)y = n(n'y). It is denoted by NT.

Remark 2.6: [4]
IfT' = N then we write it as NN.
Notation 2.7: [4]
Let N7 be the class of all N-groups.
Definition 2.8: [4]
Let N € 72. A normal subgroup I of (N, +) is called ideal of N (I 2 N) if

o INCL

. n(n'+i)—nn' €lforalln,n’" € Nandi € 1.

Notes 2.9:

. Normal subgroups R of (N, +) with RN € R are called right ideals of N (R <r N).[4]

. Normal subgroups L of (N, +) with n(n' + 1) —nn’ € Lforalln,n' e N& [ € L are
said to be left ideals (L <; N).[4]

. If 1 is an ideal of N, then the factor group N/I becomes factor near-ring under the usual

multiplication such that (1 + )(M2 + 1) = ninz2 + I, M1, N2 € N. If T'is an N/I-group
(N-group) of near-ring N /1, then it is denoted by N/ IF.[Z]
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Definition 2.10: [4]

Let N € 7Zand NT € N’ A normal subgroup A of (I, +) is called ideal of NI (A 2y T) if
VYETVS €AV neENsuchthat n(y +8) —ny € A

Remark 2.11: [4]

. {0} and N are ideals of N.
. {0} and T are ideals of N

These ideals are called the trivial ideals.

Definition 2.12: [4]

. N (NT) is simple if N (NT) has no non-trivial ideals.

. NT is called N-simple if NT has no N-subgroup except Q and I".
Definition 2.13: [4]

Let Ay, A, be subsets of NT € N?. Define (A1: A2) = { n € N| nA2E A1}. (0:A) is called
the annihilator of A.

Definition 2.14: [4]
NT is called faithful if (0:T) = {0}.
Definition 2.15: [4]
NT is monogenic if there exists y € I" such that Ny =T
i.e. we say that NT is monogenic by y and vy is called a generator of NT.
Example 2.16:

Let near-ring N and it’s N-group N be Klein’s four group {0, a, b, c}. It’s addition and
multiplication are defined by following tables

+ (0 [a |b|c
0 [0 |a |b|c
ala |0 |c|b
b |bjc |0 |a
c |c|bla |0
. 10 |a |b |c
0O |00 ]0]O
a |a |a |a |a
b |00 |b |0
c |a |a |c |a
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{scheme 21, pg.no: 21 in [4]}

Then NT is monogenic by y = b.

Remark 2.17:

From definition of monogenic, if the N-group I" is monogenic by y then every element of
N-group I' is of form ny for any n belongs to near-ring N.

Note 2.18: [4]
Let NI be monogenic by y, then L <; N = Ly, Sy T

Definition 2.19: [4]

N is called strongly monogenic if N' is monogenic and V y € T such that Ny = {0} or
Ny =T.

Note 2.20:
Monogenic N-group N!" of near-ring N has more than one generator.
Example 2.21:

For the near-ring N = Zs under addition modulo 5 and multiplication is defined by

O (1 |2 |3 |4
0 (0 (O O (O |O
1 [0 (O (4 |1 |0
2 /0 (0O |3 |2 |0
3 /(0 |0 (2 |3 |0
4 |0 |0 |1 |4 |0

{scheme 6, pg.n0:408 in [4]}

Let I' =Zs be an N-group of near-ring N = Zs. Then I' has more than one monogenic
generator.

Definition 2.22: [4]

Let (Iy)kek be ideals of N. Their sum Y pcx I is called an (internal) direct sum if
each element of )<k Ixhas a unique representation as a finite sum of elements of different
Ik’S.

In this case we write for the sum Yk Ik (or li+l2+ ...) {In this article we denoted it by

Drexlx}.
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Definition 2.23: [4]

N (NT with N € 7) is called completely reducible if N (NT) is the direct sum of simple
ideals.

Remark 2.24: [4]

N=Noeo (AsyT'=>A<yD)forallT € N7
Therefore, if N € 7, then every ideal of NI are N-subgroups of NT.
Note 2.25: [4]

) Forall A <y T, we have (0:A) S N.
) For all y € T, we have (0:y) <; N.

Remark 2.26: [4]
Let A be a subset of NT € N7, then (0 : A) = Ngea(0 ¢ 8).
Note 2.27:

Let N € 7 and NT be a completely reducible. If A is an ideal of N then A is simple or
contains a simple ideal of NT.

Remark 2.28: [2]

If the N-group N of near-ring N is completely reducible, then every ideal of N is a sum
of simple ideals.

