International Journal of Applied Mathematics

Volume 38 No. 1s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

ON THE ITERATED CONVOLUTION OPERATORS ®* AND THEIR
DISTRIBUTIONAL FUNDAMENTAL SOLUTIONS IN R"

Sudprathai Bupasiri

Faculty of Education,
Sakon Nakhon Rajabhat University
Sakon Nakhon 47000, THAILAND e-mail: sudprathai@gmail.com

Abstract

We investigate the fundamental solution of a class of higher-order differential operators defined
via an iterated convolution structure, denoted by ®*, which generalizes certain polyharmonic-
type and ultra-hyperbolic operators. Within the framework of distribution theory, we construct
explicit formulas for the fundamental solutions corresponding to these operators and analyze
their behavior depending on the iteration order k and the dimension n. We also provide a
classification of solutions to associated inhomogeneous equations, describing conditions under
which they are classical functions, tempered distributions, or purely singular distributions. Our
results offer a systematic method for solving a broad class of linear partial differential equations
with constant coefficients and possess potential applications in mathematical physics and
generalized function theory.
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1 Introduction

Fundamental solutions play a crucial role in distribution theory and have numerous applications
in mathematical physics, elasticity, heat transfer, and quantum mechanics. The concept was
originally introduced by Ram P. [7], where a fundamental solution E(x) is defined as a
generalized function that satisfies the equation LE(x) = §, with § denoting the Dirac delta
distribution. This solution is not unique since any solution of the homogeneous equation
LE (x) = 0 can be added to E (x). Kananthai [1] studied the fundamental solution of the iterated
diamond operator equation O¥E(x) = &, where the solution has the form

E(x) = ng(u) * (—1)kR§k(U)'

with * denoting convolution. Nozaki [14] defined and investigated properties of the ultra-
hyperbolic kernel and the elliptic kernel of Marcel Riesz.

Later, Kananthai et al. [2] studied the relationships between the operator @* and both the
wave and Laplace operators. They showed that the fundamental solution K (x) of the equation
@* K(x) = § can be expressed as

K(x) = [ng(u) * (—1)kR§k(V)] * So (W) * T (2),
where the operator @F is defined by
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41k
k _|(syp 2 p+q 0°
D - [( r= 16x) (Zl p"‘li)x) l (1.1)
= OLELE,
with LX and LX given by
k
62
=2 + 130 (1.2)
k_ [y 2 _ yora 2]
LZ = r=1@_l j=p+1ajzl . (13)
It follows that
k _ pkrk _ 1kyk _ 2% \? p+q 21"
Lk = Kk = IK1% [(Ha) (Zmﬂa)l- (1.4)
Kananthai [1] also defined the diamond operator as
? 2"
k _ |(yP p+q
O _[( r= 1636) (Z] p+16x> l . (1.5)
This operator can be decomposed as O¥ =0k AK=A*TO* where
k
+ 92
Dk:( r= 1ax ?Sﬂa—sz_) ’ (1.6)
+
Ak=< D+ ) , (1.7)
withp +q = n.

By setting p = k = 1 and x; = t (time), equation (1.6) reduces to the classical wave operator

62

Tariboon and Kananthai [4] introduced the operator

4 K
+
(@ +m?)* = [( L) - () +m2] . (19)
and demonstrated its relationship to the iterated Klein—Gordon and Helmholtz operators.
Moreover, they considered the equation
@D +m2kGx=5x, (1.10)

where (@ +m?)¥ is the k-times iterated operator defined in equation (1.9), § denotes the
Dirac delta distribution, x = (x4, X5, ..., x,) € R™, and k is a non-negative integer. The
solution G (x) is given by

G(x) = Yap2k2k,2 (W, v, W, 2, M),
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where
Y2k,2k,2k,2k (w,v,w,z,m)

o (~D)7 Tk +7)
= 1 T (k) (M*)" Ky ar2k42r2k+ 27 2420 (U V, W, Z)

r=0

serves as the fundamental solution of equation (1.10). Here, m is a non-negative real number,
and

K2k+2r,2k+2r,2k+2r,2k+2r (w,v,w,z)
is defined by

Ka+2r LB+2r,y+2r, v+2r(u v,w, Z) - ( 1)B/2+TRa+2r(u) * RE+2r(v) * y+2r(W) * v+2r(Z);
(1.11)
with @ = f =y = v = 2k. Satsanit also defined the operator

k
"= (( = 1ox2 ) <2?+§+1a ) ) B (Azzuz)k_ (1.12)

From this, the operator ®* is given by

41k
®" =[( ey ) (25’*;3“6 )l (1.13)

= (§A4+%D4+§<>2) .

