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Abstract

A star edge coloring of a graph G is a proper edge <oloring without
bichromatic paths or cycles of length 4. The smallest integer k such that G admits a star edge

coloring with k colors is the star chromatic index of G and is denoted by x'(G). The Line Graph
L(G) of a graph G is the one in which V(L(G) corresponds to the edges of G and two vertices of
V(L(G)) are adjacent if and only if their corresponding edges in G meet at a common vertex in
G. In this paper, we obtain the star chromatic index of the line graph of the ladder graphs,
triangular ladder graphs and diagonal ladder graphs.
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1 Introduction

All graphs considered in this paper are finite, simple and undirected. Let P,andC, respectively denote

a path and a cycle of length n. An edge coloring of a graph G = (V, E) is a function C: E — N, in which
any two adjacent edges e, f € E are assigned different colors. The function C is known as the edge
coloring function. Agraph G for which there exists an edge coloring which requires k colors is called k-
edge colorable, while such a coloring is called a k-edge coloring. The smallest number k for which
there exists a k-edge coloring of G is called the chromatic index of a graph Gand is denoted by x'(G).
A star edge coloring of a graph G is a proper edge coloring where atleast three distinct colors are used
on the edges of every induced paths and cycles of length four in G. i.e., there is neither an induced

bichromatic path nor an induced bichromatic cycle of length four inG. The minimum number of colors
forwhich G admits a star edge coloring is called the star chromatic index of G and is denoted by;gst' (G).
The Cartesian product of two graphs Gand H, denoted by GoH , is the graph with vertex set V(G) %
V(H) and two vertices u = (u,,v,),v = (u,,V,) are adjacent in GoH if either u, =u, and v, is adjacent
to v, orv, =V, and u, is adjacent to u,. For a graph G and a subgraph Hof G, G\H denotes the graph

G'inwhich V(G") = V(G)andE(G") = E(G) — E(H).
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Additional graph theoretic terminologies used in this paper can be found in [1]. The Star edge coloring
was first introduced by Liu and Deng in 2008 [8]. Dvorak, Mohar, and Samal [4] explored the extremal
values for the star chromatic index of complete graphs. Ludmila Bezegova et al. [2] examined this
parameter for trees and outerplanar graphs, relating it to their maximum degree A. Omoomi and
Dastjerbi[11] analyzed the star chromatic index for several Cartesian product graphs, including path-
cycle products, d-dimensional grids, hypercubes, and toroidal grids, and proposed corresponding upper
bounds. Star edge coloring has applications in various fields including scheduling, network design and
storage optimization [5]. In this paper, the star chromatic index of the Line Graph of Ladder Graph,
Triangular Ladder Graph and Diagonal Ladder Graph have been discussed.

2 Preliminaries
A Ladder graph L,, [9] is a special case of cartesian product of paths P, and P,with m=2.1i.e, L,, =

P, 0 B,. A Triangular Ladder Graph TL,,n = 2, is a graph obtained from L, by adding the edges
E ={(u,,,Vv,):0<i<n-2} to E(L,). A Diagonal Ladder Graph DL, ,n > 2,is a graph obtained from
L, by adding the edges, E; = {(u;v;4+1):1<i<n—1}UE; = {(uj41,v;): 1 <i<n-—1to E(L,). The
Line Graph £(G)[3] of a graph G is defined as follows: i) Each edge of g represents avertex of L£(G)ii)
Two vertices of £(G) are adjacent if and only if their corresponding edges meet at a vertex of G. The
Example of ladder graph L,and line graph £(L,,)of ladder graph are shown in Figures 1 and 2. The vertex
set of line graph of ladder graph is given by V(£(L,)) = {fi, 9, hi, 1 < i <n — 1} U {h,} where the two
parallel paths which serves as the sides of the ladder graph are represented as f; and g;,1 <i <n—1 and

the rungs of the ladder graph are represented by h;,1 <i < n.

