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Abstract

An Integer dominating function on a graph G is a func-
tion f : V(G) — W such that for every vertex v € V(G),
> vev(c)(N[v]) = k. For any function f : V(G) — W and
any pair of adjacent vertices with f(v) = 0 and u > 0, the
function gy, is defined by gy (1) =1, guu(l) = f(u) — 1 and
guv(l) = f(1) if L € V —{u,v}. A secure integer dominating
function on a graph G is defined as an integer dominating
function g which satisfies the condition that for every ver-
tex v with f(v) = 0, 3 a neighbor u with f(u) > 0 is such
that gy, is an integer dominating function. The weight of
fisw(f) =2 ev(e) f(v). The minimum weight among all
the dominant secure integer functions in G is the number
of secure integer domination in G. This paper is devoted to
initiating the study of SIDF of a graph. In particular, we
have studied about the general bounds for standard graphs
like Complete graph, Star graph, wheel graph, path, cycle.
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1 Introduction

Let G = (V, E) be an undirected, finite and simple graphs. For any
vertex v € V(G) open neighborhood of v is the set N(v) = {u € V|
wv € E} and the closed neighborhood is the set N[v] = N(v) U v.
Ore. O [6]A dominating set of a graph G is a set S C V(@) such
that for each u € V(G) — S, there exists an x € S adjacent to
u. The minimum cardinality among all dominating set of G is the
domination number denoted by v(G).

Domke et al.[3] introduced the concept of Integer k—domination
and further integer domination on Vizing’s conjecture was studied
by Bresar et al.[2]. The vertices of the graph G are labeled with
integers such that for every vertex v € V(G), the sum of its closed
neighborhood N[v] > k. The problem was to find the minimum to-
tal value labeled on G. Domke et al.[3] A function f: V(G) - W
(W is the whole numbers) is called integer k— dominating function
if the sum of functional value over any closed neighbor is at least
k. The weight of integer k— dominating function is the value of
F(v) =3 ,cvg f(v). The minimum weight of integer {k}— domi-
nating function is denoted as ;(G) and is called integer domination
number. Note that, when k = 1 its a general domination.

Theorem 1. [3] If G is a graph and k > 1 an integer, then
Ww(G) < ky(G).

By positioning one or more guards at each vertex in a chosen sub-
set S, we can protect the graph G, ensuring that every vertex in
the closed neighborhood of each vertex is protected. The protec-
tion of graphs led to the development of the concept of secure
domination, which involves identifying optimal guard placements
to achieve maximum security. Place guards at a subset S of V(G)
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such that S is a dominating set, ensure that whenever a guard moves
from a vertex v along the edge to an unguarded vertex u, the re-
sulting guard configuration remains a dominating set, maintaining
the graph security. In other words, [4] A secure dominating set S
of a graph G is a dominating set with the property that each vertex
u € V(G)— S is adjacent to a vertex v € S such that (S—v)Uu is a
dominating set. The secure domination number denoted by ~,(G)
is the minimum cardinality of a secure dominating set. Further,
variations of secure domination and properties of the secure dom-
ination number have been studied in [5][7]. Some of the variation
of secure domination are Secure weak roman domination[8], Secure
Italian domination[7], total weak secure roman domination[9], se-
cure w-domination [10], etc.

Theorem 2. [7] For any G of order n > 2,2 < 43(G) < n.
Theorem 3. [7] For any integer n > 3, v;(C,) = [32].
Theorem 4. [7] For any non trivial path P,, ~;(P,) = [222].

In [8] S. T. Hedetniemi et. al proved that for every graph G,
Y(G) < (G) < 29(G), where 7,.(G) denoted the minimum weight
of weak roman domination function in G. They also character-
ize graphs G for which 7,(G) = 7(G) and for forests G for which
7(G) = 29(G).

In the recent Covid pandemic, hospitals were found to be deficient
in oxygen cylinder supply, adequate oxygen cylinder supply hos-
pitals provided to the deficient h ospitals. T his s cenario ¢ an be
modeled using a graph.

