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Abstract 

Studying the dynamics of semiconductor lasers (SLs) is crucial for advancing a wide range of 

optical technologies. SLs exhibit rich dynamical phenomena, and these behaviors can be 

harnessed for many novel applications. The dynamical behavior of quantum dot (QD) SLs with 

optoelectronic feedback (OEFB) have been studied theoretically.  After a series of 

mathematical operations, they were converted into dimensionless equations. Further, after 

analysis these equations analytically. The results show if the values of (𝑘, 𝛿°) are positive, the 

model contains two equilibrium points (boundary ∈0, interior ∈1). The stability of interior 

equilibrium is discuss. Moreover the non-delayed system is generalized by adding the feed 

time delay. The analysis of the generalized model (delayed model), show that the stability of 

the point ∈1 is affected by the value of 𝜏𝑑. Further the trajectories of the system solutions take 

periodic paths, where the system has a bifurcation of the Hopf type or a limit cycle affected by 

the value of 𝜏𝑑.  

Keyword  SLs, QD, OEFB, dynamics, equilibrium points, Hopf bifurcation. 

Introduction 

Studying the behavior and dynamics of a laser system through rate equations is crucial for 

several reasons to understand laser dynamics. Rate equations help in understanding how 

populations of various energy levels change over time under the influence of pumping and laser 

radiation. This understanding is essential for optimizing laser performance and stability. By 

solving rate equations for laser behavior, researchers can predict the transient and steady-state 

behavior of lasers. This includes phenomena like threshold behavior, relaxation oscillations, 

and the evolution of photon number in the laser cavity [1, 2]. Rate equations provide insights 

into the minimum pumping rate required to achieve population inversion, which is necessary 

for laser action. This helps in designing lasers that are more efficient and effective for various 

applications [3]. The equations can be used to determine the optimal output coupling for 
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maximizing the output power of a laser. This is particularly important for applications requiring 

high-intensity laser beams [4]. 

Studying the stability and bifurcation of a laser system helps us to understand stability and 

helps predict how a laser will respond to changes in parameters such as pump power, cavity 

losses, and external feedback. This is essential for designing stable laser systems that perform 

reliably under various conditions. By analyzing bifurcations, researchers can identify critical 

points where the laser's behavior changes dramatically [5, 6]. This knowledge allows for the 

optimization of laser parameters to achieve desired performance, such as higher output power 

or specific wavelength emission. Stability analysis helps identify and avoid undesirable 

behaviors like chaos or mode hopping, which can degrade laser performance [7, 8]. By 

understanding these dynamics, engineers can design control strategies to mitigate such effects. 

Rate equations provide a framework for developing control mechanisms to stabilize lasers and 

maintain their operation within desired regimes. This is particularly important for applications 

requiring precise and stable laser output [9]. 

Theoretical model 

In the rate equations system, a term is added to the pumping to represent the OEFB effect. In 

the QDL system, the electrons are first pumped into WL before being collected by the QDs. 

The dynamics of the occupation probability of carriers in the QD ground state and excited state, 

where is (Nwl)the number of carriers in the WL, and the number of photons in the optical mode 

S are described by the rate equations shown below [10]: 

𝑆• = −𝛾𝑆 + 𝑣𝑔(2𝜌 − 1)𝑆 

𝜌𝑔𝑠
• = 𝛾𝑐𝑒𝑠𝜌𝑒𝑠(1 − 𝜌𝑔𝑠) − 𝛾𝑑𝜌𝑔𝑠 − 𝑔𝑜(2𝜌𝑔𝑠 − 1)𝑆                                                           

 𝜌𝑒𝑠
• = 𝛾𝑐𝑤𝑙𝑁𝑤𝑙(1 − 𝜌𝑒𝑠) − 𝛾𝑑𝜌𝑒𝑠 − 𝛾𝑐𝑒𝑠𝜌𝑒𝑠(1 − 𝜌𝑔𝑠) 

𝑁𝑤𝑙
• =

𝐽

𝑒
− 𝛾𝑛𝑁𝑤𝑙 − 2𝛾𝑐𝑤𝑙𝑁𝑤𝑙(1 − 𝜌𝑒𝑠)                                            (1) 

 

Where (ρgs) and (ρes) are the probability of occupation in a ground and exited states 

in the QDs, (γd) and (γn) are the non-radiative decay rates for carriers in the dot and WL 

respectively, (γcwl) and (γces) are the capture rate from wetting layer into an empty exited state 

and from exited into ground states respectively. (J) is the electrically injection pump current 

per dot, (e) is elementary charge. The last terms in Eq. (3) and Eq.(4) describe the rate of 

exchange of carriers between a ground state and exited state in the dots and between the well 

and the exited state in the dots. For analytical and  numerical purpose, it is useful to rewrite 

Eqs.(1,2,3,4) in dimensionless form, to this end we introduce the new variables [94]: x = go

γd
S, 

u =
vgo

γs
(2ρgs − 1), z = ρes, w =

γcwl
vgo

Nwl, Γ =
γces
γs
 , Γ1 =

vgo

γs
 , Γ2 =

γd

γs
 , Γ3 =

γcwl
γs
, Γ4 =

γn

γs
, δo =

J

gove
 and the time scale t′0 = γst.  
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The rate equations then become as following: 

𝑥̇ = 𝑥(𝑦 − 1),

𝑦̇ = Γz(Γ1 − 𝑦)) − Γ2𝑦(1 + 2𝑥) − Γ1Γ2,

𝑧̇ =  Γ1𝑤(1 − 𝑧) − Γ2𝑧 −
1

2
Γz (1 −

𝑦

Γ1
) ,

𝑤̇ = δ0 Γ3(1 −
𝑘𝑥

x0
) − Γ4𝑤 − 2𝑤(1 − 𝑧)Γ3.

