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Abstract

The separation axioms are examined within the context
of bi-complex valued metric spaces. Additionally, the con-
cepts of first countability, second countability, and separa-
bility are explored in detail for these spaces. Furthermore,
compactness and Para compactness are analyzed alongside
a specific example to illustrate these properties effectively.
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1 Introduction and Preliminaries

Choi J. et al., in their work referenced as [3], extended the con-
cept of complex-valued metric spaces by introducing the notion of
bi-complex-valued metric spaces. Within this framework, they es-
tablished several sufficient conditions that guarantee the existence
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of common fixed p oints for p airs of mappings t hat adhere t o con-
traction conditions. Their interest stemmed from the fact that bi
complex numbers serve as a commutative substitute for the non
commutative algebra of quaternion division, since both are four-

dimensional in the real numbers.

Furthermore, in many ways, those numbers are a more refined
generalization of complex numbers than quaternions are. Of course,
the ring of bi-complex numbers is not a field due to the presence of
zero-divisors which make such structure impossible does limit gain
in commutativity. Still, it would be reasonable to assume that bi-
complex numbers would work well as scalar quantities in function
theory and functional analysis, providing at the very least a rough
substitute to quaternions (see [2]). The most complete treatment
of analysis in bi-complex form is G.B. Price’s book [7] where he
studied these bi-complex numbers in greater detail, especially the
functions defined on the ring of bi-complex numbers which behave

like holomorphic functions of a complex variable.

Although the algebra of bi-complex numbers is a four-dimensional
real algebra, a more useful perspective is that it serves as a “com-
plexification” o ft he c omplex number fi eld. Fr om this an gle, one
may think of bi-complex algebra as possessing the attributes of a
one-dimensional theory situated within four real dimensions. Fol-
lowing that, some papers focused on certain results concepts of

bi-complex spaces (For more details see [1] and [4]).

Bi-complex numbers is denoted by:

BC ={(: (=n+jv where n=mn+iny and v=1uvi+ivy € C}

which is a generalization of complex numbers. Also, bi-complex

number ( is written in the form

C=m+in+j (vi+iv)=m+in+juv+jiuvg

:771+i772+jU1+l€U2

where i, j and k satisfiesi?= j?= —1,k?=1,ij= ji= k and

w1, W, U1, Vg € R.
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For each ( € BC the norm is defined by

1Kl = v/m? + 1%+ vi® + 2

This norm satisfies the usual properties of a norm: non-negativity,
positive definiteness homogeneity, and triangle inequality.

Definition 1.1. [3| Forany { = &£,+j &, € BC and w = w; +jw, €
$BC. Define a partial order relation = on BC as follows:

EZhw & <iwr and & <4 wa,
i.e., £ Zi; w if one of the following conditions is satisfied:

(i &1 = wy and, & = ws

)
(i) & < wi and & = wo,
(iii) & = wy and & <; woy
(iv) & <; wy and & <; wo

We can write § 3w if § Zij w and £ # w,i.e., one of (ii),(iii) and
(iv) is satisfied , and we will write £ < w if only (iv) is satisfied .

Remark.For any two bi-complex numbers £, w € BC, one can
easily verify the following:

(i) If 0 Zij € Zij wothen [[€]] < ||w]]
(ii) [|€ + wl| < €N+ [|wl]|

(ili) ||a€|| < al[€]|, where «v is a non-negative real number.
(see [3], for more details).

Definition 1.2. 2] Let T be a nonempty set. Suppose the mapping
H: T xT — BC satisfies the following conditions for all p,q,s € T
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(ii) H(p,q) =0if and only if p = q
(iii) H(p,a) = H(a,p)

(iV) ﬁ(pa q) r—\<./ij ﬁ(p,ﬁ) +ﬁ(5> q)

Then bi-complex valued metric space is denoted by (T, $), or
more simply by Y. Sometimes metric space (T, $)) together with a
partial order relation <; on T is called partially ordered bi-complex
valued metric space.

Example 1.1. Let T = R together with the mapping ;T x T —
BC,i = 1,2, for every x,y € T be defined by

1 $i(z,y) = (i+j+ K)lz -yl
2. $2(z,y) = klz —yl.

Thus Y4, and T, are a bi-complex valued metric spaces.

Definition 1.3. [2] Let {(,,} be a sequence in a bicomplex-valued
metric space (Y, $), then

(i) A sequence {(,} converges to (; € T if and only if for any
03, € € BC, there exists N € N . such that $((,, (o) <i; €,

for all n > N. It is denoted by (, — ( as n — +o0 or

(ii) A sequence {(} is Cauchy sequence if and only if for any
0 <;; € € BC there exists N € N . such that § (¢, Gn) <ij €,
for all n,m > N.

(iii) (Y, 9) is said to be complete bi-complex valued metric space
if and only if every Cauchy sequence converges in Y.

