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Abstract

This work is devoted to the inverse problem of source
term identification for the subdiffusion differential equation
under Sturm-type boundary conditions. Additional infor-
mation in the form of the final overdetermination condition
is given. We construct a numerical algorithm for solving the
inverse problem. The algorithm is based on the biconjugate
gradient stabilized iterative method and the Tikhonov reg-
ularization method. To solve the forward initial boundary
value subproblems at each iteration, we apply the finite dif-
ference scheme. We present the results of numerical exper-
iments that confirm the ability of the developed algorithm
to solve the inverse problem in the case of perturbations in
input data.
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1 Introduction

Recently, fractional differential equations have become a  popu-
lar instrument in the construction of mathematical models of var-
ious phenomena in science, engineering, and economics [1, 2, 3, 
4]. Applications of fractional calculus include anomalous diffusion 
models, lossy media, viscoelasticity models, ferroelectrics, neuron 
models, and others.

Forward problems, such as initial boundary value problems for 
classical and time-fractional differential e quations, are 
a well-developed topic [5, 6, 7, 8, 9, 10]. Inverse problems, in-
cluding source term identification p roblems f or s ubdiffusion equa-
tions, are less frequently explored. Usually, these problems are 
ill-posed [11, 12, 13, 14, 15], meaning that the small disturbance 
for the input data produces large changes in the solution. Thus,
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the regularization methods must be used to achieve a stable solu-
tion [16, 17, 18, 19, ?, 21]. Many researchers have implemented and 
studied various numerical methods for the source term identification 
problem for time-fractional differential e quations. Among them are 
quasi-boundary value regularization method [22], Landweber iter-
ative method [23], Tikhonov regularization method [24], conjugate 
gradient method [25, 26], and others.

Note that most of the works on the source identification prob-
lems consider the Dirichlet (first type) and Neumann (second type) 
boundary conditions. Many models of various processes such as dif-
fusion and heat transfer lead to more complex boundary conditions. 
Work [27] considers the source term identification problem f or the 
time-fractional diffusion e quation i n t he c ase o f R obin boundary 
conditions.

Nonlocal boundary conditions of Samarskii-Ionkin type arise in 
models of heat transfer in plasma [28, 29, 30]. One of the ap-
proaches [31] to dealing with such nonlocal boundary conditions 
consists in reducing the problem of not strongly regular nonlo-
cal boundary conditions to a solution of two problems with local 
boundary conditions, namely, the Dirichlet type and the Sturm type 
(third type). This approach was adapted to develop the numerical 
algorithm for solving the forward initial boundary value problem 
for the subdiffusion equation with nonlocal boundary conditions in 
work [32].

In this work, we construct a numerical algorithm for solving the 
inverse problem of source term identification i n t he subdiffusion 
equation with Sturm-type boundary conditions. Such a problem 
arises as a subproblem in solving the source term identification 
problem in the case of nonlocal boundary conditions. To solve the 
inverse problem, we apply the iterative biconjugate gradient stabi-
lized (BiCGSTAB) method and Tikhonov regularization method. 
At each iteration of this method, we need to solve the well-posed 
forward initial boundary value subproblems. For this task, we use 
the previously developed numerical algorithm [32] based on a finite 
difference scheme. To confirm the efficiency of the proposed algo-
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rithm, we conduct numerical experiments with disturbed data. The
proposed numerical algorithm may be used in numerical algorithms
for solving more generalized problem of source term identification
for a subdiffusion equation in the case of nonlocal boundary condi-
tion.

The rest of the article is structured as follows: Section 2 de-
scribes the statement of the inverse problem of source term identi-
fication for the subdiffusion differential equation with Sturm-type
boundary conditions. Section 3 is devoted to the discretization and
finite difference scheme for solving the forward initial boundary
value problem for the considered subdiffusion equation. Section
4 describes the numerical algorithm for solving the inverse prob-
lem. Section 5 describes the conducted numerical experiments and
discusses their results. Section 6 concludes the article.

