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Abstract 

  The forcing geodetic, Steiner and monophonic global domination (GD) numbers of a 

graph are examined in this research. It is established that there is a connected graph G such that 

𝑓𝛾̅𝑚
(𝐺) = 𝑓𝛾̅𝑔

(𝐺) = 𝑓𝛾̅𝑠
(𝐺) =  𝑎, for every integer 𝑎 ≥ 0. Moreover, it is established that for 

every integer 𝑎 ≥ 0 there exists a connected graph 𝐺 such that 𝑓𝛾̅𝑚
(𝐺) = 𝑎, 𝑓𝛾̅𝑔

(𝐺) = 𝑓𝛾̅𝑠
(𝐺) =

 0 . 

Keywords: Geodetic Number, Monophonic number. Geodetic GD, Steiner number, Steiner 

GD number, Monophonic GD number. 

Introduction 

              Consider the graph 𝐺e =  (𝑉e, 𝐸e), where the vertex and the edge set is 𝑉e(𝐺e) and 𝐸(𝐺e) 

(or 𝑉 and 𝐸). Additionally, we proved that 𝐺e has size 𝑚e =  |𝐸(𝐺e)| and order 𝑛 =  |𝑉 (𝐺)|. 

We examine [2] for a list of fundamental graph theoretic terms. A vertex 𝑣 is regarded as 

extreme if the subgraph formed by its neighbors is complete. Therefore, a vertex 𝑣 is a universal 

vertex if deg𝐺(𝑣) =  𝑛 − 1. 

              Let 𝑢e and 𝑣e be the vertices of a graph 𝐺 that is connected. A 𝑢 − 𝑣 geodesic is a 

substitute for the shortest 𝑢 − 𝑣 path. The length of a u-v geodesic in 𝐺e is the (shortest path) 

distance and if the graph is obvious from the context, it is represented by the  𝑑(𝑢, 𝑣) or 

𝑑𝐺(𝑢, 𝑣). Such that 𝐺's diameter is the maximum separation between each pair of vertices is 

referred as 𝑑(𝐺) or 𝑑 respectively. An edge connecting two non-adjacent vertices of a path 𝑃e 

is referred to as a chord. A chord-less 𝑢 − 𝑣 path is represented as a monophonic path. All 

vertices residing in a 𝑢 − 𝑣 monophonic path, are included in the closed interval 𝐽[𝑢, 𝑣] for two 

vertices 𝑣e and 𝑢e. When 𝑣e and 𝑢e are next to each other, 𝐽[𝑢e, 𝑣e]  =  {𝑢e, 𝑣e}. Let 𝐽[𝑀]  =

 ∪𝑢,𝑣∈𝑀 𝐽[𝑢, 𝑣] for a set 𝑀 of vertices. In such case, 𝑀 ⊆  𝐽[𝑀]. A monophonic set of 𝐺 is 
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described as a set 𝑀e ⊆  𝑉e(𝐺e) if 𝐽[𝑀]  =  𝑉. The lowest order of a monophonic set of 𝐺e is its 

monophonic number 𝑚(𝐺e). A 𝑚e-set of 𝐺e is any monophonic set of order 𝑚e(𝐺e) [1, 2]. 

      Since any vertex in 𝑉e ∖ 𝐷e is adjacent to atleast one vertex of 𝐷e, then the subset 𝐷e ⊆  𝑉e (𝐺) 

is represented as a dominant set. The lowest cardinality of such dominating sets of 𝐺e is 

indicated by the domination number, 𝛾e(𝐺e). Hence, a 𝛾-set of 𝐺e is a minimum dominant set. 

In [3], the concept of dominance was examined. If 𝐷e is a dominating set in 𝐺e and 𝐺, then a 

subset 𝐷e ⊆  𝑉 is defined to as a GD set in 𝐺e. The least cardinality of a minimum GD set in 𝐺 

is the GD number 𝛾(𝐺e). In [3], the idea of GD in graphs was first presented. If 𝑀 is both a 

monophonic set and a GD set of 𝐺, then 𝑀 ⊆  𝑉 is a monophonic GD set of 𝐺e. The 

monophonic GD is referred as 𝛾
𝑚

(𝐺e), is the minimal cardinality of a monophonic GD set of 

𝐺 e. A 𝛾
𝑚

-set of 𝐺e is a monophonic GD set of cardinality 𝛾
𝑚

(𝐺e). In [4], the idea of monophonic 

globally domination in graphs was first presented. The sequel makes use of the following 

theorems.  