     (2) 

Equilibrium of Non-delayed Model (2) 

In this section, we investigate the existence of the equilibrium points of the system (2). To do 

that the following equations must be solve:  

𝑥(𝑦 − 1) = 0,

Γz(Γ1 − 𝑦)) − Γ2𝑦(1 + 2𝑥) − Γ1Γ2 = 0,

Γ1𝑤(1 − 𝑧) − Γ2𝑧 −
1

2
Γz (1 −

𝑦

Γ1
) = 0,

δ0 Γ3(1 −
𝑘𝑥

x0
) − Γ4𝑤 − 2𝑤(1 − 𝑧)Γ3 = 0.

 

From solving the first equation of the above system we have two cases and then fixed points 

of system (2). 

Therefore the system has the boundary equilibrium point when  x = 0, and the interior 

equilibrium point when 𝑦 = 1. 

Case one: use x = 0, the above system of algebraic equations reduced to : 

Γz(Γ1 − 𝑦)) − Γ2𝑦 − Γ1Γ2 = 0,

Γ1𝑤(1 − 𝑧) − Γ2𝑧 −
1

2
Γz (1 −

𝑦

Γ1
) = 0,

δ0 Γ3 − Γ4𝑤 − 2𝑤(1 − 𝑧)Γ3 = 0.

 

 

Solve first equation gives that: 

𝑦 =
Γ1(Γz − Γ2)

Γz + Γ2
 

While third equation gives: 

𝑤 =
δ0 Γ3

Γ4 + 2(1 − 𝑧)Γ3
 

y and w are positives if 

Γ2
Γ
< z ≤ 1 . 
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Apply y and w in second equation gives 

𝐴𝑧3 + 𝐵𝑧2 + 𝐶𝑧 + 𝐷 = 0, 

where, 

𝐴 =  4δ0Γ1Γ3
2Γ > 0, 

𝐵 = −(2S0ΓΓ1Γ3Γ4 + 8S0ΓΓ1Γ3
2 − 4S0Γ1Γ2Γ3

2 + 4ΓΓ2Γ3 + 4Γ2
2Γ3 + 2ΓΓ3), 

𝐶 =  2S0ΓΓ1Γ3Γ4 −  2S0Γ1Γ2Γ3Γ4 + 4S0ΓΓ1Γ3
2 − 8S0Γ1Γ2Γ3

2 + 2Γ2
2Γ4 − 2ΓΓ2Γ4 + 4ΓΓ2Γ3

+ 4Γ2
2Γ3 − ΓΓ4 + 2ΓΓ3, 

𝐷 = 2S0Γ1Γ2Γ3Γ4 + 4S0Γ1Γ2Γ3
2 > 0. 

Here 𝑧  is the positive root of the last equation, this may be gain if : 

 𝐵 < 0,  or 𝐶 < 0. 

Therefore, we can say the system has the boundary equilibrium point  ∈°= (0, 𝑦, 𝑧, 𝑤). 

Case two: use 𝑦 = 1, system (2) reduced to : 

Γz(Γ1 − 1)) − Γ2(1 + 2𝑥) − Γ1Γ2 = 0,

Γ1𝑤(1 − 𝑧) − Γ2𝑧 −
1

2
Γz (1 −

1

Γ1
) = 0,

δ0 Γ3(1 −
𝑘𝑥

x0
) − Γ4𝑤 − 2𝑤(1 − 𝑧)Γ3 = 0.

 

From first equation one can have 

𝑥 = Γ5z − Γ6, 

where, 

Γ5 =
Γ(Γ1−1) 
2Γ2 

 , 

 Γ6 = (1 + Γ1)/2,  

and x is positive if 

Γ1 > 1 and z >
Γ6

Γ5
. 

Further from second equation can get 

𝑤 = Γ7
z

1 − 𝑧
, 

Where, Γ7 =
Γ2+

Γ

2
+
Γ

2Γ1

Γ1
. Here, 𝑤 is positive if 

0< z < 1. 

Now use 𝑥 and 𝑤 formulas in third equation with some computation can have 
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Az2 + Bz + C = 0,                                    (3) 

where,  

𝐴 = (SoKΓ1Γ3Γ + 2x0Γ2Γ3Γ)(Γ1 − 1), 

B = 2x0Γ1Γ2SoΓ3 + SoKΓ1
2Γ3Γ − SoKΓ1Γ3Γ + SoKΓ1Γ3Γ2 + SoKΓ1

2Γ3Γ2  

     +2x0Γ22Γ4 + x0Γ2Γ4Γ + X0Γ2
 Γ4Γ

 

Γ1
+ 2x0Γ2Γ1ΓΓ3 − 2x0Γ2ΓΓ3, 

C = 2x0Γ1Γ2SoΓ3 + SoKΓ1Γ3Γ2 + SoKΓ1
2Γ3. 

and z is the positive root of equation (3). Therefore we have the interior equilibrium point of 
system (2) as ∈1= (𝑥, 1, 𝑤, 𝑧). 

Stability Analysis of the Equilibrium ∈1 of Model (2) 

The main approach in this section is the analysis of nonlinear dynamical system (2) near the 

point ∈1. The Jacobian linearization technique is used to find the local model that is linear in 

the state variables  x and y. 