2 Problem Statement

In this work, we consider numerical algorithm for solving the
source term identification inverse problem for the one-dimensional
subdiffusion equation. Consider the equation

Dα
t u(x, t)− uxx(x, t) = ψ(x)η(x, t) + f(x, t), (1)

with initial conditions

u(x, 0) = 0, 0 ≤ x ≤ 1, (2)

and the following boundary condition{
ux(0, t)− au(0, t) = 0,

ux(1, t) + au(1, t) = 0,
0 ≤ t ≤ T, (3)

where a > 0.
Here, we consider the Caputo fractional derivative with order 

0 < α < 1 in the form [4]
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Dα
t f(x, t) =

1

Γ(m− α)

t∫
0

f (m)(x, s)

(t− s)α−m+1
ds,

with m = ⌈α⌉ : α ∈ (m− 1,m) , m ∈ N, x > 0.
When functions ψ(x), η(x, t), and f(x, t) are known, the prob-

lem of finding the unknown function u(x, t) from equation (1)– (3)
is a forward initial boundary value problem.

In the present work, we consider the inverse problem of source
term identification. It consists in finding a pair of unknown func-
tions [u(x, t), ψ(x)] when functions η(x, t) and f(x, t) are given. To
solve it, we have additional final overdetermination data

u(x, T ) = φ(x), 0 ≤ x ≤ 1. (4)

In real life, the measurement data contains noise. Thus, we
assume that we are given function φδ(x) such as

∥φ(x)− φδ(x)∥ < δ, (5)

where ∥·∥ denotes the L2 norm, and δ > 0 is the noise level.
This source term identification problem is an ill-posed one. Thus,

we need to use a regulatization method to obtain a stable solu-
tion. Theoretical analysis of the inverse problem of source term
identification for time-fractional differential equation under more
generalized Robin boundary condition can be found in [27]. In the
present work, we focus on the numerical solution of the considered
inverse problem, rather than the theoretical aspects of stability and
convergence of the approximate solution.

3 Discretization and Algorithm for

Solving the Forward Problem

Consider the initial boundary value problem in the form

Dα
t u(x, t)− uxx(x, t) = f(x, t), (6)
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u(x, 0) = 0, 0 ≤ x ≤ 1, (7)

{
ux(0, t)− au(0, t) = 0,

ux(1, t) + au(1, t) = 0,
0 ≤ t ≤ T, (8)

where a > 0, f(x, t) is a given function.
Let us introduce regular grids for x and t with (M + 1) and

(N + 1) points, respectively: i = 0, ...,M, h = 1/M, xi = ih,
n = 0, ..., N, τ = 1/N, tn = nτ . Denote the values of grid functions
at grid points as Ui,n = u(xi, tn).

To approximate the Caputo fractional derivative of function
u(x, t) at the time level n, we use the L1 formula [6, 4]:

Dα
t (Ui,n) ≈ σα,τ

n∑
j=1

ω
(α)
j (Ui,n−j+1 − Ui,n−j) ,

σα,τ =
1

Γ(2− α)τα
, ω

(α)
j = j1−α − (j − 1)1−α,

n = 1, . . . , N.

(9)

Using formula (9) of order O(τ 2−α) and a central difference
scheme of order O(h2) to construct an implicit difference scheme
for initial boundary value problem (6)–(8), we obtain the follow-
ing system of linear algebraic equations in matrix form for points
xi, i = 0, ...,M

A ·


U0,n

U1,n
...

UM−1,n

UM,n

 =


F0,n

F1,n
...

FM−1,n

FM,n

 , (10)

where
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A =


(
σα,τ + 2

h2 + 2a
h

) (
− 2

h2

)
· · ·(

− 1
h2

) (
σα,τ + 2

h2

) (
− 1

h2

)
...

...
. . .

...
...(

− 1
h2

) (
σα,τ + 2

h2

) (
− 1

h2

)
· · ·

(
− 2

h2

) (
σα,τ + 2

h2 + 2a
h

)

 ,

Fi,n = σα,τ

(
Ui,n−1 −

n∑
j=2

ω
(α)
j (Ui,n−j+1 − Ui,n−j)

)
+ fi,n,

Fi,1 = σα,τUi,0 + fi,1.