         A geodesic is a 𝑥 − 𝑦 path of length 𝑑(𝑥e, 𝑦e). A 𝑢e − 𝑣e geodesic is a 𝑢e − 𝑣e path of length 

𝑑(𝑢e, 𝑣e). If 𝑣e is an internal vertex of 𝑃, then 𝑣e is said to reside on a geodesic 𝑃e. For a non-

empty set 𝑆e ⊆  𝑉e(𝐺), 𝐼e[𝑆e]  = ∪𝑥,𝑦∈𝑆 𝐼e[𝑥e, 𝑦e]. The closed interval 𝐼[𝑥e, 𝑦e] is composed of 𝑥e, 𝑦e, 

and all vertices lying on some 𝑥e − 𝑦e geodesic of 𝐺e. A geodetic set of 𝐺 has a geodetic number, 

denoted as 𝑔(𝐺e), which is its lowest cardinality. If 𝐼[𝑆]  =  𝑉 (𝐺) then a set 𝑆e ⊆  𝑉e(𝐺e) in a 

connected graph 𝐺e is a geodetic set of 𝐺e. In [1, 3, 4], the geodetic idea was examined. The 

term "geodetic GD set of 𝐺" refers to a geodetic set 𝑊 of a linked graph 𝐺e that is both a 

geodetic set and a GD set is represented by 𝛾
𝑔

(𝐺e), is the lowest cardinality of a geodetic GD 

set.  

 The Steiner distance d(W) of a connected graph's nonempty collection W of vertices When a 

connected subgraph of G contains W, its smallest size is G. A subgraph that is a tree by 

necessity is called a Steiner tree with respect to W, or Steiner W-tree. Such that when 𝑊 =

 {𝑢e, 𝑣e}  then 𝑑(𝑊e) =  𝑑(𝑢e, 𝑣e).  𝑆(𝑊) represents the set of all vertices of 𝐺e that are located on 

a Steiner 𝑊-tree. If 𝑆(𝑊) =  𝑊 then 𝐺[𝑊] is connected. Therefore 𝑊 is referred to as a Steiner 

set for 𝐺e if 𝑆e(𝑊e) =  𝑉.  

The Steiner set of minimum cardinality, or Steiner number 𝑆(𝐺e) of  𝐺 e, is often referred to as 

an s-set of  𝐺 e or a minimum Steiner set. These concepts were studied in [1,2,4,5,6]. In 𝐺 e, the 

set 𝐷e ⊆ 𝑉e of vertices is called a dominating set when each vertex 𝑥 ∈  𝑉e is either a member 

of 𝐷 or near an element of  𝐷. A subset 𝐷 ⊆  𝑉 is called a GD set in 𝐺 e if it is a dominating set 

of both 𝐺 e and 𝐺e. For a GD set in 𝐺, the GD number 𝛾̅e(𝐺e) is its lowest cardinality. These 

concepts were studied in [3,8,9]. If 𝑊 is both a Steiner set and a GD set of 𝐺, then a Steiner 

GD set of a linked graph 𝐺 e is defined as a Steiner set 𝑊 of 𝐺. A Steiner GD set's lowest 

cardinality is represented by the Steiner GD number, which is written as 𝛾
𝑠
(𝐺e).  In [7], these 

ideas were examined. The sequel makes use of the following theorems.  
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   Theorem 1.1. [7] Each Steiner GD set of e𝐺 contains every extreme vertex of a connected 

graph 𝐺e. 

   Theorem 1.2. [7] Assume that 𝐺 is a connected graph and that 𝑊 is the collection of 

all geodetic GD sets of 𝐺. Subsequently𝑓𝛾̅𝑔
(𝐺e)   ≤ 𝛾

𝑔
(𝐺e) − |𝑊e|. 

Theorem 1.3. [7] Every geodetic global dominating set of a connected graph 𝐺 contains every 

extreme vertex (universal vertex). 

