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Abstract

In this paper, a novel bipolar intuitionistic fuzzy hyper soft set is defined and it is a
hybrid model combining a bipolar intuitionistic fuzzy set with a hyper soft set. Some important
basic operations such as union, intersection, complement, subset, equality, conjunction (AND),
and disjunction (OR) are formally defined along with illustrative examples and their
corresponding theorems. Additionally, De Morgan’s laws are examined within this framework.
This approach provides a solid foundation for applications in complex, uncertain environments
where traditional models are limited.
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1. Introduction

The fuzzy sets theory which was introduced by Zadeh[1] in 1965 and its extensions, such
as Intuitionistic Fuzzy Sets (IFS)[2], Pythagorean Fuzzy Sets (PFS) [3][4], Complex Fuzzy Sets
(CFS) [5], Neutrosophic Fuzzy Sets (NFS) [6] and Bipolar Fuzzy Sets (BFS) [7] have been
developed by several researchers. Soft Set (SS) theory was introduced by Molodtsov [8] and
further Maji et al.[9] developed Fuzzy Soft Set (FSS) by combining fuzzy set with soft set
theory. Cagman and Karatas [10] incorporated Intuitionistic Fuzzy Soft Set (IFSS) in decision
making, while Deli and Broumi [11] explained the relation on Neutrosophic Soft Set (NSS).
An advancement of soft sets into Hyper Soft Sets (HS) was done by Smarandache [12] and
basic operations on Hyper soft sets was given by Saeed et al.[13]. Later, Yolcu and Ozturk[14]
integrated fuzzy set with Hyper Soft Sets and formulated the Fuzzy Hyper Soft Set (FHSS).
Intuitionistic Fuzzy Hyper Soft Sets (IFHSS) another combination was developed by Yolcu et
al.[15] and also Al-Quran et al.[16] introduced Bipolar Fuzzy Hyper Soft Sets (BFHSS). These
extensions all play a major role in decision-making. Extending in the same direction, the Novel
Bipolar Intuitionistic Fuzzy Hyper Soft Set (BIFHSS) is introduced with some fundamental
operations along with theorems and applications.
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2. Preliminaries
Definition: 1 ([12]) Let e;,€e; ....e, forn > 1, be n distinct attributes and their associated
attribute values are A;, A, ... &, which are pairwise disjoint. Then the pair (G, A; X A&, X ... X
A, ) is called a Hyper Soft Set over U, the universal set and G : A&; X &, X ... X A, = PQU),
where P(U) the power set of .
Definition: 2 ([15]) Let eq, e, .... e, be n distinct attributes and its respective attribute values
are the set B4, B, .... B, which are pairwise disjoint. Let &; € E;with &; # 0,i = 1,2,3 ...n. An
IFHSS defined as the pair (¥,A; X A&, X ... X A,), where K:A&; XA X .. XA, » [FP(U)
where IFP(U) be the intuitionistic fuzzy power set of universal set U and
KA XA, X ... XA,

_ i
- {@’ ('9&6(5) (@), o5 (o) (ﬁ)>>

where 6 is the membership value and o is the non-membership value with the condition

0< 93{(5)(1,1) + Ug{(f)(ﬁ) <1 and 9;((5) (%), 0% (§) (%) €[0,1].

Definition: 3 ([16]). Consider v; be n distinct attributes with associated pairwise disjoint
attributes values set ¥; . Let By, € ¥;, with By, # 0,Vi=1,23..n. A BFHSS (€%) is

characterized by the mapping €: ¥ — P(z), P(2) is the power set of BFS and its functional
values of BFS, €(a) = {2, My (2), Mj(@)|V2€EZ a€F SV}
where ¥ = By, X By, X .x By , V=V, xV,; X .. ¥,

e eA XA X.. XA, CF X sz...xEn,}

and M;7: ¥ - [0,1], Mj;: T > [—1, 0] represent the positive and negative membership value
respectively. Hence, the BFHSS is defined as:

€7 = {(a, (2 M@ Miw®))|veez acFc T}

3. The Concept of Bipolar Intuitionistic Fuzzy Hyper Soft Set (BIFHSS)
Definition:3.1 Bipolar Intuitionistic Fuzzy Hyper Soft Set (BIFHSS)
Let U be a universal set and BIFP(U) denotes the Bipolar intuitionistic fuzzy power set of .
Let bq,05,..D, be n-well defined attributes, and their respective attribute values
D1, D, ..... D,, which are pairwise disjoint. Let A; € D; with A; # @, Vi=12..,n.
A BIFHSS is defined as the pair

(H,A) = {40, (1, M (41, Mz (), R o (), i (20D )) |V € W oc € A €A

where H: A - BIFP(U) such that its functional values for BIFS

H(o0) = {4, Moo (20), Moy (1), R ooy (1), Koy () |V 11 € U, x € A SA} and
Here My, & : A - [0,1] indicate the positive membership and positive non-membership
value respectively and M7, 85: A = [—1, 0] indicate the negative membership and negative
non-membership value respectively with 0 < My + X} <1,—1 < M + 85 < 0 and For
simplicity, we denote A = Ay X Ay . Ay, A=D; XDy .....D,. BIFHSS is denoted by
(H,A).
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Example:3.2
Consider U = {u{,14,, 13} are the set of plastic recycling applications, where 1, =
Household Waste Recycling, 44, = Industrial Plastic Waste Recycling, 13 =Mixed Plastic
Recovery in Urban Plants and d = {d;,d,, D3} represent the set of attributes, where, d; =
Plastic Types (different plastic materials that can be recycled), b, =Recycling Methods
(the processes used to recycle plastics), b; = Environmental Impact (the consequences of each
recycling method in terms of carbon emissions).
Let the corresponding attribute values be ® = {D;,D,, D3},

Dy = {y11 =PET,yy, = HDPE, y13 = PVC, y14, = LDPE, y;5 = PP, y35 = PS},

D, = {y,; = Mechanical Recycling, y,, = Chemical Recycling, y,; = Energy Recovery}

D3 = {y31 = Low Carbon Foot print, y3, = Moderate Carbon Footprint,

V33 = High Carbon Footprint}
Suppose that Ay = {V11,V12} Az = {V21,V22}, Az = {y31} then the BIFHSS is defined as
the pair(H, A )
(H,A) =

{11,721, V31), ((44,0.3,-0.2,0.6, —0.4), (25, 0.3,—0.3, 0.4, —0.2), (23, 0.4, —0.2,0.5, —0.4))),
(Y11, V22, V31), ((144,0.5,-0.6,0.3,—0.2), (#¢,,0.1,—0.2, 0.6, —0.3), (2¢3,0.2,—0.2,0.5, —0.4))),
(P12, V21, V31), ((1d1,0.7,—-0.3,0.2 , —0.4), (1i5, 0.6, —0.2, 0.4, —0.4), (13, 0.3, —0.2, 0.6, —0.4))),
(P12, V22, V31), ((1£4,0.4,—0.1,0.2,—0.5), (4, 0.1,—0.2,0.7,—0.3), (¢i3,0.3,—0.2,0.6, —0.4)))}
Definition: 3.3 A BIFHSS on U, the universal set is defined as null BIFHSS i.e., 0y 4) and is

defined as O(H,A) = {(oc, (2,0,0,1, —1))|V4)L EU,xEA ;A}
if Migo (20) = 0 = M () and Ry () = 1, Ry () = —1 V2 € L,x € A CA
Definition: 3.4 A BIFHSS on U, the universal set is said to be absolute BIFHSS i.e., 1(y 5)
and is defined as 1(14,/\) = {(oc, (n,1,—1,0, 0))|V aEeEU xEA QA}
if Mij(o () = 1, Mjy() = =1 and Rjfoy(2) = 0 = Ry (1) V2 € U, x € A CA
Definition: 3.5 The complement (H,A )C of BIFHSS (H,A) on U is defined as

(H,A)° = ({06, (4 1 = Mg (80, =1 = Mg (40, 1 = N (80, =1 = Ny @) ) |V

EUxEA QA}

In other word,
(8, A)° = {oc, (10, 8, (41), N (80), My (20), My (0) ) ¥ 2 € M, € A €A

Example:3.6 Consider the Example 3.2 and calculate (H, A )C

Suppose that E; = {y11}, E; = {V21,V22}, E3 = {y31} then the BIFHSSs is defined as the pair
(HA) =