Suppose in “City A”, the hospitals depicted as vertices of a graph
G. Let two hospitals(vertices) u and v are close to each other hence,
vertices are adjacent in G. Strategies to protect a graph GG by plac-
ing k oxygen cylinders in its closed neighborhood of a vertex such
that every vertex v can protected by k guard. This gave rise to
the concept of integer domination. Further, suppose there exists a
vertex(hospital) v € V(G) such that f(v) = 0 which is deficient in
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k oxygen cylinder, in case if a patient visit hospital v, then patient
will be at risk. In such situation the vertex(hospital) which has oxy-
gen cylinder lends the oxygen cylinder to the hospital which has no
oxygen cylinder. i.e., the vertex with f(u) > 0 where u,v € V(G)
lends oxygen cylinder to the vertex v, then f(u) = f(u) — 1 and
flv) =1

If G satisfy the condition of integer {k}— domination, then G is
secure. If G doesn’t satisfy the condition, then we say G is not
secure. When G is not secure, in such condition, in order to make
G secure the concept of integer {k}—domination and secure domi-
nation is used to and define secure integer domination.

A function ¢ : V(G) — W, where W is the set of whole numbers and
g(v) denotes the number of oxygen cylinder available at each hospi-
talv € V(G) for k =0,1,2,.., and let V, = {v € V(GQ) | f(v) = k}.
By the definition of function g, the number of oxygen cylinders
available is assigned to every vertex in G. When a oxygen cylinders
at v € V — Vy moves along an edge u € Vj, the new numbers of

oxygen cylinders available at vertices are given by the function g,
where uv € E(G).

1, ifs=wv
guv(s) = f(U) - 1, ifs=u
f(s), it seV —{u,v}

A secure integer dominating function is one that satisfies the con-
dition of integer dominating function as well as secure domination.

Definition 5. A function g : V(G) — {0,1,2,..,k} is called
secure integer dominating function (SIDF) of G if it satisfies the
following;:

(1) Yy e V(G), Xyevic) 9Ny = k.

(2) Yy € Vo 3z € N(y)—Vp such that g, is an integer dominating
function on G.

The secure integer dominating function has a weight equal to the
value of w(y) = > cy(g 9(y). The minimum weight of secure
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integer dominating function is denoted by ~;(G) is called secure
integer domination number (SIDN).

When k=10

c,0

€0 b,10
d,0

Figure 1: Graph with v4(G) = 10

When k=10

e,0 b,10 d,1

Figure 2: Graph with v;(G) = 12

Let V(G) = {a,b,c,d,e} and suppose k = 10. According to the
definition of secure integer d omination, the sum of the weights as-
signed to the closed neighborhood of each vertex must be at least k
that is, for every vertex v € V(G). Consider the weight assignment
where f(b) = 10 and f(v) = 0 for all other vertices b # v. If all
other vertices are adjacent to b, then this assignment satisfies the
first condition, since each vertex’s closed neighborhood contains b,
whose weight is 10. Now, consider the second condition of secure
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integer domination: for any vertex with weight 0, there must exist
an adjacent vertex with positive weight that can transfer 1 unit of
weight to it, and the resulting function must still satisfy the dom-
ination condition. In this case, vertex b, which has weight 10, can
transfer 1 unit to any of its neighbors with weight 0. After energy
transfer, the condition fails, therefore pedant vertices receives the
weight 1. Which implies, SID number to be 12.

Note that, the characteristic function of a secure integer dominating
set of G doesn’t contain Vj and G satisfies the condition of (SIDF).
If g(v) = 0,v € V(G) then integer dominating function need not
be secure integer dominating function.

2 Terminology

We follow the definition and notationasinD B West [ 11]. The
order of G is denoted by n =| V(G) | and the size of G by m =|
E(G) |. W denotes whole numbers and p denotes pendant vertices,
pendant vertex are vertex with degree one. The distance between
two vertices  and y in G is denoted as d(u,v). The diameter,
diam(G) is the maximum distance among pairs of vertices in G.
The degree of a vertex v € V(G) is deg(v) =| N(v) |. §(G) and
A(G) denote the minimum and maximum degree of G, respectively.
A complete graph on n vertices is denoted by K, complete bipartite
with partite sets of size m and n is denoted by K,,,. Path on n
vertices by P, and Cycle on n vertices by C,. A star is the graph
K, where n < 1. A double star is formed from two disjoint stars
by joining a vertex of degree n — 1 by an edge. Thus, a double star
is a tree with exactly two vertices that are not leaves. We denote
double star as S, .
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3 General bounds

For every graph G, v(G) < 7;(G). Every secure integer dominat-
ing function is an integer dominating function. For every graph

G, 1(G) = v (G) if and only if k = 2.