Moving forward, we will revisit some lemmas that are essential
to our discussion.
Lemma 1.1. /2] Let (Y,$) be a bi complex valued metric space

and {(,} be a sequence in BC. Then {(,} is a Cauchy sequence if
and only if |[9(Cas Cutm)|] — 0 as n — 400, m € N.
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Lemma 1.2. [2] Let (T,9) be a bi-complex valued metric space
and {(,} be a sequence in L. Then {(,} converges to ( € T, <=

119 (Cn, O] — 0 as n — .

Lemma 1.3. [2] Let (Y,9) be a bi-complex valued metric space
and {(,} be a sequence in T such that lim,_,..(, = a. Then for any

a€ X, lim,, o0 ||~6<Cma)|| - ||5;)(C,CL)||

2 The main results

To demonstrate that a bi-complex-valued metric space generates
a topology, it is essential to formally define t he ¢ oncept o f open
sets in relation to the given metric $ Subsequently, one must rigor-
ously verify that these open sets adhere to the fundamental axioms
required to establish a topological structure. Define open ball cen-

tered at p € T with radius r € BC as

o, 1) ={a€T:9(p,a) <crand |19 (p,a)|l <[}

To define t he t opological bi-complex valued metric space J, let J

be the collection of open sets of T for which i € J iff for every
p € 4, there exists r =, 0 such that o (p, r) C i i.e. J consists
of all unions of open balls, the empty set ¢, T € J since they are
expressed in the form of unions of open balls. Also, if i; for i € N
is a collection of open sets then U;enil; is again open i.e.by the
definitions of open sets as unions of open b alls. Moreover, if 41;, 4l €
J then LUy ULy € J, since for any p € Ly ULy there exists ri,ry =5 0
such that p (p, 1) C 4 and p (p,r2) C Uy by taking r = min{ry, ro}
so that p (p,r) C U; Ully. So that the axioms of topology J are

satisfied.

Theorem 2.1. Every bi-complex valued metric space (T, $))

is Ty (Hausdorff) space.

Proof. Let p,q be two distinct points in T. For a given point p,

define the open ball centered at p with radiusr € BC as:
pp, ) ={t€T:9(p, 1) <xr}.
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Also, for q € T with radius a € BC define the open ball

plaa)={tcT: H(q 1) <ka }

If there exists a point s € p (p,z) Np(q,a), then H (p,¢) < r and
$H(q, t) < a. So, by triangle inequality we have

HP,q) <k HP,t)+9H(, q) <k +a

But by our selection of r and a, we have

r+a <kC:ﬁ(p7q)
which leads us to a contradiction, since (p, q) < H(p, q). O

Theorem 2.2. Every bi-complex valued metric space (T, $))
is Ty space.

Proof. To prove the normality of T. Let G; and G5 be two closed
disjoint sets in 1. For each v € & and u € G,, there exists \, > 0
and A\, > 0 respectively, such that B(o,\,)(S2 = 0 (since S,

is closed, v ¢ &) and V(u, N\,) (161 = 0 (since &; is closed,

u ¢ Sy).

Define the two open sets : ©1 = (J;cy U(v, 2)and O = J,cy V(u, 2)
To prove that ©; and ©, are two disjoint sets:

let y € ©1 N O, then there exist v € &1 and u € G, such that y €
Y(v, &) and y € V(u, 2¢). Then H(o, ) <x 2 and H(u, y) <k 2,
Which implies

Ao A
ﬁ(u’v) =k ﬁ(’l},y) +~6(y,U> <k 7 —+ ?

However, for v € &; and u € G, we get :
H(u,v) = Ay

or

H(u,v) =k Ay
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since V(v, ) (162 = 0 and V(u, \,) () S1 = 0, which contradicts

the fact:
Ay < Ay + Au
v Nk 9 9

is impossible and thus ©; N ©, = (.

So that it is shown that for any two closed disjoint sets &; and G,
there exist two open disjoint sets ©; and ©, such that &; C 6,
and Gy C ©,. Thus the bicomplex valued metric space (T, $) is

Ty

Theorem 2.3. Every bi-complex valued metric space (Y, $)

is T space.

Proof. To prove that every closed set is a &, set, for any closed set

S, C X, where 6, = (.2, ©; where
a
O, ={zeT:9H(p,q) <k - and ||laf| <1}

and the space is perfectly normal T}

Corollary 2.1. The bi-complex valued metric space (T,$))
satisfies the axioms of separations Ty, T1, Tos, T3, T35 and Ts.

Theorem 2.4. A bi-complex valued metric space (T, $) is

(i) First countable
(ii) Second countable

(iii) Separable

Proof. (i) for any point ¢ € Y has a countable sequence of neigh-
borhood base B, = {U(v, &) : m € N} which is countable

for every point. Or it is easier by BC = R*

(ii) Define a collection of open balls with rational bi-complex radii
and bi-complex centers in countable dense subsets of T . Let
A be the countable dense subset of T, then the closure of A
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is T. For v € A there exist » € BC such that r =, 0 and
U(v,r) C BC is the open ball. The collection of open balls
forms a base for a topology, so that for an open set © that
contains v there exist r >; 0 such that U(v,r) C ©. But
A is a dense subset in T, then there exists u € A such that
2 < r <% A. Thus B(u,r) € V(v,\) C O, since for any
s € Y(u,r):

9(0,8) <1 9(0,1)+ Do 8) < 5 +7 <0

Hence for any arbitrary element we obtain v € U(u,r) C
O, for every open set © that can be written as a union of
open balls with centers and rational radii in A. So that the
collection of open balls is countable, since A is countable.