Definition 2.29: [4]

Let N,N’ € 7. If there exists a monomorphism N — N’ we say that N is embeddable in N’
and we write N & N'.

Note 2.30: [4]

Each N-group can be embedded into some faithful N-group.
Definition 2.31: [4]

A monogenic N-group I' with T # {0} is said to be of

a) type 0 if N is simple.
b) type 1 if NT is simple and strongly monogenic.
c) type 2 if T' is No-simple.
Definition 2.32: [4]

A near-ring N is called v-primitive where v € {0,1,2} on NT if NT is faithful and of type v
where v € {0,1,2}. A near-ring N is v-primitive where v € {0,1,2} if there exists N'€ N7 such
that N is v-primitive where v € {0,1,2} on NT.

Received: August 04 2025 16



International Journal of Applied Mathematics

Volume 38 No. 9s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
3. Semi-type:
Definition 3.1:
An NU of a near-ring N is of semi-type if NI is monogenic and completely reducible.
Theorem 3.2:

Let N € 7. If N' is of semi-type, then Ny is the direct sum of simple ideals, where vy is

a monogenic generator.

Proof:
Let N € 7.

Let I" be an N-group of near-ring N.
Given I' is of semi-type,
then I' is monogenic and completely reducible.
Therefore, there exist y € I' such that Ny = I' and I is the direct sum of simple ideals.
Ny =@ yea Ay, Where Aa’s are simple ideals.

Ny is the direct sum of simple ideals, where y is a monogenic generator.

Theorem 3.3:
Let N € 7. If NT is of semi-type, then Ny is completely reducible.
Proof:
Given N € 7.
Let I" be an N-group of near-ring N.
By theorem 3.2,
Ny is the direct sum of simple ideals.

= Ny is completely reducible.

Theorem 3.4:
Let N € 7. If NT is of semi-type, then Ny is the sum of simple ideals.

Proof:

Given N € 7,

Let I' be an N-group of semi-type.
By theorem 3.2,
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Ny is the direct sum of simple ideals.

Therefore, Ny is the sum of simple ideals.

Theorem 3.5:

Let NT be of semi-type. If y, is a monogenic generator of N'. Then Ly, is simple ideal

or contains simple ideals of N¥, for any left ideal L of N.
Proof:
Let N be a near-ring
Let I" be a semi-type N-group.
Therefore, I is completely reducible and monogenic.
Lety, €I be a monogenic generator of I.
Given L is a left ideal of N
By note 2.18,
Lyo =y T
Case (1)
L is a simple ideal.
To prove, Ly, is a simple ideal
Suppose L, is a non-trivial ideal of Ly,
1e. L; € Ly,
L, = {li|l1 = L1y}
Also, I' is completely reducible.
i.e. [ is the direct sum of simple ideals.
== @yealy, Wwhere Aq are simple ideals
Suppose L, is simple
L cLy,cT
L,cT
L, is one of the subgroups of I.
Since L is non-trivial,
L; # {0} and L; # Ly,
Let Ik € Ly but lx € L,

= lk = lkyg, for lk € L
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By definition of L,
Ik € Lq
therefore, every element of Ly, is element of L;
hence L; = Ly,
therefore, Ly, has no non-trivial ideals.
Thus Ly, is a simple ideal of N-group T
Case (i1)
If L is not simple
By note 2.18,
LyoSnT
By note 2.27,
Therefore Ly, is simple or contains a simple ideal of NT.
Theorem 3.6:
Let N € 7. If N is a semi-type, then for all a € A, Ngea (0:8) y Iy NT where v is

a monogenic generator of NI and A« <y NT.
Proof:

Let N €7 and I" be an N-group of semi-type.

Therefore, I' is monogenic and completely reducible
Given, I" is monogenic by .
Since I' is completely reducible,
[" is the direct sum of simple ideals
i.e. ' =@ yep Aa, Where Aa’s are simple ideals
By remark 2.24,
Hence each Aq’s are N-subgroups of I' where a € A.
Aa <y T, foralla €A
By note 2.25,
(0:A) 2 N, forall a € A
by remark 2.26,
= (0: Aa) = Ngep, (0:8), forall a € A

= Ngea,(0:8) 2 N, forall a € A and where Aa <y T
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= Ngea,(0:8) 2 N, forall a € A and where Aa <y T
Since I" is monogenic by y
By note 2.18,
Nsea,(0:8)y Dy I, forall a € A and where Aa <y T
Theorem 3.7:
If N is monogenic by y,, then (0:y)y, Sy NT, forall y € T.
Proof:
Let I be a monogenic N-group by yo € T
By note 2.25,
= (0:y) 9, N, forally eT
By note 2.18,
= (0:y)yo 2 T.
Theorem 3.8:
Let N € 7,. If NN is completely reducible then (0: A«) and N/(0: A«) are completely

reducible where Aq are simple ideals of NN,
Proof:

Given N €7

Let N itself be of semi-type N-group.