Thus, to solve the initial boundary value problem (1)–(3), we
need to solve SLAEs (10) for Ui,n, i = 0, ...,M for each sequential
time level n = 1, 2, ..., N . Coefficient matrix A is a tridiagonal one.
To solve these SLAEs, we utilize the Thomas algorithm (sweep
method) [33].

The stability and convergence of the difference scheme (10) is
investigated in work [32].

The difference scheme (10) is unconditionally stable with respect
to the right-hand part and the following theorem is valid.

Theorem 1. Suppose {Ui,n | 0 ≤ i ≤ M, 0 ≤ n ≤ N} is the
solution of the difference scheme (10). Then, the following estimate
holds:

∥Un∥∞ ≤ 1

σα,τω
(α)
n

max
1≤m≤n

∥fm∥∞ , 1 ≤ n ≤ N, (11)

where Un = {U0,n, U1,n, ..., UM,n}.

The approximation scheme (10) has a truncation error and con-
vergence order of O(τ 2−α + h2).

Theorem 2. Suppose {Ui,n| 0 ≤ i ≤M, 0 ≤ n ≤ N} is the
exact solution of problem (6)–(8) and

{
Ui,n| 0 ≤ i ≤M, 0 ≤ n ≤ N

}
is the solution of difference scheme (10). Consider the error

eU i,n = Ui,n − Ui,n, 0 ≤ i ≤M, 0 ≤ n ≤ N.
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Then, for some c1 > 0, it holds that∥∥eUn

∥∥
∞ ≤ c1T

αΓ(1− α)(τ 2−α + h2), 1 ≤ n ≤ N. (12)

4 Numerical Algorithm for Inverse

Problem

Let us represent the solution u(x, t) of the inverse problem (1)–
(4) as a sum of functions

u(x, t) = w(x, t) + v(x, t).

Here, v(x, t) is a solution of the initial boundary value problem

Dα
t v(x, t)− vxx(x, t) = f(x, t), (13)

v(x, 0) = 0, 0 ≤ x ≤ 1, (14)

{
vx(0, t)− av(0, t) = 0,

vx(1, t) + av(1, t) = 0,
0 ≤ t ≤ T. (15)

We can obtain v(x, t) numerically using the difference scheme (10).
Then, for w(x, t) and ψ(x), we have an inverse problem in form

Dα
t w(x, t)− wxx(x, t) = ψ(x)η(x, t), (16)

w(x, 0) = 0, 0 ≤ x ≤ 1, (17)

{
wx(0, t)− aw(0, t) = 0,

wx(1, t) + aw(1, t) = 0,
0 ≤ t ≤ T, (18)

w(x, T ) = ϕ(x), 0 ≤ x ≤ 1, (19)

where ϕ(x) = φ(x)− v.
We discretize problem (16)–(19) as described above.
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Let us introduce the operator A : R(M+1) → R(M+1) that rep-
resent obtaining the solution Wi,N = w(xi, T ), i = 0, ...,M of the
problem (16)–(18) with assumed values ψi.

Then, the inverse problem of finding ψ can be represented in
the form of an operator equation.

Aψ = ϕ, (20)

We implement the Tiknonov regularization method by changing
the problem (20) by the regularized one [13]

(A∗A+ βI)ψ = A∗φ, (21)

where β is the regularization parameter.
Let us denote B = A∗A+βI and b = A∗φ. Then, equation (21)

takes form

Bψ = b, (22)

To choose the appropriate value of the regularization parameter
β, we apply Morozov’s discrepancy principle [11]. Parameter β is
chosen from the relation

βD = β(δ) : ∥AψβD
− φδ∥2 = δ2. (23)

To solve equations (20) and (22), we apply the biconjugate gra-
dient stabilized (BiCGSTAB) iterative method [34].

Below is the listing of the iterative BiCGSTAB process for equa-
tion (22).

1. (a) Set s = 0 as iterative step.

(b) Compute r0 = b−Bψ0, where ψ0 is some initial approx-
imation.

(c) Set some arbitrary r∗. We used r∗0 = r0.