(iii) To prove that a bi-complex valued metric space is separable,
we must find countable subset AinY such that the closure of
A is Y. Consider A = {t = t1i + to] + v3k, where t1, 19,13 €
Q} which is countable set with a closure equal to T
]

Theorem 2.5. Let Ty be a bi-complex valued metric space.
Then it is connected

Proof. Assume by contradiction that T is disconnected, then there
exist two disjoint open sets U; and Uy such that U N Uy = @ and
Uy Uty = Ty, Consider a point p € 4; and a point q € 4y then
there exist open balls p(p,71) C & and p(q,72) C LUy with radii
71,79 =k 0. Suppose ¢ : [0,1] — Y such that ¢(t) = tp+(1—t)gisa
continuous path from p to ¢ in bi-complex valued metric space Y.
Also, by the continuity of 1) we have ¢~ (4l;) and ¢~ *(4ly) are open
sets in [0,1] since ¥(0) = q € Uy and (1) = p € Ly, so that 0 €
P~ (Uy) and 1 € 71 (8h;). Hence the two sets 171 () and ¢~ (Ly)
are disjoint and their union is [0,1] which is a contradiction since
the connected space can’t be separated into two disjoint nonempty
open sets. O
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It is known that the bi-complex valued metric space (T, $)) is
compact if for every cover of T there is a finite sub cover (or every
sequence has a convergent subsequence).

A bi complex-valued metric space does not have to be compact.

Example 2.1. The space (1,$), defined by H(o, w) = (v —u)ij
15 a bi-complex valued metric. Consider that the sequence ¢, =
(¢ + j +ij)n then, $H(0,,0) = 0, = (i +J +1ij) n as n — oo
thus, the sequence goes to infinity in the bicomplex plane, and it is
not convergent to a point in BC and this means that it has not a
convergent subsequence.

Theorem 2.6. [8] Every compact metric space is complete.

So that compactness of bi-complex valued metric spaces implies
completeness, but the covers is not true. To discuss what are the
necessary and sufficient conditions for the bi-complex valued metric
space to be compact, let us define the following.

Definition 2.1. A bi-complex valued metric space Ty is called
entirely bounded if for every v > 0 there exists a finite number of
points vjvs, ..., v, € T such that T C (J;_, B(v;, 7).

A standard metric space, specifically a real-valued metric space,
is compact if and only if it is both complete and entirely bounded.
This condition represents a broader generalization of the Heine —
Borel Theorem. According to this theorem, any closed and bounded
subset S of R" n > 1 is compact and therefore complete.

Theorem 2.7. The bi-complex valued metric space (Y, $) is
compact if it is entirely bounded and closed.

Proof. Since T is an entirely bounded then any sequence {(;}2,
in T contains a Cauchy subsequence by repeatedly subdividing
the space into smaller balls. So that we can consider the subse-
quence {¢;, }72; in the bi-complex valued metric space T which
is convergent to some point ( € T (the closure of T ), since T
is a closed (Y = T). The original sequence {(;}3, is a Cauchy
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convergent sequence and has a convergent subsequence {(;, }7°,
that converges to (, so it also converges to (. To see this, for
p =« 0 there exists 111, such that p, ¢ > My and $((,, () <k §
also, since {(; }72; — (¢ there exists My such that p, > M,
and $((p,,¢) <k &. Choose p; > max{1,11,}. Then for every

2

P > Pk : ﬁ(CPag) _<k5 f)(c,lhgpk) +“6(Cpk7C) _<k3 §+§ = p ThUS
{G:}52; — ¢. Hence the space T is complete. So that the com-

plete entirely bounded space T is compact space.

Also, from Theorem 2.6 and Theorem 2.8, we obtain the next

result.

Corollary 2.2. The bi-complex valued metric space (Y, $) is
compact if and only if it is entirely bounded and complete space.

A weaker topological concept than a compactness is called para

compactness.

Definition 2.2. A bi-complex valued metric space (T, $)) is called
paracompact topological space if for every collection of open sets
{U,} that covers the space, there exists another collection of open

sets {};} such that:

(i) {U,} is a refinement of {V/}.

(i) {U,} is locally finite, meaning every point in space has a

neighborhood that intersects only finitely many U,.

Thus, every compact space can be classified a s paracompact;
however, the reverse implication does not necessarily hold. Also,
Para compactness requires the existence of a locally finite refine-
ment, which is a weaker condition than the existence of a finite
subcover that required by compactness. A finite subcover is always
locally finite, but a locally finite refinement may not be finite.

Theorem 2.8. Every bi-complex valued metric space (T, $))

is paracompact.
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Proof. The proof follows from the fact that bi-complex valued met-
ric space is metrizable, and every metrizable is paracompact. [
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