Therefore, N-group N is completely reducible and monogenic
i.e. NN is completely reducible and monogenic.
Since NN is completely reducible,

NN is the direct sum of simple ideals
= NN=@ ca A, Where Aa’s are simple ideals
By remark 2.24,
= Aa<y NN, foralla € A
By note 2.25,
= (0:Aa) 2 N, forall a € A
By theorem 2.48 in [4]
Since NN is completely reducible.
(0: Aa) and N/(0: Aa) are completely reducible.
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Theorem 3.9:

Let N €7, If NT is monogenic and is the direct summand of simple ideals, then NT is of

semi-type.
Proof:
Given, N € 7.
Let I' be a monogenic N-group and direct summand of simple ideals.
By theorem 4.12 in [1]
["is completely reducible.
Since I' is monogenic,
[" is of semi-type.
Theorem 3.10:
If NT is of semi-type, then Ny is the sum of minimal ideals.
Proof:
Let N be a near-ring and I be its N-group.
Given I is of semi-type
= I is monogenic and completely reducible
= there exist y € I'such that Ny =T
Since I' is completely reducible,
By theorem 2.48 in [4], T is the sum of minimal ideals.
Since Ny =T,
Hence, Ny is the sum of minimal ideals.

Theorem 3.11:

Let NN be of semi-type. If L is a left ideal of N then Ly is simple or sum of simple ideals

of NN where y is a monogenic generator of NN,
Proof:
Let N be a near-ring.
LetI' = N be an N-group of near-ring N.
i.e. near-ring N itself is an N-group.
Given N-group I' = N is of semi-type

Therefore, I' = N is monogenic and completely reducible
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Let y be a monogenic generator of I' = N.
By note 2.18,
LysSnT
Ly 2y NN
If Ly is one of the simple ideals of I' = N.
= Ly is simple
If not,
By remark 2.28, Ly is the sum of simple ideals of NN,
Theorem 3.12:

Let NI be of semi-type. If N is completely reducible then Ly is the sum of simple ideals

where L is ideal of N.
Proof:
Let N be a near-ring.
Let ' be a N-group of N.
Given I is of semi-type
Therefore, I' is monogenic and completely reducible
Let L be a left ideal of N.
Ifr' =N
By theorem 3.11,
Ly is sum of simple ideals of NN,
IfT =N
Since I" is monogenic, I" is monogenic by vy.
By theorem 3.5,
Ly is simple ideal or contains simple ideals of NT.
Suppose Ly contains simple ideal of NT.
To prove, Ly is the sum of simple ideals of I'.
Suppose not, Ly is not a sum of simple ideals of T
Let {A,}oeabe the collection of simple ideals of NT.
Therefore I' = @ yecply

By our assumption,
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Let {AB} be the collection of simple ideals contained in Ly
B<a€cA

Since Ly is not sum of simple ideal of T,
Ly # sum of Ag, where B < a € A
Then there is a subset Ay of Ly which is not an ideal such that Ly = sum of Ag & Ay.
Forall 5, €Ay andn € Nandy' €T,
=>ny +8) —ny €4y
Since I' is monogenic by v,
Every element in I' is of form ny, for any n € N.
Since y' €T,
y' =n,y, forany n; € N and
Since 6y € Ayc T,
8y =n'y, forany n' € N
Consider
n(y' +8y) —ny' € Ay
n(nyy + n'y) — n(nyy) € A,
n((n, + n)y) — (nny)y € 4y
n(nyy) — ngy € Ay
(nny)y — ngy € Ay
n,Y + nsy € Ay
(ng +ns)y € Ay
ngy € Ayc I’
ngy € I', for ng € N
Which is contradiction
Our assumption is wrong
Ly is the sum of simple ideals.

Theorem 3.13:

Let I be an ideal of near-ring N. If NT is of semi-type then N/ I' is also of semi-type.