On The Forcing Monophonic Global Domination, Geodetic Global 

Domination and Steiner Global Domination Number of a Graph 

Theorem 2.1. For any integer 𝑎 ≥ 0, there exists a connected graph 𝐺e such that 𝑓𝛾̅𝑚
(𝐺e) =

𝑓𝛾̅𝑔
(𝐺e) = 𝑓𝛾̅𝑠

(𝐺) =  e𝑎.  

Proof. Assume 𝑃: 𝑥e, 𝑦e, 𝑧e be a three-vertex path. On two vertices, consider 𝑃
e𝑖: 𝑢

e𝑖 , 𝑣
e𝑖 (1 ≤

 𝑖e ≤  𝑎)   be duplicates of the path. Let 𝐻 be the graph is formed by adding the edges 𝑦𝑢𝑖 and 

𝑧𝑣𝑖 (1 ≤  𝑖e ≤  𝑎e)  to 𝑃e and to each 𝑃
e𝑖  (1 ≤  𝑖e ≤  𝑎e) . Let 𝐺 be the graph obtained from 𝐻 

by adding the vertices e𝑧1, e𝑧2, … , e𝑧𝑏−𝑎−1  and presenting the novel edge, 𝑧𝑖 (1 ≤  𝑖 ≤  e𝑏 −

𝑎 − 1) (Figure 1). 

  
Figure 1. Forcing Monophonic Global Domination of 𝑮 

               Initially, it is demonstrated that 𝛾
𝑚

(𝐺) = 𝑏. Let  𝑍 =  {e𝑥, e𝑧1, e𝑧2, …, , e𝑧𝑏−𝑎−1} 

constitute the set of end vertices of 𝐺e. For any monophonic GD set of 𝐺e, 𝑍 is a subset, by 

Theorem 1.1, so 𝛾
𝑚

(𝐺) ≥ 𝑏 − e𝑎 − 1 + 1 = e𝑏 − e𝑎. However, 𝐽[𝑍] ≠ 𝑉e(𝐺e),   𝑍 is not a 

monophonic global dominant set of 𝐺e. Such that, 𝐻𝑖 = {𝑢𝑖, 𝑣𝑖} (1 ≤  𝑖 ≤  𝑎). Every, 

𝐻𝑖  (1 ≤  i ≤  𝑎) has at least one vertex, making it an easily global monophonic dominant 

set. Therefore 𝛾
𝑚

(𝐺) ≥  𝑏e − 𝑎e + 𝑎e = 𝑏e, such that 𝑀 = 𝑍e ∪ {e𝑢1, e𝑢2, …, , e𝑢𝑎}. Therefore, if 

𝑀 is a monophonic GD set of e𝐺, then 𝛾
𝑚

(𝐺e) = 𝑏. 
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It is demonstrated that, 𝑓𝛾̅𝑚
(𝐺)  = 𝑎e. Then 𝑓𝛾̅𝑚

(𝐺e) ≤ 𝛾
𝑚

(𝐺) − |𝑍| = 𝑏 − (𝑏 − 𝑎e)  =  𝑎, 

according to Theorem 1.2, Given that 𝛾
𝑚

(𝐺) = 𝑏e  and that each 𝛾
𝑚

-set  of 𝐺 contains 𝑍e, it is 

evident that each  𝛾
𝑚

-set of 𝐺e has the form 𝑀 = 𝑍e ∪ {e𝑐1, e𝑐2 ,. . . , e𝑐𝑎}, where 𝑐𝑖  ∈  𝐻𝑖    (1 ≤

 𝑖 ≤  𝑎). With |𝑇|  < 𝑎, let 𝑇 be a proper subset of 𝑀. Next, a vertex, e𝑐
𝑗
 (1 ≤  𝑗e ≤  𝑎e) such 

that 𝑐𝑗 ∉ T exists. Consider 𝑏𝑗 to be a vertex of 𝐻𝑗 that is different  from e𝑐
𝑗
. Therefore, 𝑀1={e𝑏𝑗 

∪ (𝑀 –{e𝑐
𝑗
}) } is a 𝛾

𝑚
-set that correctly contains 𝑇e. Thus 𝑀 is not the unique 𝛾

𝑚
-set containing 

𝑇. Hence, 𝑇 is not a subset of 𝑀 that is forced. This holds true for every minimum 𝛾
𝑚

-set of 

𝐺e, so, 𝑓𝛾̅𝑚
(𝐺e) = 𝑎. Analogously, 𝑓𝛾̅𝑔

(𝐺e) = 𝑓𝛾̅𝑠
(𝐺e) =  𝑎.    