(1.14)

Trione [11] studied the fundamental solution of the iterated Klein-Gordon operator
(O +m?)*, defined as

(O +m?)* = [( i 1ax -3 p+162)+m ] (1.15)

From the operators in (1.9) and (1.13), we define the new operator ®* as

2\*  m? 2 + tomw il
o [<( ) +%) - ((87535) _7)] (11

= (& +m*)* ®".
For m = 0, this reduces to
8 k
OF =B Rk= [( p_ 16(’;) (Zf+§+1aa;> l . (1.17)
In this paper, we study the fundamental solution u(x) of the following equation:
@ u(x) = Er=ocr @ 8(x), (1.18)
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where k and t are non-negative integers, m = 0, and §(x) is the Dirac delta distribution. In
particular, we consider the case m = 0 and analyze the fundamental solution associated with
the operator

p e 8 p+q e
( 18er> B Z ax?
'r:

2 Preliminaries

In this section, we provide several definitions and lemmas regarding fundamental solutions
associated with various differential operators. These results, drawn from classical and recent
works, will serve as the theoretical foundation for our analysis.

Definition 2.1. Let x = (x4, x5, ..., X,) € R", and define
U=x7+x5+ X —Xp — Xpio— = Xpig 2.1)

where p + q = n. Let Ty, = {x € R":x; > 0 and u > 0} denote the interior of the forward
cone, and I'; its closure. Following Nozaki [14] , define the ultra-hyperbolic kernel of Marcel
Riesz by

vz
REW = g TXET (2.2)
0, otherwise

where a is a complex parameter, and

R o i e
al®) = )

2 2

(2.3)

RH(w) is a locally integrable function if Re @ = n and a distribution if Re @ < n. Its support
is contained in T,

For the special case p = 1, the kernel simplifies to the hyperbolic kernel of Marcel Riesz,
denoted by M, (u), defined as

a—n

u 2 .
M, (w) = m@’ ifx €Iy; 2.4)
0, otherwise
withu = x? — x2 — - — x2 and H,(a) = n(*~D/220-11 (_a_:+2).

Definition 2.2. Let x = (xq, x5, ..., X,) € R™ and define
V=0 x5 et xp X X X (2.5)

Then the elliptic kernel of Marcel Riesz is given by

RE(v) = — (2.6)

Hy(a)
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where

nl/22er (2
@ =y

2

2.7)

We now summarize a collection of lemmas regarding fundamental solutions of various
iterated differential operators. These results will be used in subsequent sections.

Lemma 2.3 ([1]). Let A* u(x) = & for x € R", where A* denotes the iterated Laplacian
operator. Then the fundamental solution is given by

u(x) = (=1D*R5, (v), (2.8)
where
n—2k
RS, (v) = gL jppern (2.9)
22kn2r(k)

Lemma 2.4 (11). Let O u(x) = & for x € T, € R®, where O¥ denotes the iterated ultra-
hyperbolic operator. Then the fundamental solution is

u(x) = R (W), (2.10)

where
2k—n

H _ (x%+...+x%-x§+1_..._x§+q) 2
R (w) = e . @.11)

Lemma 2.5 ([1]). Let O*u(x) = & for x € R, where OF is the iterated diamond operator.
Then the fundamental solution is

u(x) = (—1)*RS, (v) * RY (), (2.12)
which is also a tempered distribution.