Non-delayed System (2) at any point (𝑥, 𝑦, 𝑧, 𝑤) has the next Jacobian matrix 

 

𝑁( 𝑥 , 𝑦, 𝑧 , 𝑤) =

(

  
 

𝑦 − 1
−2Γ2𝑦
0

SoΓ3𝑘

𝑥0

𝑥
−Γz − Γ2 − 2Γ2𝑥

Γz

2Γ1
0

0
Γ(Γ1 − y)

−Γw − Γ2 −
Γ

2
+
Γy

2Γ1
2Γ3𝑤

0
0

Γ1(1 − z)

−Γ4−2Γ3(1 − z))

  
 

 

This matrix, when (𝑥, 𝑦, 𝑧, 𝑤) = (𝑥1, 1, 𝑧1, 𝑤1), reduced to  

𝑁1 = 𝑁(∈1)

=  

(

 
 
 

0
−2Γ2
0

SoΓ3𝑘

𝑥0

𝑥1

−Γ𝑧1 − Γ2 − 2Γ2𝑥
1

Γ𝑧1

2Γ1
0

0
Γ(Γ1 − 1)

−Γ𝑤1 − Γ2 −
Γ

2
+
Γ

2Γ1
2Γ3𝑤

1

0
0

Γ1(1 − 𝑧
1)

−Γ4−2Γ3(1 − 𝑧
1))

 
 
 

 

.     (4) 

The characteristic equation of 𝑁1 is given by  

|𝑁1 − 𝜆 Ι | = 0,  

or  



International Journal of Applied Mathematics 

Volume 38 No. 5s, 2025 

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

 

1219 

 
Received: August 07 2025 

|
|

−𝜆
−2Γ2
0

SoΓ3𝑘

𝑥0

𝑥1

−Γ𝑧1 − Γ2 − 2Γ2𝑥
1 − 𝜆

Γ𝑧1

2Γ1
0

0
Γ(Γ1 − 1)

−Γ𝑤1 − Γ2 −
Γ

2
+
Γ

2Γ1
− 𝜆

2Γ3𝑤
1

0
0

Γ1(1 − 𝑧
1)

−Γ4−2Γ3(1 − 𝑧
1) − 𝜆

|
|
= 0. 

The last equation gives 

(−𝜆) ||

−Γ𝑧1 − Γ2 − 2Γ2𝑥
1 − 𝜆 Γ(Γ1 − 1) 0

Γ𝑧1

2Γ1
−Γ𝑤1 − Γ2 −

Γ

2
+
Γ

2Γ1
− 𝜆 Γ1(1 − 𝑧

1)

0 2Γ3𝑤
1 −Γ4−2Γ3(1 − 𝑧

1) − 𝜆

|| 

−(𝑥1)
|

|

−2Γ2 Γ(Γ1 − 1) 0

0 −Γ𝑤1 − Γ2 −
Γ

2
+
Γ

2Γ1
− 𝜆 Γ1(1 − 𝑧

1)

SoΓ3𝑘

𝑥0
2Γ3𝑤

1 −Γ4−2Γ3(1 − 𝑧
1) − 𝜆

|

|
= 0, 

With some computation the above equation can be written in the next polynomial form 

𝜆4 + 𝐴1𝜆
3 + 𝐵1𝜆

2 + 𝐶1𝜆 + 𝐷1 = 0,       (5) 

where,  

𝐴1 = 2Γ2Γ5𝑧 − 2Γ2Γ6 + ΓΓ7
 z

1 − z
+ Γ2 +

Γ

2
−
 ΓΓ5z − ΓΓ6

2Γ1
+ Γ4 + 
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(1 − 𝑧) , 𝐵1 = Γ 
2Γ7

 Z 
2

1 − Z
+ ΓΓ2z +

Γ 
2 z

2
−
 Γ 
2Γ5 z 

2 − Γ 
2Γ6𝑧

2Γ1
+ ΓΓ4𝑧 + 2ΓΓ3(1 − 𝑧)

+ ΓΓ2Γ7
 z

1 − z
+ Γ2

2 +
ΓΓ2
2
−
 ΓΓ2Γ5z − ΓΓ2Γ6

2Γ1
+ 2Γ2Γ4 + 2Γ2Γ3(1 − 𝑧)

+ 2ΓΓ2Γ5Γ7
 z 
2

1 − z
+ Γ 

2Γ5 z + ΓΓ2Γ5z −
 Γ2Γ5

2Γz − Γ2Γ5ΓΓ6𝑧

Γ1
+ 2Γ2Γ5Γ4𝑧

− 2Γ2Γ6ΓΓ7
 z

1 − z
− 2Γ2

2Γ6 − Γ2Γ6Γ +
 Γ2Γ6

2Γz − Γ2Γ6
2Γ

Γ1
− 2Γ2Γ6Γ4

− 4Γ2Γ6Γ3(1 − 𝑧) +  ΓΓ7Γ4
 z

1 − z
+ 2ΓΓ7Γ3z + 2Γ2Γ3(1 − 𝑧) +

ΓΓ4
2

+ ΓΓ3(1 − 𝑧) +
 Γ4ΓΓ5z − Γ4ΓΓ6

2Γ1
−
 Γ3ΓΓ5z − Γ3ΓΓ6

Γ1
(1 − 𝑧) − 2Γ1Γ3Γ7z

− 2Γ2Γ5z + 2Γ2Γ6,      𝐶1

= Γ 
2ΓΓ7

 z 
2

1 − z
+ 2Γ 

2Γ3Γ7z 
2 + ΓΓ2Γ4z + 2ΓΓ2Γ3𝑧(1 − 𝑧) +

Γ 
2Γ4𝑧

2

+ Γ 
2Γ3𝑧(1 − 𝑧) −

 Γ4Γ 
2Γ5z 

2 − Γ 
2Γ4Γ6𝑧

2Γ1
−
 Γ 
2Γ3Γ5Z 

2 − Γ 
2Γ3Γ6𝑍

Γ1
(1 − 𝑍)