{11,721, V31), ((144,0.3,-0.4,0.7, —0.6), (25, 0.8,—0.3,0.2, —0.7), (23, 0.6, —1, 0.4, 0))),
(Y11, V22, V31), ((14,0.2,—-0.6,0.8,—0.4), (2¢,,0.1,—0.3,0.9,—0.7), (25, 0.5,0,0.5,—1)))}
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then (H,[\ )C =
{G11, V21, V31), ((44,0.7,—0.6,0.3,—0.4), (24, 0.2,—0.7,0.8 , —0.3), (45, 0.4,0,0.6, —1))),
(P12, V22, V31), (444, 0.8,—0.4,0.2, —0.6), (¢i5,0.9,—0.7,0.1,—0.3), (45, 0.5,—1,0.5,0)))}
Theorem:3.7
If (H, A) is a BIFHSS on U then

D ((HA)) = (HA)

i) 0%ya) = Lima)

iii) 1C(H,A) = O0u,A)

Proof:
The proofs follow directly from the definitions.

Definition: 3.8 Let (Hl,/il) and (HZ,AZ) be two BIFHSSs on U. (Hl,[\l) is a subset of
(Hy A,) ie, (Hy, Ay) € (Hy Ap) if
i) AL A,
) M (o0 (1) < MG o0 () , M o0y (12) = M ) (1),
Ri oo (1) S RE 09 (), Ry (o (21) 2 Ry oy (1), V 4Lel], o € A

Example:3.9 Consider the Example 3.2 of BIFHSSs on . Suppose that E; = {y11,V12},
Ey = (21,722} E3 = (P31} and Fy = {11,712}, F> = (P21, P23}, F3 = {P31} are the subsets
of attribute values, then the subsets (Hl, /il) and (HZ, /iz) of BIFHSSs over U are defined as
follows
(Hy, 4y) =
{11,721, V31)» ((/Lil, 0.2,—0.4,0.3,0), (¢,,0.3,-0.2,0.2,—0.1), (¢5,0.3,—0.2,0.5, —0.1))),
(Y11, V22, V31), ((¢4,0.3,—-0.1,0.3,—0.2), (25, 0.3, —0.2, 0.3, —0.2), (25, 0.4, —0.1, 0.3, —0.2))),
(Y12, 7V21,731), ((14,0.1,—-0.3,0.5,—0.1), (45, 0.4,—0.2,0.1,—0.1), (25, 0.4,—0.1, 0.4, —0.4))),
((Y12,V23,731), ((#4,0.5,-0.2,0.2, —-0.1), (#£,,0.3,—0.3,0.4, —0.1), (2¢3,0.4,—0.1,0.3,0)))}
then (Hz,/iz) =
{11,721, V31), ((44,0.4,—-0.7,0.5,—0.2), (2£,,0.5,—0.3,0.3, —0.2), (243, 0.4, —0.4, 0.6, —0.4))),
(P11, Va2 V31), ((1dq, 0.6, —0.4, 0.4, —0.3), (1iy, 0.6, —0.5, 0.4, —0.5), (¢is, 0.7, 0.2, 0.3, —0.4))),
((Y12,V21,V31), ((14,0.3,—0.7,0.6 , —0.3), (¢,, 0.6, —0.3,0.4,—0.2), (¢4, 0.5,—0.2,0.5,—0.7))),
((Y12,V23,731), ((#44,0.7,-0.7,0.3,—0.2), (2¢5,0.4,—0.4, 0.5, —0.2), (2i3,0.5,—0.2,0.5, —0.4)))}