(51 Uz Ug Up—1 Un

U1 U2 U3 Un—1 Up,

Figure 2: Line Graph of Ladder Graph £L(L»)
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The following theorem gives the star chromatic index of the cartesian product of paths P, andP,and in
particular for ladder graph, P,oP,, n>2.

Theorem 2.1. [11] For given natural numbers m,n with 2 < m < n, we have

3ifm=2,n=2

4,ifm=2,n=>2

5if m=3,ne€{3,4}
6, otherwise

Xlst(Pm o Pn) =

2 Star Chromatic Index of Line Graph of Ladder Graphs

In this section, the star chromatic index of the family of line graph of ladder graphs such as £L(L,,),
L(TL,), L(DL,) have been obtained

Theorem 3.1. The star chromatic index of the Line Graph of the Ladder Graph is given

3,ifn=2
, 5ifn=3

by 2, L) ={ T2
8,ifn=6

Proof
Let V(L(Ly) ={figuhu 1 <i<n—1}u{h,}

E(LL) = {(fifir)1<i<n—2}U{(gigm)1<i<n—2}Uu{(hg)l1<i<n-—1}
U {(gphis1)1<i<n—=1}u{(hfi)1<i<n—=1}u{(fihi+1),1<i<n-—1}

Let F be a function defined by F: E — C, where C € N. Now we have the star edge coloring of
G = L(L,)for the given positive integers n as given below:
Casel:n=2
In this case, G = L(L,)is isomorphic to the ladder graph L, and by Theorem 2.1, y::(L(L,)) = 3.
Case2:n=3
In this case, G = L(L3), and the maximum degree of the Graph G is 4. First we color the edges that are incident with
the vertex of maximum degree 4 using four colors say {0, 1, 2, 3} see Figure 3. There exists two edge disjoint paths
P, including this maximum degree vertex . In each path, two edges are already colored and the two edges which are
not already colored can be colored using the remaining two colors from the list {0, 1, 2, 3}. Now the edges that
connect the internal vertices of these paths cannot be colored using {0, 1, 2, 3}, as these two edges are adjacent with
all the edges already colored using {0, 1, 2, 3}. Thus, a fifth color must be introduced to color these two edges and
hence y¢: (L(L3)) = 5.
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Case3:n=4,5
Consider G = L(L,4), which contains G; = L(L3)as a subgraph. As L(L3) is 5-star edge colorable, it is clear that

Xs:(G) = 5. From the structure of G, we see that it contains four vertices of maximum degree 4. We can start the
coloring of edges at any one of these 4 vertices say at v using the colors from {0, 1, 2, 3, 4}. Now there exists two
distinct paths of length 6, through the vertices of degree 4 in the middle layer and we want to color those edges using
the five colors. In this way, we are left out with 4 edges that connect the internal vertices of the distinct paths, but
cannot be colored using the permutations of five colors .Hence we use sixth and seventh colors for these four edges

and hence y:;(L(L,)) = 7. Similarly we can prove y& (L(Ls)) = 7.
4
' 4 l

Figure 3: 5-Star edge coloring of £L(L3)

Case4:n=>6

Consider the case, G = L(Lg) which contains G, = L£(Ls) as a subgraph. It is clear that y,(G,) = 7 and it is not
possible to color the edges of G with the same set of colors already used in the coloring of G,. So we introduce
eighth color for the edges of G / G,. Therefore, y<(L(Lg)) = 8. By using the similar argument, we can prove that
X<t (L(Ly)) = 8, for all n> 6 and the star edge coloring pattern of G = L(L,,) for n > 6 is as follows:
f1<i<n-2

6, if i = 0(mod 3)
F((fi, fisr) =37, if i =1 (mod 3)
0, if i =2 (mod 3)

f1<i<n-2
7, if i = 0(mod 3)

F((9i,9i+1) =32, if i=1(mod?3)
6, if i =2 (mod 3)

F((hig) =7ifi=1
f2<i<n-1

2, ifi=0(mod3)
F((hi,gi) =16, if i =1 (mod 3)
3, ifi=2(mod3)
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f1<i<n-2