+ ΓΓ2Γ4Γ7
 Z

1 − Z
+ 2ΓΓ2Γ3Γ7Z + Γ2

2Γ4 + 2Γ2
2Γ3(1 − 𝑍) +

ΓΓ2Γ4
2

+ ΓΓ2Γ3(1 − 𝑍) −
 ΓΓ2Γ4Γ5Z − ΓΓ2Γ4Γ6

2Γ1
−
 ΓΓ2Γ3Γ5Z − ΓΓ2Γ3Γ6

2Γ1
(1 − 𝑍)

− 2Γ1Γ2Γ3Γ7Z + 2ΓΓ2Γ4Γ5Γ7
 Z 
2

1 − Z
+ 4ΓΓ2Γ3Γ7Z 

2 + 2Γ2
2Γ5Γ4𝑍

+ 4Γ2
2Γ5Γ3𝑍(1 − 𝑍) + ΓΓ2Γ5Γ4Z + 2ΓΓ2Γ3Γ5𝑍(1 − 𝑍)

−
 Γ 
2ΓΓ5

2Γ4Z 
2 − ΓΓ2Γ4Γ5Γ6𝑍

Γ1
−
2 Γ2ΓΓ5

2Γ3Z 
2 − 2ΓΓ2Γ3Γ5Γ6𝑍

Γ1
(1 − 𝑍)

− 4Γ2Γ3Γ5Γ1Γ7Z 
2 − 2ΓΓ2Γ4Γ6Γ7

 Z

1 − Z
− 4ΓΓ2Γ3Γ6Γ7𝑍 − 2Γ2

2Γ6Γ4

− 4Γ2
2Γ6Γ3(1 − 𝑍) − ΓΓ2Γ4Γ6 − 2ΓΓ2Γ3Γ6(1 − 𝑍) +

 ΓΓ2Γ4Γ5Γ6Z − ΓΓ2Γ6
2Γ4

Γ1

+
2 Γ2ΓΓ5Γ3Γ6Z − 2ΓΓ2Γ6

2Γ3
Γ1

(1 − 𝑍) + 4Γ1Γ2Γ3Γ6Γ7𝑍 − 2ΓΓ2Γ5Γ7
 Z 
2

1 − Z

− 2Γ2
2Γ5𝑍 − ΓΓ2Γ5Z +

 Γ2ΓΓ5
2Γ4Z 

2

Γ1
+
2 Γ2ΓΓ5

2Z 
2 − 2ΓΓ2Γ5Γ6𝑍

Γ1
− 2Γ2Γ5Γ4𝑍

+ 2ΓΓ2Γ6Γ7
 Z

1 − Z
+ 2Γ2

2Γ6 + ΓΓ2Γ6 −
 Γ2ΓΓ6Γ4Γ5

Γ1
−
 ΓΓ2Γ6Γ5Z + ΓΓ2Γ6

2

Γ1
+ 2Γ2Γ6Γ4 + 4Γ2Γ3Γ6(1 − 𝑍), 
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𝐷1 = 2Γ2Γ5Γ4
 Z 
2

1 − Z
− 4Γ2Γ3Γ5ΓΓ7Z 

2 − 2Γ2
2Γ4Γ5𝑍 − 4Γ2

2Γ5Γ3𝑍(1 − 𝑍) − ΓΓ2Γ5Γ4𝑍

− 2ΓΓ2Γ5Γ3(1 − 𝑍) −
 Γ2ΓΓ6Γ4Γ5𝑍

Γ1
+
4 Γ2ΓΓ5

2Γ3Z 
2 − 2ΓΓ2Γ5Γ6Γ3
Γ1

(1 − 𝑍)

+ 4Γ2Γ3Γ5Γ1Γ7𝑍 −
kΓΓ1

2SoΓ3
xo

+ 2ΓΓ2Γ6Γ4Γ7
 Z

1 − Z
+ 4Γ2Γ3Γ6ΓΓ7𝑍 + 2Γ2

2Γ4Γ6

+ 4Γ2
2Γ6Γ3(1 − 𝑍) + ΓΓ2Γ6Γ4 + 2ΓΓ2Γ6Γ3(1 − 𝑍) +

 ΓΓ2Γ6
2Γ4

Γ1

−
2 Γ2ΓΓ6Γ5Γ3Z + 2ΓΓ6

2Γ2Γ3
Γ1

(1 − 𝑍) − 4Γ2Γ3Γ6Γ1Γ7𝑍. 

Therefore, matrix 𝑁1 has four eigenvalues represented by the roots of Eq.(5). Due to Routh-

Hurwitz criterion [11] these roots are negative or have negative real parts if the next conditions 

hold 

 𝐴1 > 0, 𝐶1 > 0,𝐷1 > 0,                                     (6) 

  (𝐴1𝐵1 − 𝐶1)𝐶1 − 𝐴1
2𝐷1 > 0.         (7)  

 

 Hence, we have the following theorem. 