Definition: 3.10 Let (H;, A, ) and(H,, A;) be the two BIFHSSs on U. (Hy, A;) is equal to
(Hy A,) ie, (Hy, Ay) = (Hp Ay) if
) A =4
i) My, (o (1) = M (o) (1), M, (o) (1) = M (o) (41),
N oo (1) = RE (), Ry (o) = N, (@), V2 €U, x € A
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Theorem:3.11
Let (H, A1), (E,A;) and (U, A3) be the BIFHSSs on U then
) (H, Al) = 1(H,A)
1) O(H,A) c (H,Al)
i) (H,A;) € (L,A,) &(L,A;) € (B,A3) = (H A;) € (B,4;)
Proof
i) Since Moy (1) < MY, o(01) =1, Mgy (1) = My, (o(1) = —1,
Riog (1) SR (@) =0,  Rye() 2R} oy() =0, Ve €U €A
It is obvious that (H,A;) € 1( 4
ii) Since 0 = ]V[O“L( NG () < M(;I)(oc) (), 0= Mo_(ﬁ)(oc) (1) = Moy (1),
1= X5, o) S R (@), —1=R5 (1) 2 Ry (), V12 €U, x €A
Therefore 0y 4) S (H,A,)
i) (H,A;) € (L,A,)
By the definition of subset,
Moy () < Moy (), Mgy (2t) = Moy (22)
oo () < Rf (o (), N (1) = Riy(), VL € U, x € A
Also (L, A;) € (8,A5)
By the definition of subset,
Moo (1) < Moy (), Moo (1) = Mg (1)

N (oo (1) < o) (21), Ri(oo () = R (), V4 € U, € A
Therefore,

Mz (1) < Mgy(), Moo (1) = Migeey (1),

N0 (1) < o) (1), Riieo () = Rgo(@), Va €U, xeA

Definition: 3.12. Let (Hl,]\l) and (Hz,]\z) be two BIFHSSs on U and its union of two
BIFHSSs on U is defined as (Hll[\l) U (Hz,[\z) = (H3,A3) where A3 = Al V) AZ VY xe A3,

uel then
for positive membership function
M 1) if e s -4,
Mgs(oc)(d) = Mgz(u)(a) if we Ay—A,

max (M, oo (0, Mif, oo (1)) if € Ay A,
for negative membership function
My (80 if o€ hy— A
M, (o) (20) = M, (o (20 if <€ A,—A,
min (M,;l(x) (), Mg, o0 (a)) if <€ A;n A,

for positive non-membership function
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(N, o () if <€A, —A,
N, oo (1) = 1 SN ) if <€ A, —A,
[ max (R, o 0, Ry () if x€Ayn A,
for negative non-membership function

([ Ry, o) if «€A;—A;
Ry o0 (1) =4 iy (®) if <€ Ay—A,
L min (R o0 (@), Ry (@) if we Ay n A,

In other word

X, (/I:L, max (M]:-[Fl(o() (’I:L), M]:-[FZ () (’l’\{’)) ’ min (Mﬂ_l () (’l’\{’)' MH_Z () (’ll)) ’

(Hs As) = e e N e o
max (Nﬁl(oc) (), Rif oo (u)) ,min (NHl(x) (), R, o0 (u)) Vi eU,ce A cA

Theorem:3.13 Let (S,[\l), (B, [\2) and (L,[\3) be the BIFHSSs on U then
i) (SA)U(SA)=(S4A)
i) Oy U (S,A1) = (S, Ay)
iii) (S, A1) U 1 a) = 1(ua)
iv) (S,A1) U (B, Ay) = (B,A;) U (S,As)
v ((SA)U(B,4,)) U (kAs) = (S,A) U ((B,Az) U (£ As))
Proof
The proofs are straightforward.

Definition: 3.14 Let (H1:A1) and (HZ, [\2) be two BIFHSSs and its intersection (H3, [\3) on U
is defined as
(Hs, A3) = (Hy, Ay) N (Hy Ay), where Ay = Ay NA, V <€ Az, 4t € U then
for positive membership function
M ooy (1) if xeh;—A,
M oo (1) = M (o) (21) if x€ A, —A,
min (M}, o0 (), Mif, oy (@) if «€ Ay nA,

for negative membership function
M, (e (20 if «x€A;—A,
M, (o (1) = M, (o) (1) if x€ Ap—A~A
max (MH‘l(x) (), Mg, 0 (a)) if x€A,nA,

for positive non-membership function
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N (oo (1) if x€A;—A,
R (1) = { Rityeo () if xe A, —4
min (Nﬁl(“) (’I:L), N;I-Z(O() (’I:L)) I,f xe Al N AZ

for negative non-membership function

i, (o0 (1) if x€A;—A,
Riae0 (@) =1 Ry () if <€ Ay—A,
max (Nﬁl(oc) (’l/\l/), Naz(oc) (’b\l/)) lf xe Al N Az