Theorem 6. For every nontrivial, connected graph with k > 1,
N(G) < kw(G).

Proof. Let V(G) = {vy,vg,...,v,} be the vertex set of G. Sup-
pose g = (Vo,V4,...V,,) be the 7,— function of a graph. Then
S=ViuV,UV;U.. UV, is the minimum integer dominating
set.

Assign g : V(G) — {0, 1,2, .., k} such that v, € V(G), Ng[v.] > k.
There exists at least one vertex v; € V) as G is connected graph. v;
is adjacent to at least one vertex v; such that g(v;) > k.

g(vj) = k and g(v;) = 0.

9(vy) + g(vi) = k+0 = k.

Therefore, GG is integer dominating function.

By the applying the definition of SIDF to g(v;),

We get gu,0,(v;) = k — 1 and gy, (v;) = 1.

Go; T 9o, =k —1+1=F.

Hence, G is secure.

Thus, G is SIDF.

As gy, satisfies the definition of SIDF then S will be secure integer
dominating set.

We get,

H(G) < X, Vi

23(G) zzz:(‘)gwm])-

If g,,.; doesn’t satisfies the definition of SIDF then S " will be secure
integer dominating set, where S’ = S U (v,).

We get, 7i(G) < 8"+ 32" g(N[va]).

v =0

M(G) < k(G
Implies, 7;(G) < kn(G)
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Theorem 7. For any graphs G, vi(G) > k.

Proof. Let G be a simple, connected graph with V(G) = {vy, vq, ..., v, }
be the vertex set.
On contrary, assume 73 (G) < k.
We prove by induction on n.
When n = 1.
Let v; € V(G), g(v;) will be k, which contradicts the assumption
that v;(G) < k.
When n > 1.
Assign g(V(G)) — {0,1,2,..,k} Vv; € V(G), such that Ng|v;| > k.
If there exists at least one vertex v; € V(G) such that g(v;) = 0,
then v; is adjacent to at least one vertex v, such that g(v,) > k.
g(vi +g(vp) =0+ k =k.
Therefore, G is integer dominating function.
By applying the definition of secure to v,
We get, gu,v;(v;) = 1 and gu,v,(v,) = k — 1.
g(Nv;]) =14+k—-1=kF.
We obtain, G is secure.
Thus, G is secure integer dominating function.
It follows that, v;(G) > k, which is a contradiction .
Subsequently, 1:(G) > k. ]

Proposition 1. If G be a connected nontrivial graph, let u
and v be two non adjacent vertices where u,v € V(G) then v;(G)
will be at least k£ + 1.

Let G be a simple, connected graph with 6(G) > 1, 3v € V(G)
with maximum degree. Then f(v) will be assigned maximum value.

Theorem 8. If Hy, Ho,...., H, are the components of discon-
nected graph G, then vi(G) = vi(H1) + v (Ha)+, ... + Vi (H,).

Proof. Since G is disconnected, every component of G domi-
nated by v;(H;). Therefore, we get vi(G) = vi(Hy) + vi(Ha) +
..... + i (H,). O
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Theorem 9. Let G be a simple connected graph of order n.
Then v{(G) = k if and only if G = K.

Proof. To prove 1;(G) =k if G = K,,.
Case 1: On contrary, assume v;(G) < k. By theorem[3.2], we know
that v;(G) is at least k, which contradicts our assumption.
Case 2: Assume 7;(G) > k. Since every vertex is of deg n — 1.
Assign value to V(G) such that V v; € V(G) N[v;] > k. Assign
g(v1) =k and g(v;) =0,2 <i<n.
g(N[v])) =k+0=k.
G is integer dominating function.
gvlvi<vi) =1 and Goyv; (Ul) =k—1
g(vl)—i—g(vi) =1+k—1=k.
G is secure.
Thus, G is SIDF.
Since we get vi(G) = k, which contradicts our assumption that
N(G) > k.
Case 3: To prove G = K, if 13(G) = k. Assume G # K,,. Then
there exists non adjacent u and v. Since v and v are non adjacent,

by observation[1] ~; will be at least &k + 1, which is a contradiction.
O

Theorem 10. If G is a simple graph A(G) = n — 1 then
1(G) <k+ (n-2).