4, if i =0(mod 3)
F((gphiw) ={1,  ifi=1(mod3)
, if i =2 (mod3)

=]

0, ifi=0(mod3)
F((Gn-1,hn) =37, if i =1 (mod 3)
1, ifi=2(mod3)

F((hif) =6,ifi=1

f2<i<n-1

1, if i =0(mod 3)
F((hyf) =45  if i=1(mod3)
2, if i =2 (mod 3)

f1<i<n-1

3 if i = 0(mod 3)
F((fi-hiv1) =40, if i=1(mod3)
5, if i =2 (mod 3)

Due to the structure of £L(L,), F has a repeating pattern for n > 6 and hence it sufficies to show that £(L-) has a 8-
star edge coloring. The star edge coloring of L(L,) is shown in Figure 4. Thus, y¢;(L(L,)) = 8, for n = 6.

Figure 4: 8-Star edge coloring of £(L7)

Theorem 3.1. The star chromatic index of the Line Graph of the Triangular Ladder Graph is given by
( 7,ifn=2
9,if n=3
X (L(TLy)) =4 10,if n=4
11,if n=5,6
12,ifn>7

Proof

Let V(L(TL,)) = {figi hi, ki 1 < i <n—1}U {h,}
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E(L(TLy) = {(fifis1) 1 Si<n—=2}U{(9:9141) 1 <i<n—-2}u{(hyg;)1<i<n-—1}
U{(gihi+1),1<i<n—1}u{(hfi)1<i<n—-1}Uu{(fihi+1), 1 <i<n—-1}
U {(kjh)1<i<n—=2}uf(kig;)1<i<n-2}u{(k,f;),1<i<n-2}
U {(kihis1),1<i<n—=2}u{(kigis1),1<i<n—=3}u{(k;fi-1),2<i<n-2}

Let F be a function defined by F: E — C, where C € N. Now we have the star edge coloring of

G = L(TL,) for the given positive integers n as given below:

ky ks ky k; kit Kn2 Kn1
Figure5: Line graph of the Triangular Ladder graph TLn
Casel:n=2

In this case, G = L(TL,) and |V (G)| = 4 , the maximum degree in G is four say d(v) = 4, other vertices have
degree 3 and are adjacent to v. Hence, if we color thefour edges incident at v with 4 colors from the list {0,1,2,3},
then it is not possibleto use all the four colors but one to the remaining edges which for a cycle of length 4 in G.
Thus we introduce three new colors namely {4,5,6} to color 3 edges of C, and one color from the list {0,1,2,3}.
Therefore, x's:(L(TLy)) = 7.

Figure 6: 7-Star edge coloring of L(TL,)
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Case2:n=3

In this case, G = L(TL3)and |V (G)| = 9, the maximum degree in G is six say d(v) = 6, and it is adjacent to
other vertices of degree 4 or 5 . Hence, we color thesix edges incident at v with 6 colors from the list {0,1,2,3,4,5},
and also G, = L(TL,) is a subgraph of G and y';;(L(TL,)) = 7 then it is not possible to use the same sixcolors to
the remaining edges which forms a cycle or path of length 4 in G. Thuswe introduce three new colors namely {6,7,8}

to color the edges of G . Therefore, ', (L(TL3)) = 9.

Case3:n=4

In this case, G = L(TL,) contains G3 = L(TL3) as a subgraph and it is clear that x' , (£(TL3)) = 9 and in the
graph G, it is not possible to color the edges with the sameset of colors already used in the coloring of Gs, so we
introduce the tenth color forthe edges of G\G3. Therefore, x'., (L(TL,)) = 10.