In other word

(o A = o, (b, min (M, o (42), Mi (a)) ymax (Mg, oo (40), M, (a)) ,
' min (R, oo (), R (12) ), max (R, (o (20), K (o0 (@) [V & € Woc € A €A
Theorem:3.15
Let (S,A;), (P,Az) and (L, A3) be the BIFHSSs on U then
) (SA)Nn(SA)=(S4A)
i) Ogy,a) N (S, A1) = O )
iii) (S,A1) N 1) = (S, 44)
iv) (S,A1)n(D,A;) = (D,A;)n(S,Aq)
v ((5,.4:) n(B,A2)) N (LAs) = (S,A) n ((B.A) n (8,As))
Proof
The proofs are straightforward

Definition: 3.16

Let (S, Al) and (D,AZ) be the two BIFHSSs and its difference (L,[\3) on U is defined as
(1, A3) = (S, A)\(D,Ay), where (S,A4,) n (B,A,)" = (&, As).

Example: 3.17

Consider Example 3.2 of BIFHSS. Suppose that (Hl, /\1) and(Hz,[\z) are two BIFHSSs and its
corresponding union, intersection and difference on U are defined as follows
Suppose that £y = {P13, 714}, E2 = {21}, E3 = (P31, 733} and Fy = (P13}, F> = (P21, 723}

F3 = {31,733} are the subsets of attribute values, then the subsets (Hy, 4;) and (H,, 4,) of
BIFHSSs on U are defined as follows

(Hy4) =

{{(¥13,V21,V31), ((#£1,0.5,—0.3,0.2,—-0.4), (2,,0.3,—-0.2,0.2,—0.1), (25, 0.3, —0.2, 0.5, —0.1))),
(Y13, V21, 733), ((#41,0.4,—-0.1,0.3,—-0.1), (¢4, 0.3,—0.1,0.3,-0.2), (23, 0.4, —0.1, 0.6, —0.2))),
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(V140 V21, V1), ((11,0.2,—0.3,0.4, —0.1), (45, 0.4,—0.2,0.5,—0.1), (i3, 0.4, —0.1, 0.4, —0.4))),
((V14 V21, V33), ((141,0.6,—0.4, 0.4, —0.1), (4, 0.3, —0.3,0.4, —0.1), (1i5,0.4,—0.1,0.3,0)))}

and (Hz,/iz) =

{13, V21, 731), ((4dy,0.3,—0.4,0.2,—0.2), (43, 0.5,—0.3, 0.4, —0.2), (¢i3,0.5,—0.4,0.3, —0.4))),
((V13, V21, V33), ((1d1,0.6,—0.4,0.1, —0.1), (45, 0.4, —0.2, 0.4, —0.5), (i3, 0.7, —0.2,0.3, —0.4))),
((V13, V23, V31), ((1d4,0.1,—0.7,0.5,—0.3), (15, 0.6, —0.3, 0.4, —0.2), (23, 0.5,—0.2,0.5, —0.7))),
((V13, V23, V33), ((1d1,0.4,—0.1,0.2, —0.5), (4i5, 0.4, —0.4,0.5, —0.2), (i3, 0.5,—0.2,0.5, —0.4)))}
and its union of two BIFHSSs is denoted by

(Hy, Ay) U (Hp Ap) =

{{(Y13, V21, V31), ((4d1,0.5,—0.4,0.2,—0.4 ), (445, 0.5,—0.3, 0.4, —0.2), (4i3, 0.5, —0.4,0.5,—0.4))),
(P13, V21, V33), ((4d4,0.6,—0.4,0.3,—0.1), (i,, 0.4, 0.2, 0.4, —0.5), (43, 0.7, —0.2,0.6, —0.4) ),
(P13, V23, ¥31), ((144,0.1,—0.7,0.5,—0.3), (45, 0.6, —0.3, 0.4, —0.2), (43, 0.5,—0.2,0.5,—0.7))),
((V13, V23, V33), ((11,0.4,—0.1,0.2,, —0.5), (4, 0.4, —0.4,0.5,—0.2), (1i5,0.5,—0.2,0.5, —0.4))),
(P14 V21, ¥31), ((144,0.2,—0.3,0.4, —0.1), (45, 0.4,—0.2,0.5,—0.1), (43, 0.4,—0.1,0.4,—0.4))),
(P14 V21, V33), ((4d4,0.6,—0.4,0.4, —0.1), (1i,, 0.3,—0.3,0.4, —0.1), (43, 0.4, —0.1,0.3,0) ))}
(Hy,Ay) n(Hy Ay) =