Proof. Let V(G) = {u,v1,vq, ..., v, } be the vertex set. Let u be
a vertex with degree n — 1. By lemma[3.6] g(u) can be either k or
k — 1. Since 7{(G) is minimum and Nu] > k. When g(u) = k,
then g(v;) < k.
There exists at least one vertex v; € V(G) such that g(v;) = 0.
Since G'is connected, v; is adjacent to either u or v;.
g(N[oi]) = glu) + g(vs) = k+0 = k.
Therefore, G is integer dominating function.
Applying the definition of SIDF to v;.
Guv; (W) = k — 1, gup,(v;) = 1 and gy, (v;) < k, if g(v;) = 1 then
g(u) + g(v:) +9(v)) =k —1+14+ 3771 > k.
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As a result, GG is secure.

Implies that, G is secure integer dominating function.

g(w) + gvi) + g(V(G) — {u, vi}).

<k40+ 37

<k+(n-2).

When g(u) =k —1, g(v;) = 1.

gN[y) =1+k—1>Fk.

So, G is integer dominating function.

We know that, g(v) # 0,v € V(G) then integer dominating function
will also be secure integer dominating function.

If g(u) # k or k — 1 then g(V(G) —u) — {0,1,2, .., k}.

If V(G) — u is disconnected, Then ¢(V(G) — u) > 1.

g(NTul) = g(u) + g(V(G) — ) > k + k(n — 1),

Since 73 (G) is minimum, g(u) = k or k — 1.

It follows that, vi(G) < k+ (n —2). O

Theorem 11. If G connected nontrivial is a star K, ,, then
MG =k+r—1

Proof. Let G be a star graph with V(G) = {u,p1,p2, ..., r}
There exists a vertex u with deg(u) =n — 1.
On contrary, assume v;(G) > k +r — 1. Since 73(G) is minimum,
WG =k+r—1
On contrary, assume 7;(G) < k + r — 1. By lemmal3.6], g(u) can
be assigned 0, 1, k or k — 1.

When g(u) = k.
Let p;, 1 <i <r be pendent vertices. Assign g(p;) =0 and f(p;) =
1,2<:<r.

Nlu] = ) + o(u) > &

Therefore, G is integer dominating function.
Apply definition of SIDF to p;.

Since g(p1) = 0 and N|[p;] = u.

Which gives, gup, (p)=1and gp,(u) =k — 1.
Hence, N[py| =| u |+ | p1 |-
g(Np1))=k—1+1.

g(N[p]) = k.
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Therefore, G is Secure.
It follows that, GG is secure integer dominating function.
We obtain, 73(G) = k + r — 1, which contradicts our assumption
that v;(G) < k+r— 1.
When g(u) =k — 1.
Then g(p;) = 1.
We know that, if g(v) # 0,v € V(G) then integer dominating
function will also be secure integer dominating function.
We obtain, 7;3(G) = k — 1 4 r, which contradicts our assumption
that 7(G) <k +r—1.
O]

Theorem 12. If G = Fy,,r > 6 is fan graph, then v;(G) =
n
k+ (31.

Proof. Let V(G) = {v,r1,7s,...rn} be the vertex set of a fan
graph there exists a vertex v with A(G) =n—1. Let r; € V(G) —v,
1<i<r. Assigng(v)=k—1,9(r1)=0g(r;)=12<i<n.
Nul=r+>" ,rp+v.

g(N[w]) =04+>" ,1+k—1>Fk.

Nri]=ri+v+mr,.

g(er):O+k71+1:k-

Niril =v+r; +ri.

g(N[r))=k—-1+14+1>k.

Therefore, we conclude G is integer dominating function.
Applying the definition of SIDF to g(r),

Gory (U) =k — 27 Gury (7’1) =1 and gvri(ri) =1
g)+g(r)+g(r) =k—24+1+1=k.

Therefore, GG is secure dominating function.

g(N[]) = g(v) + 301 g(ra)v > k.