Lemma 2.6 ([2]). Let L¥u(x) = & in R™, with L defined by (1.2). Then the fundamental
solution is

u(x) = (=D (=)¥2Sy, (w), (2.13)
where
S — —F(n_;k) 2 4 ... 2 _ (2 2 (Zkz_n) 2.14
(W) 7 [x1 +-+x; l(xp+1 + +xp+q)] ) (2.14)
22kg21(k)

Lemma 2.7 ([2]). Let Lu(x) = & in R™, with LY defined by (1.3). Then the fundamental
solution is

u(x) = (—D*)2Ty (2), (2.15)
where
) e a2 ED
Tor(2) = =[x} + -+ x5 +i(x2, + -+ x21q)] : (2.16)
22km2r (k)

Lemma 2.8 ([2]). Let L*u(x) = &§ in R®, where L¥ is defined by (1.4). Then the fundamental
solution is
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u(x) = Sz (w) * Ty (2). (2.17)
Lemma 2.9 ([6],[9],[12]). The functions RY,, (w) and (—1)*RE,, (v) are the inverse in the
convolution algebra of RE, (w) and (—1)¥RS, (v), respectively. That is,
Ry () * R (W) = R%ype i (W) = RY (W) = 6,
(—1)kR32k(V) * (—1)kR§k(V) = (—1)2kazk+2k(U) = R5(v) = 0.

Lemma 2.10 ([13]). (Convolution of RE(v) and RH(u)). Let RE (u) and RE(v) defined by
(2.2) and (2.6) respectively, then we obtain:

(i) RG(v) * Rg(v) = Ry, 5(v) where a and B are complex parameters;

(i) RH (u) = REI (w) =RY, p (W) for a and B are both integers and except only the case both a
and [ are both integers.

Lemma 2.11 ([3]). (Convolution of S,,(w) and T,(z))

(i) S, (W) * S (w) = (V25,1 (W);
(ii) T, (2) * T\ (2) = (=D)9?T, 1, (2).
Moreover,
Sow) = ()28, To(2) = (—D¥?6.

Lemma 2.12 ([4]). Let (® +m?)*u(x) = 68, with k € Ny, m = 0, and (@ +m?)* defined
by (1.9). Then the fundamental solution is
u(x) =Yy v,w,z,m)

= Z?:o(_rk) merngzr (w) * (_1)k+rR§k+2r (V) * Sara2r W) * Topy2r(2).
(2.18)

(2.19)
In particular, when m = 0, we recover

Yor(w,v,w,2,0) = Rg’k(u) * (—1)kR§k(V) * Sor (W) * Ty (2), (2.20)
which is the fundamental solution of @®X.
Lemma 2.13 ([8]). Letx € R", m > 0, and k € N. Consider the equation

®F G(x,m) = (B +m?)* ®* G(x,m) =6, (2.21)

where & is the Dirac delta distribution, the operators (P +m?)* and Q@ denote k-times
iterated versions of the operators defined in (1.9) and (1.13), respectively.

Then, a fundamental solution of the operator ®¥ is given by
*—1
G(xr m) = YZk,Zk,Zk,Zk(u' v, W,z m) * [szk(u) * (_1)6kaZk(v) * (H*k(x)) ]'
(2.22)

or equivalently,

*—1
G(x,m) = Y2k,2k,2k,2k(u; v, W, Z,m) * [Rka(u) * Rka(V) * (H*k(x)) ],
(2.23)
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where Yy 21 21,21 (W, U, W, Z,m) is a generalized function, and * denotes convolution in
appropriate variables. Furthermore, the following identities hold:

(i) The fundamental solution of the ultra-hyperbolic operator OF defined in (1.6) is given by

[RE 51 (W) * (= 1)7KRE 143e(0) * S_pie (W) * Tpie (] * (H*()) * 6 (x, 0)

= ng(u).
(2.24)

(ii) The fundamental solution of the iterated Laplacian A¥* defined in (1.7) is given by either
[R§14k(u) * (—1)6ka12k(U) * S_oi(W) * T_p (2)] * (H*k(x)) * G(x,0)

= (=D*R5 (v),
(2.25)

or

R 4e(w) * RE.151c(0) % S_ppe (W) * Tppe(2)] + (H™*(x)) % G (x, 0)

= (=D*R5, (v).
(2.26)

(iii) The fundamental solution of the operator L¥ = LXL%, as defined in (1.4), is
(R4 () * (—1)7*R1 41, ()] * (H(x)) % G (x,0) = S53e(w) * Tye(2).
(2.27)

Here, the distributions R® 4, (v), R, . (W), S_ox (W), and T_,,,(z) denote the convolution
inverses of RS,;,(v), RE,, (w), S, (W), and Ty, (2), respectively.