{13, V21, V31), ((184,0.3,—0.3,0.2, —0.2), (i, 0.3,—0.2,0.2,—0.1), (1i5,0.3,—0.2,0.3,—0.1)))
((V13, V21, V33), ((1d41,0.4,—0.1,0.1,—0.1), (4, 0.3, —0.1,0.3, —0.2), (1i5, 0.4, —0.1, 0.3, —0.2)))}
(H1»A1)\(H2:A2) =

{13, V21, V31), ((184,0.5,—0.3,0.2, —0.4), (i, 0.3,—0.2,0.2, —0.1), (1i5,0.3,—0.2,0.5, —0.1)))
(P13, V21, V33), (184, 0.4,—0.1,0.3,—0.1), (15, 0.3,—0.1, 0.3, —0.2), (15, 0.3,—0.1,0.6, —0.2)))}

Theorem:3.18
Let (S , Al) and (D, Az) be the two BIFHSSs on U .Then the following De-Morgan laws holds

D ((SA)U®AL)) = (SA) n (DA
i) ((5.4:) 0 (D)) = (5.41) U (B,A,)°

Proof
Consider (S,A;) U (D,A;) = (K,A3) where A3 = A; UA, & V¥ « € A5

((S.A) U (B.A)) = (K.Ag)" = (K<, As)
for positive membership function

Mgy (21) if x€A;—A;
Mo(@) =1 Migo (@) if x€ A—A
max (M;Em) (), Moo (a)) if x€Aqn A,
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Mo oo (2) = 1 — Moy (1) if € A, —A,
1 — max (M;Eo() (1), M (o) (/ll)) if x€A;nA,

for negative membership function

Mg (@) =1 Mg () if e A, - A,
min (MS‘(“) (40), My (1)) if x€A,nA,
—1 = Mg () if x€Ay—A,

—1 = min (Mg (@), Mo (1)) if «€AynA,

for positive non-membership function

(N if xehd;—A,
Kioli) = | Ko@) if <€ Ay — A,
k max (N;(oc) (’lz\l/), Ng(oc) (a)) lf xe [\1 N [\2

1 —max (N;(oc) (’l/\L), Ng(o() (’L\L)) lf xe [\1 N AZ

for negative non-membership function

N;C(oc) (/I:L) =

(o (20) if x€h;—A,
Ny (1) =1 Np(eo () if xe€ Ay =47
—1 — Ry (1) if €A, —A,

—1 — min (x;(m)(a), xg(m)(a)) if x€A,nA,

Since (S,A,)" = (5¢,A,) & (B, A;)" = (P, A,)
S N C N N N
((s.A) U (B,Az)) = (5%4:) N (B4 A,) = (L As)

for positive membership function
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( Me(y (@) if «<€h—A,
Moy (1) = i Mo () if *€ A=Ay
_ i 1 — My (42) if «e A, —A,
min (1 — Mo (00), 1 = My (a)) if xeA,nA,
1 — M\ (a) if <xeh;—A,
= 1—Mg) if x€ A,—A,

1— max (M5 (), My (1)) if €Ay n A,
for negative membership function

Mseoo (1) if x€A;—A,
Mpe (o (12) if <€ Ay —A,
max  Mse(w (”’\L)'MD_C(«)(@)) if <x€A;nA,

L(oc) (/bb) =

{
{ — Mo (1) if x€hA;—A,

— Mo (1) if w€ Ay—A,
max —1 = Mg (1), — MD_(OC)(’Z:L)) if x€A;nA,
—1 — Mg (1) if xeh;—A,
= —1—= M) if x€ Ay —A,