 

Theorem (1): The point ∈1 is locally asymptotically stably of the system of equations (2) when 

the above requirements (6) and (7) are met.  

Analysis of Delayed Model  

In theoretical physics, delay time is often used to describe the dynamic behavior of systems. 

Delay time helps in capturing the transient response of physical systems, allowing a more 

accurate representation of how systems evolve over time. In the presence of a time delay, the 

model can become unstable and show more intricate dynamic behaviors, such as Hopf 

bifurcation and saddle-node behavior. Specially, the features of periodic solutions resulting 

from the Hopf bifurcation hold great significance,[12]. In actuality, temporal delays occur in a 

wide range of physical processes, including feedback systems, signal transmission, energy 

conversion, biological systems, chemical reactions, economic models, and more. Modeling 

real-world processes is helpful because many real-world processes, such as signal transmission 

and feedback loops, inherently involve delays. Incorporating delay time into models ensures 

these processes are accurately represented,[13,14]. Stability analysis with delay times is crucial 

for analyzing the stability of dynamic systems. Understanding how delays impact system 

behavior can help prevent oscillations or instability. In control systems or control theory, delay 

times are factored into the design of controllers to ensure that systems respond optimally, even 

with inherent delays,[15]. 

Now model (2) is generalized to assume the following form using the discrete feed delay 𝜏𝑑. 
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𝑥̇ = 𝑥(𝑦 − 1),

𝑦̇ = Γz(Γ1 − 𝑦)) − Γ2𝑦(1 + 2𝑥) − Γ1Γ2,

𝑧̇ =  Γ1𝑤(1 − 𝑧) − Γ2𝑧 −
1

2
Γz (1 −

𝑦

Γ1
) ,

𝑤̇ = δ0 Γ3(1 −
𝑘𝑥(𝑡−𝜏𝑑)

x0
) − Γ4𝑤 − 2𝑤(1 − 𝑧)Γ3.

     (8) 

 

Where 𝜏𝑑 is the time delay.  It is well established that the location and number of equilibrium 

points remain constant despite time delay. Therefore system (8) still has the interior steady 

state solution ∈𝟏. 

  

Stability Analysis of the Equilibrium ∈𝟏 of Model (8) 

In the event of a time delay, the stability of model (8) may be effected. So, in this section, we 

examine the stability ∈1 of generalized model (8). Due the presence of time delay  𝜏𝑑 system 

(8) has a generalized variational matrix that is as follows: 

𝐺𝑁( 𝑥 , 𝑦 , 𝑧, 𝑤)

=

(

 
 

0
−2Γ2
0

SoΓ3𝑘

𝑥0
𝑒−𝜆𝜏𝑑

𝑥
−Γ𝑧 − Γ2 − 2Γ2𝑥

Γ𝑧

2Γ1
0

0
Γ(Γ1 − 1)

−Γ𝑤 − Γ2 −
Γ

2
+
Γ

2Γ1
2Γ3𝑤

0
0

Γ1(1 − 𝑧)

−Γ4−2Γ3(1 − 𝑧)
)

 
 

 

 

For simplicity  𝐺𝑁 matrix at ∈1 may be written as 

𝐺𝑁1 = (

0 𝐴1 0 0
𝐵1

0
𝐶1

𝐸1
𝐷1 0
𝐹1 𝐺1

𝐻1𝑒−𝜆𝜏𝑑 0 𝐼1 𝐽1 

), 

where, 

𝐴1 = 𝑥1, 𝐵1 = −2Γ2, 𝐶
1 = −Γ𝑧1 − Γ2 − 2Γ2𝑥

1,  𝐷1 = Γ(Γ1 − 1) , 𝐸
1 =

Γ𝑧1

2Γ1
, 𝐹1 = −Γ𝑤1 −

Γ2 −
Γ

2
+

Γ

2Γ1
, 𝐺1 = Γ1(1 − z), 𝐻

1 =
SoΓ3𝑘

𝑥0
, 𝐼1 = 2Γ3𝑤

1  and  𝐽1 = −Γ4−2Γ3(1 − 𝑧
1). 

Therefore, the system (8)  at ∈1 has the next characteristic equation 

|

−𝜆 𝐴1 0 0
𝐵1

0
𝐶1 − 𝜆
𝐸1

𝐷1 0
𝐹1 − 𝜆 𝐺1

𝐻1𝑒−𝜆𝜏𝑑 0 𝐼1 𝐽1 − 𝜆 

| = 0, 

it is equivalent to  
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𝜆4 + 𝐴2𝜆
3 + 𝐵2𝜆

2 + 𝐶2𝜆 + 𝐷2 + 𝐸2𝑒
−𝜆𝜏𝑑 = 0,      (9) 

Where 

𝐴2 = −(𝐶
1 + 𝐹1 + 𝐽1), 

𝐵2 = 𝐶
1𝐹1 − 𝐴1𝐵1 − 𝐷1𝐸1 + 𝐶1𝐽1 + 𝐹1𝐽1 − 𝐺1𝐼1, 

𝐶2 = 𝐴
1𝐵1𝐹1 + 𝐴1𝐵1𝐽1 − 𝐶1𝐹1𝐽1 + 𝐶1𝐺1𝐼1 + 𝐷1𝐸1𝐽1, 

𝐷2 = 𝐴
1𝐵1𝐺1𝐼1 − 𝐴1𝐵1𝐹1𝐽1, 

𝐸2 = −𝐴
1𝐷1𝐺1𝐻1. 