3 Main Results

We now establish one of the main results concerning the behavior of the iterated convolution
operator ®* acting on the associated fundamental solution.

Theorem 3.1. Let k and r be positive integers with 0 < r < k. Then the following
identities hold.:

*=1
@k <Y2k,2k,2k,2k(u; v, W,Zz,m) * szzc(u) * (—1)6kR52k(17) * (H*k(x)) )
= Ya(k—r)20k=1) 2(k=1),2(k—r) W V, W, Z, M) * sz(k—r) (w)

*—1
« (—1)6kRE, (v) * (H*("‘r)(x)) .

3.1)

Furthermore, for all integers t = k, we have
*—1
®° (Y2k,2k,2k,2k(uv v,w,2,m) * Rip(u) * (=1 R, (v) * (H*k(x)) ) =@,
(3.2)
Proof. Let 0 < r < k. By Lemma 2.13, we have
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*—1
@ (Yo izt v,w,2,m) * Rl (0) * (“DHRE (0)  (H*(0) ) = 6.

Applying the decomposition ®*=@®*""®", we obtain

*—=1

@ <®r <Y2k,2k,2k,2k(u» v, w,2,m) * Ri (W) * (—1)**Riz (v) * (H*"(x)) >> =0
Equivalently,
*—1
@k T §x@" <Y2k,2k,2k,2k(u: v, w,2,m) * Rip (W) * (—1)*Ry; (v) * (H*k(x)) ) =0

Now convolve both sides with the fundamental solution corresponding to ®*~", namely
Ya(k=r)2(k=r)20c1),2e—r) U V, W, 2,m) % Rib s () ¥ (=1)°*DIRS, 1y (v) *
(H*(k,—r) (x))*_l_

Using the associativity of convolution, the left-hand side becomes

_ _ w(k— *=1
@k (YZ(k—r),Z(k—r),Z(k—r),Z(k—r) (u,v,w,z,m) * Rib ey W) * (=1)*IRE, o (0) * (H** 7 (x)) )
* *—1
*®" (Y2k,2k,2k,2k(u; v, W, 2z,m) * Rfyy (u) ¥ (=1)®*R{,, (v) * (H™*(x)) ).
while the right-hand side becomes

Yo (e 2Ge-r) 2=, 20e—r) W Vs W, 2,m) % RYy oy () * (—1)S*IRE, 5 (v)
*—1
« (H'*T(x)) 6.

By Lemma 2.13, convolution with é leaves the function unchanged. Therefore, equating both
sides implies

*—1
®" <Y2k,2k,2k,2k(u; v,w,z,m) x R, (W) x (—1)°kR%,, (v) (H*k(x)) )

_ w(l— *=1
= Ya(ker),20e=,20k=r)20k=r) WV, W, 2,m) * REy () * (—1)6* RS, () * (H** () 7,
as required.

For the case t > k, using again Lemma 2.13, we have
*=1
®* <Y2k,2k,2k,2k(u: v,w,2z,m) * Rip(u) * (=1)% R, (v) * (H*k(x)) )

*—1
=@tk (@k (sz,Zk,Zk,Zk(U, v, W,Z,m) * R{ék(u) * (—1)6kazk(V) * (H*k(x)) ))
=@tk s.