Theorem 2.2. For any integer 𝑎 ≥ 0, there exists a connected graph 𝐺e such that 𝑓𝛾̅𝑚
(𝐺e) =

0, 𝑓𝛾̅𝑔
(𝐺e) = 𝑓𝛾̅𝑠

(𝐺) =  𝑎.  

Proof. Consider a path on three vertices, 𝑃: 𝑢e, 𝑣e, 𝑤e. On two vertices, let, 𝑃𝑖e
: 𝑥𝑖e

, 𝑦𝑖e
       (1 ≤

 𝑖e ≤  𝑎)  be a duplicate of the path. Let 𝐻 be the graph that is generated by combining the 

edges 𝑢𝑥𝑖 and 𝑤𝑦𝑖 (1 ≤  𝑖e ≤  𝑎e) to e𝑃 and e𝑃
𝑖
 (1 ≤  𝑖e ≤  𝑎e). Consider 𝐺e to be 

the graph that is generated by taking 𝐻 and adding the additional vertex  

e𝑧1, e𝑧2, … , e𝑧𝑏−𝑎−1 and  the edge 𝑤𝑧𝑖 e (1 ≤  𝑖e ≤  𝑏 − 𝑎 − 1) (Figure 2).  

 

 

 

                                    

 

 

 

 

 

 

 

Figure 2. Geodetic Global Domination of 𝑮 

  Initially, it is demonstrated that 𝑓𝛾̅𝑚
(𝐺) = 0. Letting  𝑍 =  {𝑧1, 𝑧2, …, , 𝑧𝑏−𝑎−1} represent 

the set of 𝐺's end end vertices. 𝑍e is a subset of each monophonic GD set of 𝐺, by Theorem 1.1. 

Additionally, 𝛾
𝑚

(𝐺) ≥ 𝑏 − 𝑎 − 1 since 𝐽[𝑍e] ≠ 𝑉e(𝐺e), 𝑍 is not a monophonic GD set of 𝐺e. 

Since 𝑍e ∪ {𝑥e},   𝑥 ∉ 𝑍e is not a monophonic GD set of 𝐺e, it can be readily confirmed that 

𝛾
𝑚

(𝐺e) ≥  𝑏 − 𝑎 − 1. Let, 𝑍1 = 𝑍 ∪ {𝑢, 𝑤}.  In such case 𝛾
𝑚

(𝐺) = 0. Since 𝑍1 is the only 𝛾
𝑚

-

set of 𝐺e and 𝑍e is a subset of all geodetic GD sets of 𝐺e by Theorem 1.3,  𝛾
𝑔

(𝐺) ≥ 𝑏 − 𝑎 − 1. 
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Consider the following e𝑄𝑖 = {e𝑥𝑖 , e𝑦𝑗}  (1 ≤  e𝑖 ≤  e𝑎).  Clearly, every GD set has at least one 

vertex from e𝑄
𝑖
  (1 ≤ e𝑖 ≤ 𝑎e) and the vertex, 𝑢. Consequently 𝛾

𝑔
(𝐺) ≥  𝑏 − 𝑎 − 1 + 1 + 𝑎 =

𝑏. Considering that  𝑆 = 𝑍 ∪ {𝑢}∪ {e𝑥1, e𝑥2, …, , e𝑥𝑎}. If 𝑆 is a 𝛾
𝑔

-set of e𝐺, then 𝛾
𝑔

(𝐺e) = 𝑏, 

𝑓𝛾̅𝑔
(𝐺) ≤ 𝑏 − |𝑍 ∪ {𝑢}| = 𝑎 for Theorem 1.3. Since e𝛾

𝑔
(𝐺e) = e𝑏 and every e𝛾𝑔-set of 𝐺e contains 

e𝑍∪{𝑢}, it is evident that each 𝛾
𝑔

-set of 𝐺  is of the form 𝑀 = 𝑍e ∪ {𝑢} ∪ {e𝑐1, e𝑐2 ,. . . , e𝑐𝑎}, 

where, 𝑐𝑖  ∈  𝐻𝑖   (1 ≤  𝑖e ≤  𝑎e). With |𝑇|  < 𝑎, let e𝑇 be a proper subset of 𝑀. Next, a vertex, 