First, for 𝜏𝑑 = 0, 𝐺𝑁1 and Eq. (10) reduce to 𝑁1 and Eq. (3) at respectively. Then with the 

help of theorem (1), still we have ∈1  as asymptotically stable point of system (8).  

Now, when 𝜏𝑑 has positive value, Eq. (9) may have roots include positive real parts. In this 

case Eq. (9) must has roots cross the imaginary axis, i.e. it has a pair of pure imaginary roots. 

For check this pair of roots, represented by 𝜆 = ±𝑖𝜎, (𝜎 > 0), exist or not.  

If this two values of 𝜆 exist, then they must satisfy Eq.(9). Through substituting 𝜆 = 𝜎𝑖 in 

Eq.(8), we derive that 

𝜎4 − 𝐴2𝜎
3𝑖 − 𝐵2𝜎

2 + 𝐶2𝜎𝑖 + 𝐷2 + 𝐸2(cos(𝜎𝜏𝑑) − 𝑖 sin(𝜎𝜏𝑑) ) = 0.    

  

 This equation has the next real and imaginary part: 

𝐸2 cos(𝜎𝜏𝑑) = 𝐵2𝜎
2 − 𝜎4 − 𝐷2,

𝐸2 sin(𝜎𝜏𝑑) = 𝐶2𝜎 − 𝐴2𝜎
3.

            (10) 

The last equation gives 

cos(𝜎𝜏𝑑) = (𝐵2𝜎
2 − 𝜎4 − 𝐷2)/𝐸2,

sin(𝜎𝜏𝑑) = (𝐶2𝜎 − 𝐴2𝜎
3)/𝐸2.

 

 

After squaring (10)1 and (10)2, we may summing the resulting equations to obtain 

𝜎8 + ℏ1𝜎
6 + ℏ2𝜎

4 + ℏ3𝜎
𝟐 + ℏ4 = 0,      (11) 

where 

ℏ1 = 𝐴2
𝟐 − 2𝐵2, ℏ2 = 𝐵2

2 + 2𝐷2 − 2𝐴2𝐶2, ℏ3 = 𝐶2
𝟐 −  2𝐵2𝐷2, and ℏ4 = 𝐷2

𝟐 − 𝐸2
𝟐. 

 

Eq.(11) brings us to the subsequent equation after substituting each σ squared with 𝜎 (i.e. 𝜎 =

𝜎𝟐).  

𝜎4 + ℏ1𝜎̅
3 + ℏ2𝜎

2 + ℏ3𝜎 + ℏ4 = 0.      (12) 
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Accordance to Descartes' rule of signs, in the event that ℏ1 > 0, ℏ2 > 0 and ℏ4 < 0 are 

fulfilled, there is a unique positive root  𝜎 satisfying Eq. (12). Consequently, ∓𝜎𝑖 represents 

two imaginary roots of Eq. (9).  

Therefore, for different values of 𝜏𝑑, system (2) may establish hopf bifurcation near ∈1.  Let 

𝜏0 = min{𝜏𝑑} at which a hopf bifurcation appears. In order to establish that, for 𝜏𝑑 = 𝜏0, we 

need to prove the next condition, denoted the transversality condition,  

𝑠𝑖𝑛𝑔 {
𝑑𝑅𝑒𝜆(𝜏𝑑)

𝑑𝜏𝑑
} > 0.                   (13) 

To achieve that, assume the root of Equation (9) fulfilling 𝜌(𝜏0) = 0, is 𝜆(𝜏𝑑) = 𝜌(𝜏𝑑) +

𝑖𝜎(𝜏𝑑),  where 𝜎(𝜏0) = 𝜎0.  Since 𝜆 is a function of 𝜏𝑑, therefore, the differentiation of 

Equation (9) with regards to 𝜏𝑑, can be expressed as follows:  

[4𝜆3 + 3𝐴2𝜆
2 + 2𝐵2𝜆 + 𝐶2 + 𝐸2𝜏𝑑𝑒

−𝜆𝜏𝑑]
𝑑𝜆

𝑑𝜏𝑑
− 𝐸2𝜆𝑒

−𝜆𝜏𝑑 = 0, 

and  

(
𝑑𝜆

𝑑𝜏𝑑
)
−1

=
4𝜆3+3𝐴2𝜆

2+2𝐵2𝜆+𝐶2

𝐸2𝜆
𝑒𝜆𝜏𝑑 −

𝜏𝑑

𝜆
.                                   (14) 

With (𝜏𝑑 = 𝜏0, 𝜆 = 𝑖𝜎0), one can have 

4𝜆3 + 3𝐴2𝜆
2 + 2𝐵2𝜆 + 𝐶2 = (𝐶2 − 3𝐴2𝜎0

2) + 𝑖(2𝐵2𝜎0 − 4𝜎0
3) 

(4𝜆3 + 3𝐴2𝜆
2 + 2𝐵2𝜆 + 𝐶2)𝑒

𝜆𝜏𝑑 = 

= [(𝐶2 − 3𝐴2𝜎0
2) + 𝑖(2𝐵2𝜎0 − 4𝜎0

3)][cos 𝜎0𝜏0 + 𝑖 sin 𝜎0𝜏0] 

= [(𝐶2 − 3𝐴2𝜎0
2) + 𝑖(2𝐵2𝜎0 − 4𝜎0

3)] [
𝐵2𝜎0

2 − 𝜎0
4 −𝐷2

𝐸2
+ 𝑖
𝐶2𝜎0 − 𝐴2𝜎0

3

𝐸2
] 

= [(𝐶2 − 3𝐴2𝜎0
2)
𝐵2𝜎0

2 − 𝜎0
4 − 𝐷2

𝐸2
− (2𝐵2𝜎0 − 4𝜎0

3)
𝐶2𝜎0 − 𝐴2𝜎0

3

𝐸2
] 

+𝑖 [(𝐶2 − 3𝐴2𝜎0
2)
𝐶2𝜎0 − 𝐴2𝜎0

3

𝐸2
+ (2𝐵2𝜎0 − 4𝜎0

3)
𝐵2𝜎0

2 − 𝜎0
4 − 𝐷2

𝐸2
],  

and 

𝐸2𝜆 = 𝑖𝐸2𝜎0, 

further 

𝜏𝑑
𝜆
= −𝑖

𝜏0
𝜎0
. 