(d) Set p0 = r0

2. Until convergence (∥rs∥ < µ, 0 < µ < 1) do:
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(a) Compute coefficient χs = (rs, r
∗
0)/(Bps, r∗0).

(b) Compute ds = rs − χBps.
(c) Compute coefficient ξs = (Bds, ds)/(Bds,Bds).
(d) Compute ψs+1 = ψs + χsps + ξsds.

(e) Compute rs+1 = ds − ξsBds.

(f) Compute coefficient ζs =
(rs+1,r∗0)

(rs,r∗0)
× χs

ξs
.

(g) Compute ps+1 = rs+1 + ζs(ps − ξsBps).
(h) Increment the step counter s = s+ 1.

(i) Go to step 2(a).

At steps 1(b), 2(a), and 2(e), we need to compute the value of
operator B using difference scheme (10).

5 Numerical Experiments

The test problem is as follows:

Dα
t u(x, t)− uxx(x, t) = ψ(x)η(x, t) + f(x, t),

u(x, 0) = 0, 0 ≤ x ≤ 1,

{
ux(0, t)− au(0, t) = 0,

ux(1, t) + au(1, t) = 0,
0 ≤ t ≤ 1.

Obtaining the analytical solution to the forward problem is a 
difficult ta sk. We  us e th e di fference sch eme (10 ) to numerically 
solve the initial boundary value problem with known functions 
ψ(x), η(x, t), f(x, t). Thus, we obtain the final data φ (x). To test 
the stability, we add the random perturbations to this data:

φδ = φ(1 + rand(−ϵ, ϵ)),

where ϵ is the noise level, and δ = ∥φ − φδ∥.

International Journal of Applied Mathematics 
Volume 38 No. 1s, 2025 
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Received: July 18, 2025 1070



To assess the accuracy of the approximate solution ψ̃, we com-
pute the relative error

γ =

∥∥∥ψ − ψ̃
∥∥∥

∥ψ∥
.

5.1 Example 1

In this example, we used the following functions:

f (x, t) =
Γ (m+ 1)

Γ (m+ 1− α)
tm−α

(
x2 (1− x)2 + ax (1− x) + 1

)
,

η(x, t) = 2tm.

ψ(x) = sin(4πx) cos(1− πx).

Values of parameters were α = 0.5, m = 2, a = 1. Compu-
tations were performed with grid sizes M = 2048, N = 128. The
number of iterations of the BiCGSTAB method was 20.

Table 1: Results of Numerical Experiments for Example 1

Noise
Level

Relative
Data
Error

Regularization
Parameter

Relative
Solution
Error

ϵ δ
∥φ∥ β γ

0 0 0 0.005

0.001 5.7× 10−4 5× 10−7 0.035

0.01 5.7× 10−3 5× 10−6 0.14

0.1 5.7× 10−2 5× 10−5 0.35

Table 1 shows the values of the regularization parameter β and
the relative error γ of the obtained solution with respect to noise
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level ϵ and relative data error δ
∥φ∥ . Values of regularization pa-

rameter β were chosen using the discrepancy principle (23) as a
maximum value so that inequality ∥Aψβ − φδ∥ ≤ δ holds.

Figures 1(a)–(d) show the graphs for input data φ(x) and φδ(x)
for various noise levels ϵ.

a b

c d

Figure 1: Graphs of input data φ(x) (blue lines) and noised data
φδ(x) (red dots) for Example 1 for various noise levels ϵ. (a) ϵ = 0
(no perturbation); (b) ϵ = 0.001; (c) ϵ = 0.01; (d) ϵ = 0.1.
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Figures 2(a)–(d) show the graphs of exact solution ψ(x) and

approximate solution ψ̃(x) for various noise levels ϵ.

a b

c d

Figure 2: Graphs of exact solution ψ(x) (blue lines) and approx-

imate solution ψ̃(x) (red dots) for Example 1 obtained from the
input data φδ(x) with various noise levels ϵ. (a) ϵ = 0 (no pertur-
bation); (b) ϵ = 0.001; (c) ϵ = 0.01; (d) ϵ = 0.1.
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Figures 3(a)–(d) show the graphs of the solution error ψ(x) −
ψ̃(x) for various noise levels ϵ.

a b

c d

Figure 3: Graphs of solution error ψ(x) − ψ̃(x) for Example 1 ob-
tained from the input data φδ(x) with various noise levels ϵ. (a)
ϵ = 0 (no perturbation); (b) ϵ = 0.001; (c) ϵ = 0.01; (d) ϵ = 0.1.