This completes the proof. O

Theorem 3.2. Consider the linear differential equation

@k u(x) = Zrt'zo Cr @r 6,
(3.3)
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wherep + q = n, x € R", each ¢, € Ris a constant, § is the Dirac delta distribution, and we
define ®° & = 8. Then, the solution u(x) depends on the relationship between k and t, as
follows:

(1) Case t = 0 < k: The solution is given by

*—1
u(x) = €0 Varauziean (@ v, w,2,m) * Rl (1) * (~1)%REp (0) + (H* ()
(3.4)

which represents the fundamental solution to the operator ®* in Lemma 2.13. This solution is
an ordinary function when 2k > n and 12k > n, and it is a tempered distribution when 2k <
nand 12k < n.

(2) Case t = 0 < k with m = 0: Then the solution is

w(x) = co (~1)7FREy (0) * Rl 0) » e (W) * Ty (2) » (H ()

which corresponds to the fundamental solution of the operator defined by equation (1.17). This
is an ordinary function when 2k > n and 14k > n, and a tempered distribution when 2k <n
and 14k <n.

(3) Case 0 < t < k: The solution takes the form
t

u(x) = Z Cr Ya(kor)20k=r)20e—r),20e=r) W U, W, 2,m) * Rih 3 (w) *

r=0
*—1
(—1E IRy @)+ (HED ()

which is an ordinary function when 2(k —r) = nand 12(k — r) = n for all r, and a tempered
distribution when 2(k —r) <nand 12(k —r) < n.

(4) Case t = k: Then the solution is given by u(x) = Yi_, ¢, @K 8, which is a purely
singular distribution and cannot be expressed as an ordinary or tempered function.

Proof.
(1) For t = 0, the equation reduces to
®F u(x) = cy6.
By Lemma 2.13, the solution is
u(x) = co Yor,2k,2k2c (W, v, W, Z, M) * R () * (—1)%%RE, (v) * (H*k(x))*—l-
(3.5)
When 2k > n and 12k > n, each of the functions

*—1
Y2k,2k,2k,2k(U, v, W, z,m), szk(u), 162k(v)’ (H*k (x))

is analytic, and their convolution in (3.5) exists as an analytic (ordinary) function by
(2.22). On the other hand, for 2k <n and 12k < n, by Lemmas 2.5 and 2.13, the
solution is a tempered distribution.
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(2) For the case t = m = 0, similarly,

@k u(x) = C06'
and by Lemmas 2.10, 2.13 and equation (2.20), we have

*—1
u(x) =cg YZk,Zk,Zk,Zk(u’ v,w,z,0) * R{IZk(u) * (_1)6kaZk(U) * (H*k(x))

= Co(—1)7*RE 4 (v) * Rl () * Sy (W) * T (2) « (H*(0)) .

When 2k > n and 14k > n, all components are analytic and their convolution defines
an ordinary function by (2.22). For 2k < n and 14k < n, the solution is a tempered
distribution by Lemmas 2.5 and 2.13.

(3) For 0 < t < k, the equation is
t
®Fulx) = z c, ®6.
r=1

Convolve both sides by the fundamental solution

*—1
Yok 2k 22k (W, v, W, Z,m) * RiY (w) * (—1)®¥RS,, (v) = (H*k(x)) )

to obtain

*—1
®F (sz,Zk,Zk,Zk(u: v,w,z,m) * Rip(u) * (=1)% R, (v) * (H*k(x)) ) *u(x)
t

*—1

= Z cr ®" (Y2k,2k,2k,2k(u' v,w,z,m) * Ry, (u) * (=1)°*R{,, (v) * (H*k(x)) )
r=1
By Lemma 2.13 and Theorem 3.1, this implies
t

u(x) = Z ¢r Yatkor) 2=, 20e=r),20c-r) (W V, W, Z,m) * Ry 5 (1)

r=1
*—1
# (=1 E RS,y (@) + (H D))

As in case (1), u(x) is an ordinary function if 2(k —r) > nand 12(k —r) > n;
otherwise, it is a tempered distribution.
(4) For t = k with k < t < M, the equation is
M
®Fulx) = Z c, ®" 6.
r=k

Convolving both sides by the fundamental solution as before, and using Lemma 2.13
and Theorem 3.1, yields

M

u(x) = Z c, ®RS.

r=k
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Since ®" ¥ § are singular distributions, u(x) is a singular distribution in this case.
This completes the proof. O

Theorem 3.3. Consider the equation

®F h(x) = f(x),
(3.6)

where f(x) is a given generalized function and h(x) is the unknown function. Then

h(x) = G(x,m) = f(x)
(3.7)

is a solution to equation (3.6), where G(x,m) is the fundamental solution of the operator ®*
given in Lemma 2.13.