—1 = min (Mg (), Mo (1)) if € Ay N A,

for positive non-membership function

Nife ooy (1) if x€h;—A,
L(O() (/u) e N:)—C(o() (’L\L) lf OCE AZ - Al
min (x;(;(m) (), Koo (a)) if <€ AN A,

min (1 R (1), 1 — xg(x)(u)) if €A, NA,
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L) if x€hA;—A,
— 1-— ND(OC) (’M/) lf xXe AZ — Al

for negative non-membership function

([ Neqe () if «<€h;—A,
max (N;C(oc) (’L\{/), N*SC(OC) (’L\{/)) lf xe [\1 N AZ

((—1 = Rg () if x€hA;—A,
={ —1—Rpe() if x€ A,—A,

(—1 = Ry () if x€A;—A,
= { =1 = Rp() if x€ A,—A,
—1 — min (x;(oo (40, Ry oo (a)) if x€A,n A,

Since (JE SAUBAD) @ (w) = M(Ef,Al)n(Df,Az)(«)(a)
(

)
SA)U(DAL)) () () = M(se i,)n(p,s) a0 (%)
-

+ \

((s A)u(®, AZ))C(oc) = R(seAn(ee,A) 0 ()
N((S,Al)u(}),i\z))c(oc) (%) = Rige ay)n(0e.4,)00 (W)
The operators (K < /\3) and (L,A3) are equivalent.

N N C N N

Therefore (($,4,) U (P,A;)) = (5,4:) n (B,A,)°
The second proof, likewise, follows easily.
Definition: 3.19

Let (S,Al) and (M,]\l) be two BIFHSSs and its ‘AND’ operator i.e., (S,Al)A(M,AZ) =

(N,A; x A;) on Uis given by (N,A; X A;)

= {((“1»“2) (’“f Mg oy o) B M oe, o) (B R e o) (2, N;}(ocl,ocz)(/a’))) |V el o0, €A

QA}
where My ccpy () = min (Ml (42), My (41) )
Mgy ey (10) = maax Mgy (0, Mgy (20))

K (aeg ey () = min (R (), Ry (1) )

Received: July 16, 2025

32



International Journal of Applied Mathematics

Volume 38 No. 2s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

iy e () = M (R (), Ry ()
Definition: 3.20
Let (S,A;) and (M,A;) be two BIFHSSs on U and its ‘OR’ operator i.e., (S,A;)V (M,A;) =
(N,[\l X /\2) on U is given by (N,[\l X Az)

= {0t 02) (2 M, ey (80, M, ey (800, Ry ) (), Ry iy (8D ) |V 21 € Wy, 0, € A
EA}
where My, o) (20) = max (Mo, (20), Miyioepy (1))
Mgy ey (10) = min (Mgiee,y (20), Mg ey ()
K ey ey () = matx (R y (1), Ny (1))

Wy () = in (K5 (11), Ry (1)
Example:3.21
Consider Example 3.2 of BIFHSS. Let (Hl, Al) and (Hz, Az) be two BIFHSSs on U.
Suppose that £y = {p11}, B = (P21, P22}, Es = {931} and that F; = {§15}, F, = (P21, Y23}
F; = {y31} are the subsets of attribute values, Then, BIFHSSs (Hl, /il) and (HZ, /iz) on U are
defined as follows
(Hy, 4y) =
{(V11,721,V31), ((#44,0.5,—-0.3,0.2, —0.4), (¢¢,, 0.4,—0.1, 0.3, —0.1), (243, 0.3, —0.2,0.5,—0.1)))
(Y11, V22, V31), ((144,0.2,—-0.3,0.4,—0.1), (245, 0.6,—0.4,0.4,—0.1), (25, 0.4, —0.1, 0.4, —0.4)))}
and (HZ,AZ) =
{{(Y12,V21,V31), ((2¢1,0.3,—-0.4,0.2,—0.2), (24,, 0.6,—0.4,0.1,—0.1), (25, 0.5, —0.2, 0.5, —0.7)))
((Y12,V23,731), ((#4,0.1,—-0.7,0.5,—0.3), (25, 0.4,—0.1,0.2, —0.5), (#5,0.7,—0.2, 0.3, —0.4)))}
Let us assume that d; = (P11,721,¥31), @2 = (P11,V22,V31) and by = (P12, V21, V1)
b, = (¥12,723,731) then ‘AND’ and ‘OR’ operation are defined as follows