Then we have 

𝑅𝑒 [
𝑑𝜆

𝑑𝜏𝑑
]
𝜏𝑑=𝜏0

−1
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= 𝑅𝑒 [
4𝜆3 + 3𝐴2𝜆

2 + 2𝐵2𝜆 + 𝐶2
𝐸2𝜆

𝑒𝜆𝜏𝑑 −
𝜏𝑑
𝜆
]
𝜆=𝑖𝜎0

   

= 𝑅𝑒 [
4𝜆3 + 3𝐴2𝜆

2 + 2𝐵2𝜆 + 𝐶2
𝐸2𝜆

𝑒𝜆𝜏𝑑]
𝜆=𝑖𝜎0

 

=
1

𝐸2𝜎0
[(𝐶2 − 3𝐴2𝜎0

2)
𝐶2𝜎0 − 𝐴2𝜎0

3

𝐸2
+ (2𝐵2𝜎0 − 4𝜎0

3)
𝐵2𝜎0

2 − 𝜎0
4 − 𝐷2

𝐸2
]                   

=
1

𝐸2
2
[(𝐶2 − 3𝐴2𝜎0

2)(𝐶2 − 𝐴2𝜎0
2) + (2𝐵2 − 4𝜎0

2)(𝐵2𝜎0
2 − 𝜎0

4 − 𝐷2)]                   

=
1

𝐸2
2 [4𝜎0

6 + (3𝐴2
2 − 6𝐵2)𝜎0

4 + (2𝐵2
2 − 4𝐴2𝐶2 + 4𝐷2)𝜎0

2 − 2𝐵2𝐷2

+ 𝐶2
2]                                 

=
1

𝐸2
2
[4𝜎0

6 + 3ℏ1𝜎0
4 + 2ℏ2𝜎0

2 + ℏ3]                                                                   

=
1

𝐸2
2 ℏ̅(𝜎0

2),                                                                                       

where, 

ℏ̅(𝜎0
2) = 4𝜎0

6 + 3ℏ1𝜎0
4 + 2ℏ2𝜎0

2 + ℏ3. 

Let 𝜘 = 𝜎0
2 > 0, then one can show that from complex analysis 

𝑠𝑖𝑛𝑔 [
𝑑(𝑅𝑒 𝜆(𝜏𝑑))

𝑑𝜏𝑑
]
𝜏𝑑=𝜏0

−1

= 𝑠𝑖𝑛𝑔 𝑅𝑒 [
𝑑𝜆(𝜏𝑑)

𝑑𝜏𝑑
]
𝜏𝑑=𝜏0

−1

= 𝑠𝑖𝑛𝑔 [ℎ̅(𝜘)]. 

Clear we have ℏ̅′(𝜘) = 12𝜘2 + 6ℏ1𝜘 + 2ℏ2 > 0. So that in [0,∞], ℏ̅(𝜘) is monotonously 

increases. 

Furthermore, with the condition 

𝐵2
2 + 2𝐷2 > 2𝐴2𝐶2.                                                (15) 

On can get ℎ̅(0) > 0, and ℎ̅(𝜘) > 0 for 𝜎 > 0.   

Consequently, the transversal condition (13) is satisfy if condition (15) is met. 

Theorem (2): Assume that the condition (15) holds, then when 𝜏𝑑 ∈ [0; 𝜏0) all roots of equation 

(9) have negative real parts, and when 𝜏𝑑= 𝜏0 equation (9) has a pair of purely imaginary roots 

±𝑖𝜎 while all other roots have negative real parts. 

Numerical analysis 
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In this section to reveal the systems fascinating complicated behavior, the numerical 

simulations of QDL model (2) are run using the Matlab software to illustrate the analytical 

results. In this simulation we used the hypothetical collection of data.  

Table (1): Parameters used in our numerical simulation of QDL model (8)[16]. 

 

Parameters Value 

Γ 8.12403 

Γ1 1.78819 

Γ2 0.07 

Γ3 5.32 

Γ4 0.0366222 

𝛿° 0.095 

𝑘 0.75 

𝑥0 2 

 

First, in order to investigate the impact of varying parameters on the dynamical behavior of 

model of QDL (5), the following results are observed.  
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Figure( 1): The time series for the QDL model (2) with parameter values as in table (1) with  

𝛿° = 0.1. The trajectories converge to the boundary equilibrium  ∈°= (0 , 1.7566, 0.9682, 2.4112). 

The numerical result shows that 𝐵 = −643.0020 < 0, therefore, the condition for the QDL 

model (2) to have a boundary fixed point is met, as shown in Fig. 1 which refers to the steady 

state for all layers. 