e𝑐𝑗 (1 ≤  𝑗e ≤  𝑎e) such that, e𝑐𝑗 ∉ T exists. Consider, e𝑏𝑗 to be a vertex of 𝐻𝑗, that is different 

from e𝑐𝑗. Therefore, 𝑀1 = (𝑀 –{e𝑐
𝑗
}) ∪ {e𝑏𝑗} is a 𝛾

𝑔
-set that correctly contains e𝑇. Hence, 𝑇 is 

not a forcing subset of 𝑀. This holds true for every minimum 𝛾
𝑔

-set of 𝐺, so 𝑓𝛾̅𝑔
(𝐺)   =  𝑎. In 

a similar manner, it shows that 𝑓𝛾̅𝑠
(𝐺) =  𝑎. 

Theorem 2.3. For every integers 𝑎 ≥ 0, there exists a connected graph e𝐺 with respect to 

𝑓𝛾̅𝑚
(𝐺) = 𝑎, 𝑓𝛾̅𝑔

(𝐺) = 𝑓𝛾̅𝑠
(𝐺) =  0.  

Proof. Consider a path on three vertices, 𝑃: 𝑥, 𝑦, 𝑧. Let (1 ≤  e𝑖 ≤  𝑎e) be a duplicate of the 

path on three vertices, and let, 𝑃𝑖: 𝑟𝑖, 𝑠𝑖,𝑡𝑖. Let 𝐻 be the graph that is produced by adding the 

edges 𝑥𝑟𝑖 and 𝑦𝑡𝑖 (1 ≤  𝑖e ≤  𝑎e) to e𝑃 and e𝑃
𝑖
 (1 ≤  𝑖e ≤  𝑎e). Let 𝐺 be the graph obtained 

from 𝐻 by inserting the edge 𝑦𝑧𝑖 (1 ≤  𝑖 ≤  𝑏 − 𝑎 − 1) and the new 

vertices 𝑧1, 𝑧2, … , 𝑧𝑏−𝑎−1. Figure 3 shows the graph 𝐺. 

            Initially, it is established that, 𝑓𝛾̅𝑚
(𝐺) = 𝑎. Assuming  𝑍 =  {𝑥, 𝑧1, 𝑧2, … , 𝑧𝑏−𝑎−2} 

represent the set of 𝐺's end vertices. Such that 𝑍e is a subset of each monophonic GD set of 𝐺, 

by Theorem 1.1 and so 𝛾
𝑚

(𝐺) = 𝑏 − 𝑎 − 1.  There is no monophonic global dominant set of 

𝐺e since 𝐽[𝑍] ≠ 𝑉(𝐺e). Suppose that, 𝐻𝑖 = {𝑠𝑖, 𝑡𝑖}(1 ≤  𝑖e ≤  𝑎e). Clearly, any global 

monophonic dominant set has atleast one vertex from any  𝐻𝑖(1 ≤  𝑖 ≤  𝑎) of the following 

such that  𝛾
𝑚

(𝐺) ≥  𝑏 − 𝑎 − 1 + 1 + 𝑎 = 𝑏. Consider 𝑀 = 𝑍 ∪ {𝑧}∪ {𝑠1, 𝑠2, …, , 𝑠𝑎} instead. 

Consequently, 𝑀 is a global monophonic dominant set of 𝐺, hence     𝛾
𝑚

(𝐺) = 𝑏. 

           It is then verified that, 𝑓𝛾̅𝑚
(𝐺)  = 𝑎. Hence according to Theorem 1.2, 𝑓𝛾̅𝑚

(𝐺) ≤

𝛾
𝑚

(𝐺) − |𝑍e| ∪ {𝑥} = e𝑏−(e𝑏− e𝑎+1−1) = e𝑎. Following that 𝛾
𝑚

(𝐺e) = 𝑏e  and each 𝛾
𝑚

-set of 

𝐺e contains 𝑍e ∪ {𝑥}, it is evident that every 𝛾
𝑚

-set of  𝐺e is of the type 𝑀 = 𝑍e ∪ {𝑥e} ∪ {e𝑐1, e𝑐2 

,. . . , e𝑐𝑎}, where e𝑐𝑖  ∈  e𝐻𝑖   (1 ≤  𝑖e ≤  𝑎e). With, |𝑇| < 𝑎e, consider 𝑇e be a proper subset of 𝑀. 