Thus, g is integer dominating function. We get, v =k +[3]. O

Theorem 13. If G = W, be a wheel graph, then vi(W,,) =
k4|2, n=3p+lLpeN

k + (gw , else

Received: July 19, 2025 1155



International Journal of Applied Mathematics
Volume 38 No. 1s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Y%(T) =~v(T) + k if and only if G = Ps.

n
k(g}; P3q+17q eEN
Theorem 14. Letn > 4. Then~i(P,) = k[;} +1, Psi99q€N
k|_§-| + 2, P3q+3,q e N

Proof. Let P, be a path on n > 4 vertices with V(P,) =
{v1,v9,...,v,}. Let v; and v, be the pendent vertex. If g(v;) and
g(v,) will be either 0, 1, k — 1 or k.

When g¢(v;) = k where i = 1,n then g(v;41) will be 0.

When ¢(v;) = k — 1 where i = 1,n then g(v;1;) will be 1.

When g(v;) = 1 where i = 1,n then (v;41) will be k — 1.

we know that, g(v;) # 0 then integer dominating function will also
be secure integer dominating function.

We prove by induction on n.

Case 1: Let n = 3¢+ 1 where g € Z™.

When n = 4. Let {vy,vq,v3,v4} € V(G). As vy and vy are pendent
vertices, it can be assigned either £, 0, £k — 1 or 1.

Assign g(v;) = k where i = 1,n and g(v;+1) = 0.

We obtain, N[v;] =k +0 = k.

G is integer dominating function.

By applying the definition of SIDF,

We get, Jvivit1 (UI) =k - L Gvsvit1 (U’iﬂ:l) =1

g(v1) + g(v2) + g(vs) + g(va) =k +0+0+k = k.

Hence, G is secure integer dominating function.

Assign g(v;) =k —1,i=1,n and g(v;11) = 1.

We know that, g(v;) # 0 then integer dominating function will also
be secure integer dominating function.

We get vi(P,) = 2k = k[3].

When n > 5. Pendant vertices can be assigned either k or £k — 1 or
1 or 0.

Assign g(v;) =k — 1 and g(vi41) =1i=1,n.

Let V(G) — {v1,v,} are internal vertices. Internal vertices with
n = 3p+1 can be assigned g(vsp41) — {0, 1, ...k}. Assign g(vsp1) =
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k — 2, and all other vertices can be assigned 1.

9([Nap]) =k —2+1+1=F

G is integer dominating function.

We get, g(vsp-1) + g(vspt1) + g(vspr2).

=14k —2+1=k. Therefore GG is secure.

We know that, g(v;) # 0 then integer dominating function will also
be secure integer dominating function.

Therefore, GG is secure integer dominating function.

Assign g(v;) =0, g(viy1) =k i =1,n.

Assign g(vsp+1) = k — 2 all other vertices can be assigned 1.
g(N[?Jgp+1) = 1—|—k:—2+1:k‘

Thus, G is integer dominating function.

Applying the definition of SIDF to v;.

We get, gv¢+1vi(vi> =1 and Gvig1v; (UiJrl) =k—1
g(Nv])=1+k—-1=k.

It follows that, G is secure.

Implies that, G is secure integer dominating function.

Thus, vi(P,) = k[%].

Case 2: Let n = 3¢+ 2 where g € Z™.

When n = 5. Let {vy,vq,v3, 04,05} € V(G). v; and vs be pendent
vertices. Pendent vertices can be assigned either 0, 1, k — 1 or k.
g(v;) =1 and g(vier) =k — 1.

Since vy, v, v4, Vs are assigned, we get g(vs) = 1 as vz is adjacent
to v9 and vy.

g(UZ) + g(viH) =1+k—-—1=k.

g(Nvs])) =k—14+1+k—-1>k.

G is integer dominating function. We have observed that, g(v;) # 0
then integer dominating function will also be secure integer domi-
nating function.

Thus, G is secure integer dominating function.

When n > 5. Let {v1,vq,.....,0v,} € V(G). vy and v, be pendent
vertices, then g(v;) and g(v,) will be either 0, 1, £k — 1 or k.
Assign g(v;) = k — 1 and g(viy1) = 1 where i = 1, n.

Let V(G) — {v1,v,} are internal vertices. Internal vertices with
n = 3n + 1 can be assigned as g(vs,+1) — {0, 1, ...k}. Assign
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9(v3ni2) = k — 2 all other internal vertices can be assigned 1.
Gg(NBn+1)=1+k—2+1=k

This leads, G is integer dominating function.

We have observed that, g(v;) # 0 then integer dominating function
will also be secure integer dominating function.