Figure (2), with the data set in table (1), shows that the trajectories of QDL model (2) converge 

to interior equilibrium ∈1= (0.3857    1.0000    0.0389    0.0421). In this figure the time 

series of the behaviors of x, u, z and w shows that the dynamic of model (2) is locally 

asymptotically stabile near ∈1. The numerical result show that the interior fixed point exists 

where 𝐵 = −397.5058 < 0, and it is asymptotically stabile as plotted in Fig.(2). It is noted 

that the effect was limited to the moment of operation, and then the behavior stabilized around 

the equilibrium points. 
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Figure (2): The time series for the QDL model (2) where the trajectories converge to the interior equilibrium ∈1=

(0.3857    1.0000    0.0389    0.0421). 

Studying how delayed time affects the dynamics of semiconductor lasers is essential for both 

fundamental science and advanced optical technologies. In other hand, to explore the effect of 

time delay on the QDL model (8) with 𝜏𝑑 ≤ 3 and others parameters values as given in set (1) 

is plotted in figs. 2 and 3. In these figures the dynamic of QDL model (8) still converges to 

interior fixed point ∈1= (0.3857    1.0000    0.0389    0.0421, and the numerical result show 

that ℎ1 = 153.6 ,   ℎ2 = 4816.2,   ℎ3 =  79.6, and  ℎ4 = 13.0. This means the equation (11) 

can’t has any positive root and the first condition to appear Hopf bifurcation not satisfied.  

To explore the effect of increasing the time delay the numerical summation of QDL model (8) 

at 𝜏𝑑 = 4 is presented in figs. 4 and 5.  These figures show that the stability of interior fixed 

point ∈1 lost where the system (8) undergoes a Hopf bifurcation and the trajectories converges 

to limit cycle. 

In Figs. 6 and 7 the numerical summation of QDL model (8) at 𝜏𝑑 = 4 with k = 1.2  is 

presented. These figures also show that the system (8) undergoes a Hopf bifurcation and the 

trajectories converges faster to limit cycle. Same behavior of system (8) can be obtain by 

increasing the value of  𝛿° , see Fig. 8 for 𝛿° = 0.12. The effect of time delay can be reduced 

through by decreasing the value of parameter k as see in fig. 9. In this figure k = 0.5 the system 

settles converges to interior fixed point ∈1. Same result’s of Fig, 9 can be obtain by decreasing 

the value of parameter 𝛿° as shown in Fig. 10  at 𝛿° = 0.09. The increasing of the time-delayed 
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feedback induces chaos in semiconductor lasers. This is crucial for applications like secure 

optical communications, where chaos is used to mask signals. 

 

 

Figure (3): Phase portrait for the QDL model (8) with data in Table 1 and 𝜏𝑑=3, show the stability of the 

interior fixed point ∈1. 

 

Figure (4): The time series of QDL model (8) with data in Table 1 and 𝜏𝑑=4, show instable the interior fixed 

point ∈1. 
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Figure (5): Phase portrait for the QDL model (8) with data in Table 1 and 𝜏𝑑=4, show instable the interior fixed 

point ∈1. 
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Figure (6): The time series of QDL model (8) with k = 1.2 and 𝜏𝑑=4, show instable the interior fixed point ∈1. 

 

 

Figure (7): Phase portrait for the QDL model (8) with k = 1.2 and 𝜏𝑑=4, show instable the interior fixed point 

∈1. 
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Figure (8): Phase portrait for the QDL model (8) with 𝛿° = 0.12 and 𝜏𝑑=4, show instable the interior fixed point 

∈1. 

 

 

 

Figure (9): Phase portrait for the QDL model (8) with k = 0.5 and 𝜏𝑑=4, show stable the interior fixed point ∈1. 
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Figure (10): Phase portrait for the QDL model (8) with 𝛿° = 0.09 and 𝜏𝑑 = 4, show stable the interior fixed point 

∈1. 

 

 

Conclusion 

A theoretical study has been done on the chaotic behavior dynamics of semiconductor lasers 

with OEFB. In this investigation, the following conclusions can be drawn. Mathematical model 

was proposed for the work of the QD laser system, which consists of four equations that were 

chosen from a mathematical QDL model. Also, after a series of mathematical operations, these 

equations were converted into dimensionless equations. On the analytical side, the following 

was observed: 

• If the values of (𝑘, 𝛿°) are positive, the model contains two equilibrium points, one of which is 

the boundary point ∈° when (x = 0), and the other is the interior point ∈1 when (u = 1). Further, 

∈1exists if 𝑧 take the values in the range ( 0 < 𝑧 < 1). 

• The stability of the system at the interior point ∈1 is discussed, and we found the solutions (x, 

u, z, w) approach asymptotically to the values of point ∈1, when the conditions 𝐴1 > 0, 𝐶1 >

0, 𝐷1 > 0, (𝐴1𝐵1 − 𝐶1)𝐶1 − 𝐴1
2𝐷1 > 0 are met.. 
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• The quantum dot laser model was generalized by adding the delay time, and the generalized 

system also contains one internal point ∈1 . 

• In the generalized model, we found that the stability of the point ∈1 is affected by the value of 

𝜏𝑑, as when the value of 𝜏𝑑 ≤ 3, the generalized system still converge to the point ∈1. Further,  

when the value of 𝜏𝑑 ≥ 3 and the other parameters as given in table 1, loses its stability and 

the solutions for the variables (x,u,z,w) move away from the point and take periodic paths, and 

the system has a bifurcation of a Hopf type or a limit cycle affected by the value of 𝜏𝑑. 
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