Next, a vertex, e𝑐𝑗 (1 ≤  𝑗e ≤  𝑎e) such that, e𝑐
𝑗
 ∉ T exists. Consider, e𝑏

𝑗
 to be a vertex of 𝐻𝑗 that 

is different from, e𝑐𝑗. Therefore, 𝑀1 = (𝑀 –{e𝑐
𝑗
}) ∪ {e𝑏

𝑗
} is a 𝛾

𝑚
-set that correctly contains e𝑇. 

Hence, 𝑇 is not a subset of 𝑀 that is forced. This holds true for any minimum 𝛾
𝑚

-set of e𝐺, so 

𝑓𝛾̅𝑚
(𝐺)   =  𝑎.  

       Following that, it is established that, 𝑓𝛾̅𝑔
(𝐺)  = 0. A subset of each global geodetic set of 

𝐺e is 𝑍, from Theorem 1.3. Therefore, 𝐽e[𝑍] ≠ 𝑉(𝐺e), 𝑍 is not a geodetic set of 𝐺e. There is no 

doubt that every global geodetic set of 𝐺e only has the vertex 𝑆𝑖, from any 𝐻𝑖(1 ≤  𝑖 ≤  𝑎). 

Consequently, 𝛾
𝑔

(𝐺) ≥  −1 + 1 + 𝑎e + 𝑏e − 𝑎e = 𝑏e. Suppose 𝑆 = e𝑍 ∪ {𝑥}∪ {e𝑠1, e𝑠2, …, e𝑠𝑎}. 
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Thus, 𝑆 is a unique 𝛾
𝑔

-set of 𝐺 since 𝛾
𝑔

(𝐺e) = 𝑏 and𝑓𝛾̅𝑔
(𝐺e) = 0. Similarly, it can be 

demonstrated that 𝑓𝛾̅𝑠
(𝐺e) =  0.         

Theorem 2.4. For each integer 𝑎e ≥ 0, there exists a connected graph 𝐺 with respect to 

𝑓𝛾̅𝑚
(𝐺e) = 0, 𝑓𝛾̅𝑔

(𝐺e) = 𝑎, 𝑓𝛾̅𝑠
(𝐺e) =  0.  

Proof. Consider a path on six vertices, 𝑃: 𝑢, 𝑣, 𝑤, 𝑥, 𝑦, 𝑧. Let (1 ≤  𝑖e ≤  𝑎e) be a replica of the 

path on three vertices, and let 𝑃𝑖: 𝑢𝑖 , 𝑣𝑖 , 𝑤𝑖. Let 𝐻e be the graph formed from 𝑃e and e𝑃
𝑖
 (1 ≤

 𝑖e ≤  e𝑎) by adding the edges 𝑢𝑢𝑖 , 𝑦𝑤𝑖, 𝑤𝑢𝑖, 𝑤𝑣𝑖 and 𝑤𝑤𝑖 (1 ≤  𝑖 ≤  𝑎). Let 𝐺e be the graph 

that is generated by taking 𝐻 and adding the new vertices 𝑧1, 𝑧2, … , 𝑧𝑏−𝑎−2, and adding the 

edge 𝑦𝑧𝑖  (1 ≤  𝑖e ≤  𝑏e − 𝑎 − 2).  

Initially, it is illustrated that 𝑓𝛾̅𝑚
(𝐺) = 0. Considering  𝑍 =  {𝑢, 𝑧1, 𝑧2, …, , 𝑧𝑏−𝑎−2} represent the 

collection of 𝐺e's end vertices. Every monophonic GD set of 𝐺e has a subset of 𝑍, according to 

Theorem 1.1. Because 𝐽[𝑍] ≠ 𝑉(𝐺), 𝑍 is not a monophonic GD set of 𝐺e, 𝛾
𝑚

(𝐺) = 𝑏e − 𝑎 −

2. It is simple to confirm that 𝑥 is a member of all global monophonic dominant sets. Assume 

that 𝑍1 = 𝑍 ∪ {𝑥}. The global monophonic dominating set of 𝐺e is then 𝑍1. Hence 𝛾
𝑚