5.2 Example 2

In this example, we used the following functions:

f (x, t) =
Γ (m+ 1)

Γ (m+ 1− α)
tm−α

(
x2 (1− x)2 + ax (1− x) + 1

)
,
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η(x, t) = 2tm.

ψ(x) =

{
x, 0 ≤ x ≤ 0.5,

1− x, 0.5 < x ≤ 1.

Values of parameters were α = 0.5, m = 2, a = 1. Compu-
tations were performed with grid sizes M = 2048, N = 128. The
number of iterations of the BiCGSTAB method was 20.

Table 2 shows the values of the regularization parameter β and
the relative solution error γ with respect to noise level ϵ and relative
data error.

Table 2: Results of Numerical Experiments for Example 1

Noise
Level

Relative
Data
Error

Regularization
Parameter

Relative
Solution
Error

ϵ δ
∥φ∥ β γ

0 0 0 0.00015

0.001 5.9× 10−4 1× 10−5 0.025

0.01 5.8× 10−3 1× 10−4 0.07

0.1 5.8× 10−2 1× 10−3 0.12
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Figures 4(a)–(d) show the graphs for input data φ(x) and φδ(x)
for various noise levels ϵ.

a b

c d

Figure 4: Graphs of input data φ(x) (blue lines) and noised data
φδ(x) (red dots) for Example 2 for various noise levels ϵ. (a) ϵ = 0
(no perturbation); (b) ϵ = 0.001; (c) ϵ = 0.01; (d) ϵ = 0.1.
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Figures 5(a)–(d) show the graphs of exact solution ψ(x) and

approximate solution ψ̃(x) for various noise levels ϵ.

a b

c d

Figure 5: Graphs of exact solution ψ(x) (blue lines) and approx-

imate solution ψ̃(x) (red dots) for Example 2 obtained from the
input data φδ(x) with various noise levels ϵ. (a) ϵ = 0 (no pertur-
bation); (b) ϵ = 0.001; (c) ϵ = 0.01; (d) ϵ = 0.1.
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Figures 6(a)–(d) show the graphs of the solution error ψ(x) −
ψ̃(x) for various noise levels ϵ.

a b

c d

Figure 6: Graphs of solution error ψ(x) − ψ̃(x) for Example 2 ob-
tained from the input data φδ(x) with various noise levels ϵ. (a) 
ϵ = 0 (no perturbation); (b) ϵ = 0.001; (c) ϵ = 0.01; (d) ϵ = 0.1.

5.3 Discussion

From these examples, we can see that the developed numerical 
algorithm performs satisfactory. The lower the noise level ϵ, the 
lower the error of the approximate solution. Thus, the numerical 
experiments confirm the validity of the regularized algorithm. The
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numerical algorithm allows one to obtain the stable solution even 
in the case of significant perturbations in the input data.

6 Conclusions

In this work, we have constructed a numerical algorithm for 
solving the inverse problem of source term identification f or the 
subdiffusion e quation w ith S turm-type b oundary c onditions. The 
algorithm is based on the biconjugate gradient stabilized itera-
tive method and Tikhonov regularization. At each iteration of the 
method, we need to solve the initial boundary value subproblems. 
To solve these subproblems, we apply the difference s cheme. We 
have performed a series of numerical experiments to study the per-
formance of the developed algorithm. The results of the numerical 
experiments show that our algorithm allows us to obtain a stable 
solution in the case of perturbed data.

In the future, we plan to adapt our numerical algorithm to solve 
the inverse problem of source term identification f or t he subdiffu-
sion equation with nonlocal not strongly regular boundary condi-
tions. We plan to conduct theoretical research on the stability and 
convergence of our algorithm for the nonlocal problem.
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