Therefore, GG is secure integer dominating function.

Assign g(v;) = 0 and g(vip1) =k, i = 1,n.

g(N[Ul]) =v; + Vir1 = 0+ k==%k.

Therefore, GG is integer dominating function.

Applying the definition of SIDF to g(v;).

Guig1v; (Uz) =1 and Gvig1v; (Ui-i-l) =k-1.
g(Nv])=1+k—-1=k.

G is secure.

G is secure integer dominating function.

Let v; € (3¢ +2) — (3¢ + 1).

If v; is a pendant vertex then g(v;) =k or k—1 or 1.

We get, 17(P.) = b[2] + k.

or 32(Pa) = k(2] 4 — 1.

or 12(Pa) = k[4] + 1.

By definition VI(G) is minimum, so we get 77(G) = k[%] + L.
If v; is internal vertex. If g(v;) = f(vsny1) = k — 2.

We get, v(Fn) = k[5] + (k —2).

If g(vi) # g(3n +2).

We get f(v;) = 1.

Therefore, vi(P,) = k[%] + 1.

Case 3: Let n = 3¢ + 3 where g € Z.

As we have already assigned the value for all the vertices. We need
to prove for the case when n = 3¢ + 3.

Let v; € (3¢ +3) — (3¢ + 2).

If v; is pendant vertex then g(v;) =k or k —1 or 1.

We get, vi(P,) = k[5]+ 1+ k.

or vi(P,) = k[ % -|+1+(l€ 1).

or vi(P,) = k(%} +1+1=Fk[3]+2

By definition ¥;(G) is minimum, we get 7;(G) = k[5] + 2

If v; is internal vertex. If g(v;) = g(vsni2) = k — 2.
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We obtain, vi(P,) = k[5] + (k — 2).
If f(v;) # f(3n+2) implies f(v;) = 1.
We find, 7;(P,) = k[5] +1+1=Kk[5] +2. O

n
k:I__-I - 67 C3q+17q eEN

it

Theorem 15. Letn > 3. Then~i(C,) = k[=] —3, Csg42,q € N

it

k[g , ng+3,q eN

Proof. Let C), be a cycle onn > 4 with V/(C,,) = {v1,ve, ..., v, }.
By the definition of SIDF f(N[v;) > k.
Every vertex of (), has degree two. For all v;, we have g(v;_1) +
9(vi) + g(vis1) = k.
Assign g(v;) = k — 6, all other vertices as 3.
we get (v;1) + g(vi) + g(vi1)
=3+k—6+3=k
G is secure integer dominating function.
Case 1: Let n =3¢+ 1 where g € Z.
When n = 4. We have V(G) = {v1,v9,v3,v4}. If for any g(v;) =
k—6, then by the definition of SIDF, we get g(v;—1)+¢g(v;) +g(vit1)
=3+k—6+3=k
G is secure integer dominating function.
Thus, 7;(Cy) = k5] — 6.
Case 2: Let n = 3q + 2 where ¢ € Z7.
Let v; € (3¢ +2) — (3¢ + 1). Then by the definition of SIDF, g(v)
sill be almost k.
Since every vertex in GG has a degree 2. v dominated itself and its
neighbor. Then by the definition of SIDF, g(v) will have at most
k.
When g(v;) =k, we get g(vi—1) + g(vi) + g(vit1) > k
0+k+0=EF
Assign v; = k — 6.
We obtain, v;(G) = k[5] — 6+ (k —6)
When v; = 3.
We secure, 7(G) = k[5] — 6+ 3= (G) = k[5] — 3.
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By definition of SIDF we get, 77 (G) is minimum. Thus, we obtain

1H(G) = kT3] -3

Case 3: When n = 3q + 3 where g € Z7.

Let v; € (3¢ +3) — (3¢ + 2).

When v; = k — 6.

We attain, v;(G) = k[5]| — 3+ (kK — 6)

When v; = 3.

We get, 1(G) = k[2] — 3+ 3= 71(G) = K[2].

By definition of SIDF we obtain, v§(G) is minimum. Thus, v;(G) =
O

Conclusion

We introduce the concept of secure integer domination in this ar-
ticle and provide general bounds for several types of graphs, such
as complete, star, wheel, fan, path, and cycle graphs. Further se-
cure integer domination of grid graph, product of graphs can be
explored.
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