(𝐺e) = 0, 

since 𝑍1 is a dominating set of 𝐺e and 𝐺e.  Thus 𝑍1 is a unique minimal GD set of 𝐺e. It is then 

established that 𝛾
𝑔

(𝐺e)  = 𝑎. The fact that 𝑍1  is a subset of each geodetic GD set of 𝐺e is readily 

apparent. The geodetic GD set of 𝐺e is not 𝐼[𝑍1] ≠ 𝑉(𝐺e), 𝑍1. Consider the following 𝐻𝑖 =

{𝑢𝑖, 𝑣𝑖, 𝑤𝑖} (1 ≤  𝑖 ≤  𝑎).  The presence of at least one vertex from each, e𝐻𝑖 (1 ≤ e𝑖 ≤  𝑎) in 

every global geodetic dominating set  can be readily confirmed, and thus 𝛾
𝑔

(e𝐺)  ≥ 𝑏 − 𝑎 +

𝑎 = 𝑏. For example, let, 𝑆1 = 𝑍1 ∪ {e𝑢1, e𝑢2,. . . , e𝑢𝑎}.  Therefore 𝑆1 is a 𝛾
𝑔

-set of e𝐺, hence  

𝛾
𝑔

(𝐺e) = 𝑏.  

           Following that, 𝑓𝛾̅𝑔
(𝐺)  = 𝑎 is proved. By Theorem 1.3, 𝑓𝛾̅𝑔

(𝐺) ≤ 𝛾
𝑔

(𝐺e) − |𝑍1| = 𝑏 −

(𝑏 − 𝑎) =  𝑎. Such that, 𝛾
𝑔

(𝐺) = 𝑏 and any 𝛾
𝑔

-set of 𝐺 contains 𝑍1, it is evident that each 𝛾
𝑔

-

set of 𝐺 has the form 𝑆e = e𝑍1 ∪ {𝑢1, 𝑢2,. . . , 𝑢𝑎},  where, 𝑢𝑖 ∈ 𝐻𝑖   (1 ≤  𝑖 ≤  𝑎). Since 𝑇 is a 

valid subset of 𝑆e with |𝑇e|  < 𝑎e. Then, a vertex like 𝑢𝑖 (1 ≤  𝑖e ≤  𝑎e)  there exists 𝑢𝑖 ∉ T. In 

contrast to, 𝑐𝑗, let, 𝑏𝑗  be a vertex of 𝐻𝑗. This means that 𝛾
𝑔

-set that correctly contains 𝑇e is e𝑆
1
 

= (𝑆 – {𝑢𝑖}) ∪ {e𝑏
𝑗
}. Consequently, 𝑇 is not a forcing subset of e𝑆. It follows that, 𝑓𝛾̅𝑔

(𝐺) =  𝑎, 

hence this is true for all minimum 𝛾
𝑔

-set of 𝐺e. 

           It is demonstrated that 𝛾
𝑠
(𝐺)  = 0. The fact that 𝑍1 is a subset of each Steiner GD set of 

𝐺e is readily apparent. There is no Steiner global dominant set of such that 𝑆(𝑍1) ≠ 𝑉(𝐺), 𝑍1. 

It is readily apparent that the vertex 𝑣𝑖, from each 𝐻𝑖 (1 ≤  𝑖 ≤  𝑎). Then 𝑊 is the only element 

present in every Steiner GD set of 𝐺. For instance, consider 𝑊 = 𝑍1 ∪ {𝑣1, 𝑣2,. . . , 𝑣𝑎}. After 

that, 𝑊 is the only Steiner GD set of 𝐺e that is unique, therefore 𝛾
𝑠
(𝐺e) = 0. 

Theorem 2.5. For every integer 𝑎 ≥ 0, there exists a connected graph 𝐺 such that 𝑓𝛾̅𝑚
(𝐺) =

0, 𝑓𝛾̅𝑔
(𝐺) = 0, 𝑓𝛾̅𝑠

(𝐺) = 𝑎. 
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Proof. Consider a path on nine vertices, 𝑃: e𝑟1, e𝑟2, e𝑟3, e𝑟4, e𝑟5, e𝑟6, e𝑟7, e𝑟8, e𝑟9. Let, 