Proof:
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Let I be an ideal of near-ring N.
Let I" be an N-group.
First to prove, I is an N/I -group of the near-ring N/I.

i.e. to prove
forallny+Ln,+1€N/landy €T,

i.((ng + D+ (np+ D)y = (ng + Dy + (np + Dy

ii.((ny + D(ny + D)y = (ny + D((nz + Dy)
Consider

i((ny + D + (ny + D)y = ((ng +iy) + (ny +i3))y, foriy, i, €1
= (n3 + ny)y, whereny +i; = ng andn, +i, = ny
= ngy + ngy, where ny +i; =nzandn, +i, = ny
= (ny + i)y + (ny + i)y
=, +Dy+ (n, + Dy
(1 + D+ 2+ D)y = (n+ Dy + (nz + Dy
ii((ny + Dy + D)y = ((ny + i) (nz + i3))y, for iy, i; €1
= (ngny)y,wheren, +i; =ngandn, +i, =n,
=nz (n,y), where n; + iy =nzandn, +i, =n,
= (nq +iy)((ny +iy)y), foriy, iy €1
= (n;+ D((nz +Dy)
((ny + D(ny + D)y = (ny + D((n, + Dy)
I is an N/I-group of near-ring N/I.

Since NT is completely reducible, N/ I is also completely reducible,
Since N is monogenic,

There exist y € I' such that Ny =T

To prove N/ 1" is monogenic
i.e. to prove, there exist y € I' such that N/Iy =T
suppose for all y € ' such that N/Iy # T
>nm+Dy+T
>nm+iyer, fori €l
=>ny&rl, forn; €N

Since n;y € Ny
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=> Ny #T
Which is a contradiction

Our assumption is wrong

Therefore, N/ I is monogenic

Hence N/I' isa semi-type N/I-group of a near-ring N/I.
4. r-Primitive Near-Rings:
Definition 4.1:

A near-ring N is said to be an r-primitive near-ring if it has (or is) NI of semi-type
and faithful.

Example 4.2:

The near-ring N = Zs under addition modulo 6 and multiplication is defined as

{scheme: 27, pg.no: 409 in [4]}
1s an r-primitive near-ring for an N-group I' = Zs.
Theorem 4.3:
If N is an r-primitive near-ring then

a) Forally e Nl and0 € N, 0y = 0
b) For all non-zero n € N and y € NT is monogenic generator of NT implies ny = v, for

any y; € NT.
c) For all non-zero n € N and y' € NI implies ny' = y,, for any y; € NT.
d) For all non-zero n € N and y’ € N! implies ny’ # 0, for some y' € NT.
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Proof:
Let N be an r-primitive near-ring.
Therefore, it has monogenic N-group I" which is faithful and completely reducible.

a) Forallyel'and 0 € N
Since T is faithful, (0:T) = {0}
= {n € N|nI' = 0} = {0}
>nl[=0,forn=0€N
=>ny=0,forn=0€Nand forally€eT.
Hence, Oy =0, for all y € T.
b) Given, for all non-zero n € N and y is monogenic generator of N-group I'
Therefore Ny =T
Every element of I is of form ny, for any n € N.
Forally,; €T,
Y1 = ny, foranyn € N

By (a)
= y,; = ny, for any non-zeron € N
= ny = y,, for any non-zero n € N
c) Given, for all non-zeron € Nandy’' € T

Since I" is monogenic,
There exist y € I' such that Ny =T
i.e. every element of I is of form ny, for any n € N

giveny' €T
=Yy =n,y, foranyni € N
Now
ny' = n(nyy)
= (nny)y
=nzy

=vy,, foranyy; €T
ny =y, foranyy; €T
d) For all non-zeron € Nandy' €T
To prove ny’ # 0, for some y’ € NT
Suppose ny’ = 0, for all y' € NT
>nl'=0

Therefore, n € (0:T)
(0:T) # {0}
Which is a contradiction

Our assumption is wrong
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ny’ # 0, for some y' € NT.

Theorem 4.4:

Let N be a near-ring whose NI’s annihilator is {0} then the monogenic NT is completely
reducible if and only if N is an r-primitive near-ring on N¥.
Proof:

Let N be a near-ring and I be its N-group
Also given annihilator of " is {0}.
=~ clearly I' is faithful.
Assume that, I" is completely reducible and monogenic
Since I is faithful,
N is an r-primitive near-ring on I'
Conversely,
Assume that, N is an r-primitive near-ring on I

Obviously, I is completely reducible and monogenic.