Proof. Convolve both sides of (3.6) with G (x, m), the fundamental solution for ®* from
Lemma 2.13, to obtain

G(x,m) *®@* h(x) = G(x,m) * f (x).
Since convolution is associative and commutative in this context, this can be rewritten as

®F G(x,m) * h(x) = G(x,m) = f(x).
By Lemma 2.13, we have ®* G (x,m) = &, the Dirac delta distribution, hence

& * h(x) = G(x,m) * f(x).
Since convolution with § leaves the function unchanged, it follows that
h(x) = G(x,m) * f(x),
which completes the proof. O
Corollary 34. Ift < k and t = m = 0, then equation (3.3) has the solution

U(x) = ¢o(~1)*REyy () * R () * Sy (W) * T (2) = (H ()

which is the fundamental solution corresponding to the operator

p e 8 p+q 2 81"
o) ~ Z oz | | ™

r=1 Jj=p+1 J
Sse-(5 )]

-V, -1 =] e
r=0 r=1 axr j=p+1 axj

with Co = 1.
4 Applications

The results obtained in this paper have potential applications in several areas of mathematical
analysis and mathematical physics. In particular, the explicit construction of fundamental
solutions to the iterated operator ®* enables the following:
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(1) The operator ®* generalizes various elliptic and hyperbolic differential operators. The
fundamental solution G (x, m) can be used to solve inhomogeneous partial differential equations
(PDESs) of the form

®* h(x) = f(x),

where f(x) is a generalized function. This includes problems involving anisotropic
media or directional diffusion processes.

(2) The convolution representation

h(x) = G(x,m) * f(x)

can be interpreted as a Green’s function method for linear PDEs with constant
coefficients, particularly in higher-dimensional settings. This facilitates both analytical
and numerical approaches for boundary value problems.

(3) When the operator ®* is constructed to resemble the difference between powers of
Laplacians on complementary subspaces, the solution represents directional wave propagation.

This is applicable in problems in elasticity, seismology, and the modeling of anisotropic wave
fields.

(4) The presence of delta distributions on the right-hand side of the equation
t
@ u() =) ¢ @
r=0
models physical systems with concentrated sources, such as point charges, heat sources,

or impulsive forces. The solution form derived in Theorem 4 provides insight into how
such sources propagate under the operator.

(5) The distinction between ordinary functions and tempered distributions (depending on the
relation between k, n, etc.) allows these solutions to be used in generalized function spaces,
such as §'(R™), which are commonly used in Fourier analysis and quantum field theory.

These applications show that the operator-theoretic framework and the convolutional approach
presented here are not only theoretically significant but also practically valuable in the analysis
of complex systems governed by differential operators.

5 Conclusion

In this paper, we investigated the fundamental solution associated with the iterated
operator ®*, which generalizes a class of high-order partial differential operators defined on
R™. By employing the framework of distribution theory and convolution techniques, we derived
explicit forms of solutions under various assumptions on the source terms. In particular, we
provided analytic representations of the fundamental solutions for the cases where the operator
acts on Dirac delta distributions and their iterates.

We classified the nature of the solutions based on the relative sizes of the iteration order
k, the spatial dimension n, and the order of the delta terms involved. It was shown that under
certain conditions, the fundamental solutions are ordinary analytic functions, while in other
settings, they exist only in the sense of tempered distributions or singular distributions.
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Moreover, we established general convolution formulas that allow the solution of the equation
®* h(x) = f(x) for arbitrary generalized source terms f(x). These results not only provide
insight into the structure of high-order differential equations but also serve as a foundation for
further theoretical analysis and applications in mathematical physics, wave propagation, and
generalized function theory.

Future work may extend these results to include variable-coefficient operators, non-
Euclidean geometries, or nonlinear extensions of the ®* operator.
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