𝑃𝑖: 𝑥𝑖 , 𝑦𝑖,𝑢𝑖 , 𝑣𝑖 , 𝑤𝑖 (1 ≤  𝑖e ≤  𝑎e) as a duplicate of the path on five vertices. Consider 𝐻 be the 

graph that is generated from e𝑃 and e𝑃
𝑖
 (1 ≤  𝑖e ≤  𝑎e)  by adding the edges 𝑦𝑦𝑖, 𝑦𝑢𝑖 , 𝑦𝑣𝑖 , 𝑟2𝑥𝑖 

and 𝑟8𝑤𝑖 (1 ≤  𝑖 ≤  𝑎). Let 𝐺e be the graph that is generated by taking  𝐻 and adding the new 

vertices 𝑥 and 𝑧, as well as the edge 𝑦𝑧, 𝑥𝑟5. Figure 3 displays the graph 𝐺e. 

              Initially, it is verified that, 𝑓𝛾̅𝑚
(𝐺) = 0. Consider that the set of end vertices of 𝐺 e is 

𝑍 =  {𝑥, 𝑧, 𝑟1, 𝑟9, 𝑟5, 𝑦}. Every monophonic global dominant set of 𝐺e has a subset of 𝑍, 

according to Theorem 1.1. Considering that 𝐽[𝑍] = 𝑉(𝐺e), 𝑍 is the only monophonic set of 𝐺e, 

and therefore 𝑓𝛾̅𝑚
(𝐺e) =  0.   

  It is established that 𝑓𝛾̅𝑔
(𝐺e) =  0. Every geodetic GD set of 𝐺 has a subset of 𝑍, 

according to Theorem 1.3. Considering that 𝐼[𝑍] = 𝑉(𝐺e), 𝑍e is the only geodetic set of 𝐺e, 

𝑓𝛾̅𝑔
(𝐺)  =  0.                            

           Afterward, it is established that, 𝑓𝛾̅𝑠
(𝐺)  = 𝑎. 𝑍e is a subset of each Steiner GD set of 𝐺. 

There is no Steiner set of 𝐺e such that 𝑆(𝑍) ≠ 𝑉(𝐺), 𝑍. For example, let, 𝐻𝑖 = {𝑦𝑖, 𝑢𝑖 , 𝑣𝑖} (1 ≤

 𝑖 ≤  𝑎). The fact that each Steiner GD set of 𝐺e has exactly one vertex from each of the 

following is readily apparent: (1 ≤ 𝑖e ≤ 𝑎e) and so 𝛾
𝑠
(𝐺) ≥ 𝑎e + 𝑏e. Consider 𝑊 = 𝑍e ∪

{𝑦1, 𝑦2,. . . , 𝑦𝑎}. Therefore 𝑆(𝑍) =≠ 𝑉(𝐺)  hence 𝛾
𝑠
(𝐺) = 𝑎.  

  Following that, it is demonstrated that 𝑓𝛾̅𝑠
(𝐺)  = 𝑎. As per the Theorem 1.3, 𝑓𝛾̅𝑠

(𝐺) ≤

e𝑏e + 𝑎e − |𝑍| = 𝑏e + 𝑎e − 𝑏e =  𝑎e. Since, 𝛾
𝑔

(𝐺) = 𝑎 + 𝑏  and for any 𝛾
𝑠
-set of 𝐺 contains, 𝑍1, it 

is evident that every, 𝛾
𝑠
-set of e𝐺 has the form  𝑊 = 𝑍e ∪ {𝑦1, 𝑦2,. . . , 𝑦𝑎}, where, 𝑦𝑖 ∈ 𝐻𝑖   (1 ≤

 𝑖 ≤  𝑎).  Assume that 𝑇 is a valid subset of 𝑊 when |𝑇|  < 𝑎. Afterwards, a vertex 𝑦𝑖 (1 ≤

 𝑖 ≤  𝑎)  exists, 𝑦𝑖 ∉ T. Let 𝑏𝑗 be a vertex of 𝐻𝑗  distinct from 𝑐𝑗. This means that a 𝛾
𝑠
-set that 

correctly contains 𝑇 is 𝑊1 = (𝑊 –{𝑦𝑖}) ∪ {𝑏𝑗}. Consequently, 𝑇 is not a forcing subset of 𝑊. 

It follows that, 𝑓𝛾̅𝑠
(𝐺) =  𝑎. Therefore it is minimum 𝛾

𝑠
-set of  𝐺.  
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Figure 3. Steiner Global Domination Number of 𝑮 
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