Case4:n=5,6andn=>"7

The proof ofother cases are discussed in the following table:

n Graph G Maximal induced subgraph | Lower bound for y'; (G) X'st(G)
S X' ¢ (L(TLs)) X' ¢ (L(TL)) 10 11
6 X' ¢ (£(TLg)) X' s (L(TLs)) 10 11
7 X' (L(TLy)) X' (L(TLg)) 11 12

Table 1: Star Edge Coloring of £L(TL,,)

By using the similar argument, we can prove that x'  (£(TL,)) = 12, foralln>7.

Note that E(G) = E(G") U E(G\G"), where G' =

L(L,). As we mentioned previouslythe edges of the

subgraphG'can be colored using the same coloring pattern as givenin Theorem 5.1, Hence the star edge coloring

pattern for the edges of G\G' is asfollows:
If1 <i <5

0,if i =1
5,if i =2
T(ki,hi) = 4 4‘,lfl=3
8,ifi=4
\8,if i=5
(4,ifi=1
7,if i =2
F(ki,g)=<1ifi=3
0,if i =4
\5,if i=5
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Fki f) =

Fllshien) = { 9,if =3

F (ki gir1) = J 10,if i = 3

F (ki fi-1) =

fe<i<n-1,

4,
F((kyhi) =40,
5,

11,
F(lkpgd) =y L
4,

{ :

F(tkifi) =1 3,
6,

10,
F((kiyhipr) = )

9
1,
9

)

f6e <i<n-2,

F((ky giv) =

F (ks fiy) = { 7,
2
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(S ifi=1
8,ifi=2
8,ifi =3
4,if i =4
10,if i =5
(8,ifi=1
6,if i =2
| 5,ifi=4
7,ifi=5
(9ifi=1
3,ifi=2
L9,ifi=4
1,ifi=5
1,ifi=2
3,ifi=3
10,if i =4
11,ifi=5

if i = 0(mod 3)

if i =1mod3
if i =2mod3
if i =0(mod 3)
ifi=1mod3
if i =2mod3
if i =0(mod 3)
ifi=1mod3
if i=2mod?3
if i =0(mod 3)
ifi=1mod3
if i=2mod3
if i =0(mod 3)
if i=1mod 3
if i =2mod 3

if i =0(mod 3)
if i =1mod 3
if i =2mod 3
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Due to the structure of £(TL,), F has a repeating pattern forn > 6 and hence it sufficies to show that L(TL,,) has
a 12-star edge coloring. The star edge coloring of L(TL,,) is shown in Figure 7. Thus, x¢;(L(TL,)) =
12,forn >7.

Q

3

Figure 7: 12-Star edge coloring of L(TL;,)

Theorem 3.2. The star chromatic index of the Line Graph of the Diagonal Ladder Graph is given by
( 8ifn=2
11,if n=13

Xse(L(DLy)) =1 12,if n=4
l13, ifn=256
14,if n>7

Proof
Let V(L(DL,)) = {figi hi. ki 1 < i <n—1} U {h,}
E(LDLY) ={(fifis1)1<i<n—-2}U{(gigis1)1<i<n-2}u{(hg)1<i<n-1}

U {(gihis)1<isn—1}u{(hf)1<i<n—-1}u{(fihy1)1<i<n-1}
U {(kxh)1<isn-2}u{(kig)1<i<n—-2}u{(kfi)1<i<n-2}
U {(kihis)1<i<n—2}u{(kigis1)1<i<n—-3}u{(kifi.1)2<i<n-2}
u{(myh)1<i<n-1}u{(mf)1<i<n-1} u{(myhy)1<i<n-1}
u{(mig;)1<i<n—1}u{(mfis1) 1 <i<n—-1}u{(miky,), 1 <i<n-—2}
U {(mkis1),2<i<n—1}u{(mgi1)2<i<n-—1}

Note that V (L(TL,)) € V (L(DL,)) and E(L(TL,)) < E(L(DL,)) and hence we

consider this in finding the star chromatic index of L(DL,,).
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Figure 8: Line Graph of the Diagonal Ladder Graph £L(DL,,)

Let F be a function defined by F: E — C, where C € N. Now we have the star edge coloring of

G = L(DL,)for the given positive integers n as given below:

Casel:n=2

In this case, G = L(DL,) contains G; = L(TL;) as a subgraph and it is clear that x’ . (L(TL;)) = 7 and in the
graph G, it is not possible to color the edges with the sameset of colors already used in the coloring of G;, so we
introduce the eighth color forthe edges of G\G;. Therefore, ' (L(DL;)) = 8.