Remarks 4.5:

1. A completely reducible near-ring is r-primitive near-ring if it is faithful and monogenic
as an N-group.

il. A near-ring N whose N-group I' where faithful, completely reducible and
monogenic is r-primitive near-ring.

iil. A near-rings N where its monogenic N-group I' where faithful and completely reducible
are r-primitive near-rings.

v. A near-ring in which its faithful N-group is completely reducible and monogenic. Then
near- ring is an r-primitive near-ring.

V. A near-rings which has completely reducible N-group which is monogenic and faithful

then near-ring N is an r-primitive near-ring.
Proposition 4.6:

If a near-ring N is an r-primitive near-ring then its
1) NT is faithful.
2) NT is monogenic.
3) NT is completely reducible.
Proof:

Let N be an r-primitive near-ring.
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Let I" be an N-group of N.

1) Since N is an r-primitive near-ring,
I'is faithful

If T is not faithful

By note 2.30,

I" is embedded into some faithful N-group I;.
Therefore, I} is faithful

Hence N-group of near-ring N is faithful.

2) Since N is an r-primitive near-ring,
[" is monogenic.
3) Since N is an r-primitive near-ring,

[" is completely reducible.
Theorem 4.7:

If near-ring N is an r-primitive near-ring. Then

i. Every element of NT is of form ny, for any n € N and y is a generator of NT.

ii. Ly is an ideal of NT, where L is a left ideal of N.
iii. Ly is faithful.
Proof:

Let N be an r-primitive near-ring
Let ' be a N-group of N.
[" is faithful and semi-type.

i. Since I is semi-type,
['is monogenic
Let y be a generator of T'.
ire.Ny=T
therefore, every element of I is of form ny, for any n € N.

ii. Let L be a left ideal of N
Since T' is of semi-type, I is monogenic by y
By note 2.18,
Therefore, Ly is an ideal of NT.
i11. Since I is faithful
Therefore, (0: ) = {0}
Since I" is monogenic by y, Ny =T
Also L is a left ideal of near-ring N.
=>LYS Ny=T
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=>LyCcT

= (0:Ly) = {0}

Ly is faithful.
Proposition 4.8:

If N is an r-primitive near-ring on NN then N is completely reducible.
Proof:
Let N be an r-primitive near-ring on NN,
Therefore, the N-group I' = N is semi-type and faithful

Hence N is completely reducible.

Remarks 4.9:
1. If a near-ring N is O-primitive near-ring on N then N is not r-primitive near-ring on
NT.
Proof:

Let N be a 0-primitive near-ring on N-group I'.
= I is simple
Therefore, T is not completely reducible
Hence N is not r-primitive near-ring on I'.
2. If N is an r-primitive near-ring on N-group I' then N is not 0-primitive near-ring on NT.
Proof:
Let N be an r-primitive near-ring on N-group I'.
= ["is completely reducible.
Therefore, I' is not simple.
N is not O-primitive near-ring on N-group I'.

3. If N is a 1-primitive near-ring on N' then N is not an r-primitive near-ring on NT.
If N is an r-primitive near-ring on N then N is not 1-primitive near-ring on NT.

5. Let N € 7. If N is a 2-primitive near-ring on N then N is not an r-primitive near-ring
onN'.

6. Let N € 7. If N is an r-primitive near-ring on NT then N is not 2-primitive near-ring
onNT.

Definition 4.10:

Anideal I of near-ring N (I 2 N) is called an r-primitive ideal of N if N/I is an r-primitive
near-ring.

Proposition 4.11:

If N is an r-primitive near-ring on NT and I is ideal of N then N/I is an r-primitive near-ring
on N

Proof:
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Let N be r-primitive near-ring on N-group I'.
Therefore, T is faithful and semi-type.
Let [ be an ideal of N.

By theorem 3.13, N/ 1" is of semi-type
To prove, I is a faithful N/I-group
i.e. to prove (0 : ) = {0}
Suppose, (0 : T) # {0}
fn+1eN/I|(n+DIr =0} #1
For some non-zero n; + 1 € N/I,
(n, +Dr=0
(ny+Dy=0,forallyeT
(ny +)y=0,fori € land forally €T
n,y =0,forn, =n, +iandn, # Oand forally €T
n,I' =0 forn, #0
Which is contradiction

Therefore, (0:T) =1
= N/1"is faithful

= N/ I"is faithful and semi-type.
Hence N/1 is an r-primitive near-ring on T
Corollary 4.12:

In the above case | is an r-primitive ideal of N.
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