(Hy, A))A(Hg Ay) =

{((a,

X by), ((#44,0.3,—0.3,0.2, —0.2), (4, 0.4,—0.1,0.1,—0.1), (4i3,0.3,—0.2,0.5,—0.1))),

((d; X by), ((1d4,0.1,—0.3,0.2,—0.3), (1i,, 0.4,—0.1,0.2, —0.1), (23, 0.3,—0.2,0.3,—0.1))),
((az x by), ((44,0.2,—0.3,0.2,—0.1), (13, 0.6, —0.4,0.1,—0.1), (¢i3, 0.4, —0.1,0.4, —0.4))),
((ay X by), ((4i1,0.1,—0.3,0.4,—0.1), (1i,,0.4,—0.1,0.2, —0.1), (4i3, 0.4, —0.1,0.3, —0.4)))}
(Hy,A1)V(H,A,) =

{(a,

X by), ((#44,0.5,—0.4,0.2, —0.4), (4, 0.6, —0.4,0.3,—0.1), (4i3,0.5,—0.2,0.5,—0.7))),

((ay X by), ((44,0.5,—0.7,0.5, —0.4), (4, 0.4, —0.1,0.3, —0.5), (4i3,0.7, —0.2, 0.5, —0.4))),
((dz X by), ((4d4,0.3,—0.4,0.4,—0.2), (445, 0.6, —0.4, 0.4, —0.1), (¢i3,0.5,—0.2,0.5,—0.7))),
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((ay X by), ((41,0.2,—0.7,0.5,—0.3), (1i,, 0.6, —0.4, 0.4, —0.5), (1i3, 0.7, —0.2, 0.4, —0.4)) )}
Theorem:3.22
Let (S, /\1) and (M, /\1) be two BIFHSSs on U then

1) [(S,Al)V(M,Az)]C = (S,Al)c/\ (M,Az)c

11) [(S, Al) JAN (M, Az)]c = (S, Al)c \ (M, Az)c

Proof

ity max (M) (40, Mgy (40 ) mim ( Mgy (40, Mgy (40)),

(5.A,) v (M, Ay) =
max (N;(ocl) (’lz\l/), Nl-ll:l(ocz) (’L\L)) ,min (N;(ocl) (’L\L), NI_VI(ocz) (’b\b))

[(S,A) v (M, 4,)]°
@1 — max (Mstal)(a),mg(xz)(a)) =1 = min (Mg (40), My (40)),
1—max (R (@), Nigey()), =1 = min (5ey (1), Ryyep(@))
,min (R (@), Ny (@), max (K5 (@), Nyen(@),
min (Mg (40), M ey (20) ) max ( Mgy (20), Mgy (20

x \€ N N - N \ - \
(5,40)" = (8 Ry () ) Koy (01, My (80), Mg 5 (1) )
N C \ AY _— \ N\ _— N\
(M,A;) = (u, Ryrcoey) () s Vg ocyy (), My o,y (20), Moy, (’M))

ll, min (N;(ocl) (’I:L), N;\F/I(ocz) (’L‘L)) ,ymax (NS_‘(OCl) (’L‘L), NI_VI(OCZ) (’I:L)) )

(S,A)° A (M, A,) =
! min (M) (), My (1) ) max (M) (40), Mg (40))

Hence, [(S,/\l) \% (M,/\z)]c = (S,]\l)c A (M,]\Z)C is proved
Similarly, (i) [(S, A1) A (M, A;)]" = (S,A1)" v (M, A;)  is obtained.

4.Conclusion

In this paper, the Bipolar Intuitionistic Fuzzy Hyper Soft Set (BIFHSS) is presented as
a novel and effective approach for representing and managing uncertainty in complex
decision-making problems. By combining the features of bipolar intuitionistic fuzzy sets with
hyper soft sets, the model effectively handles multi-attribute information that includes both
positive and negative aspects. The definitions, operations, and illustrative examples provided
in this study highlight the potential of BIFHSS as a valuable tool for future applications in
decision-making environments involving incomplete or bipolar data.
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