Case4:n=34,5,6andn>7

The proof ofother cases are discussed in the following table:

n Graph G Maximal induced subgraph | Lower bound for ¢ (G) X'st(G)
3 X' (L(DL3)) X' (L(TL3)) 10 11
4 X' s¢(L(DLy)) X' s¢(L(TLy)) 10 12
> X' s¢(L(DLs)) X' ¢ (L(TLs)) 11 13
6 X' s¢(L(DLe)) X' s¢(L(TL)) 11 13
7 X' (L(DL7)) X' (L(TLy)) 12 14

Table 2: Star Edge Coloring of £(DL,)

By using the similar argument, we can prove that x’ . (L(DL,)) = 14, foralln>7.
Note that E(G) = E(G") U E(G\G"), where G' = L(TL,). As we mentioned previouslythe edges of the
subgraphG'can be colored using the same coloring pattern as givenin Theorem 3.2, Hence the star edge coloring

pattern for the edges of G\G' is asfollows:
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If1 <i <5,

If6 <i <n-1,
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(Z,ifiz 1

Flmg h) =
|

(

9,if i =2
9,if i =3
0,if i =4
4,if i=5
4,if i=1
6,if i =2

F(my f) ={11,if i =3

2,if i =4

12,if i=5
(6,ifi=1

11,if i = 2

F(my, hiv1) :! 2,if i=3
l9,ifi=4

(
I

F(my, gi) = {I

F(my, fir) =

F(my, ki—q) =+

F(my, kiyq1) =1

11,if i=5
3ifi=1
10,if i =2
10,if i =3
11,ifi =4
5ifi=5
(9ifi=1
8,ifi=2
4,if i =3
S5ifi=4
9,ifi=5
(lifi=2
12,if i =3
7,if i =4
\ 2,if i=5
(10,if i=1
12,if i =2
3,ifi=3
3ifi=4

F(my, gi—1) =

6,

T((ml-, hl) = 9:
11,

\1,ifi=5
5ifi=2
5ifi=3
1l,ifi=4
8,ifi=5

if i =0(mod 3)
if i =1 (mod3)
if i =2(mod 3)
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10, if i =0(mod 3)
F((my, f;) =410,  if i =1 (mod 3)
9, if i =2 (mod 3)

0,
F((my, hiyq) = {6»

10,

if i =0(mod 3)
if i=1(mod3)
if i =2(mod 3)

5, if i = 0(mod 3)
F((myg) =40, ifi=1(mod3)
12, if i =2(mod 3)

12,
F((my, gi—1) = {L
7,

if i =0(mod 3)
ifi=1(mod3)
if i =2(mod 3)

if i =0(mod 3)
ifi=1(mod3)
if i =2(mod 3)

if i =0(mod 3)
if i=1(mod3)
if i =2(mod 3)

if i = 0(mod 3)
if i =1 (mod3)
if i =2(mod 3)

Due to the structure ofL(DL,,), F has a repeating pattern for n > 7and hence it sufficies to show that
L(DL,, )has a 14-star edge coloring. The star edge coloring of L(DL4,) is shown in Figure 9. Thus,
Xet(L(DL,)) = 14, forn > 7.

\!"
lb.
XN

)

\,, AR
‘,) ‘W" IR "m \"0

Lt

Figure 9: 14-Star edge coloring of L(DL,,)
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Conclusion
In this paper, the star chromatic index of the line graph of ladder graphL(L,,) and the line graph of the family of
ladder graphs such as Triangular ladder graph and the Diagonal ladder graph , £L(TL,,) and L(DL,,) have also been
obtained.
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