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Abstract

This article is devoted to the construction of optimal quadrature formulas with derivative in
the space of differentiable functions using the Sobolev method. This quadrature formula consists of a
linear combination of the values of the interval [0,1] up to the second derivative of the function at all
nodes. The error of the quadrature formulas is estimated by the norm of the error function. We obtain
the optimal quadrature formula by minimizing the norm of the error functional by the coefficients of
the quadrature formula with derivative. Numerical examples are provided to demonstrate the
effectiveness and accuracy of the work presented.
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1. Introduction

Optimal quadrature formulas with derivative are methods of approximate calculation of
definite integrals. They are necessary for calculating the integrals when an antiderivative of the
functions under the integral cannot be expressed by elementary functions or the integrand exists only
at discrete points. The use of formulas with a high level of algebraic accuracy in the integration of
non-smooth functions does not lead to the good results. Therefore, it is important to construct optimal
quadrature formulas with derivatives in the space of differentiable functions and estimate their errors.
In this work, optimal quadrature formulas with derivatives are obtained based on the variational
approach for the approximate calculation of definite integrals and numerical solutions of integral
equations using the values of the given function up to the second order derivative at the nodes.

We consider the following quadrature formula
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the difference below is the error of the quadrature formula
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where €[ 1)(x) is the indicator of the interval [0,1], §(x) is the Dirac’s delta-function,

) ﬁ = OJNI
ColBl = h, B=T,N—1, [B] =hB, h = %, N is a natural number.
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According to the definition of the functional norm
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from this, we get the Cauchy-Schwarz inequality
|Gl < u|LS™ 11 £y ] LS

As it can be seen from this inequality, the error of the quadrature formula with derivative (1) is
estimated by the product of the norm of the error functional £y (x) obtained from the conjugate space
Lgm) and the norm of the function u obtained from the space L(zm) (0,1). Since the error function €

is defined in space L(Zm) (0,1), it satisfies the following conditions

Epy,x%) =0, a=012,...,m—1. 3)
The norm of the error function (2) depends on C;[S] coefficients, and we minimize the norm of the
error function by C,;[B] coefficients. In order to construct the optimal quadrature formula with
derivatives in the form (1), we need to solve the following problems [1,2] .

Problem 1. Finding the general view of the error functional norm (2) of the quadrature formula with
derivatives of the form (1) in L(zm)*(O,l) space.
Problem 2. 7o find the coefficients that give the minimum to the norm of the error functional.

2. Main results

To solve Problem 1, we use the Riess theorem [3]. The norm of the error function can be written as
follows [4,5]

lenl = By, Up) = (£n G0, (D™ () * G (6) + Py ()
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where
Up(x) = (=1)™y (x) * G2 (x) + Py (%),
c B |x|2m—5
m—2(X) = 2. (2m —5) (2m —5)!

The following is true [6].
Theorem 1. An overview of the norm of the error functional (2) corresponding to the derivative
quadrature formula (1) is as follows
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Theorem 2. For the coefficients of the optimal quadrature formula (1) in L(24)(0,1) space the
_aN -
following equalities hold C{[0] = C{[N] = ah%, Ci[B] = ah(qﬁ + qN_B), B =1N—-1,

h2

where a = ——— q=+3-2.
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Proof. To determine the optimal coefficients, we employ the method of Lagrange multipliers. In this
context, based on the conditions (3), we formulate the following Lagrange function

D(C1[B1Aq) = Ieyll* + (=)™ (€y, x*), a=0,1 4

From the (4), by equating the partial derivatives for the unknown constants C;[f8] and A, to zero, we
get the following system

Y=o Glv1 G (Bl = [yD + A IBl = £ulBl, B =0,N, ()
Y=o Cilyl =0, LY=o Cily1[B1 =0 (6)
To get an analytical solution for these equations, we use discrete analogue of the differential operator

4
L [7], when B < 0and 8 > N for C; [#] = 0. Then, we write equation (5) in the form of convolution
dx*

Cilyl =GBl + Pi[Bl = fIBl, B = (7
h K
fIB) =10 [T - 2] 30240°
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We will use the u[S] notation presented on the left-hand side of equation (7). This means that
to find the optimal coefficients C; [B] it is necessary to determine the values of the function

u(hp) for all integer values S. u[B] = f[B] for B =0, 1, ..., N. We can find the values C;[f] for
g=12,..N-1

C1[B] = hD,[B] * u[B] = hlaq? + bq"~F] (8)
where

a =3 ) q' Qi [-v1-fI-¥D),

b=3h* ) q'(QFIN +¥] - FIN + 1),
y=1

We need find a and b. To do this, we calculate on the left side of (5) the following sum

S[B] = C,[0] — [ﬁ] + S:[B] — S,[B] ©)
B-1 _ 5 N ) 3
S.[8] = z C.ly] ([p] 6[)’]) S,I8] = z .l ([B] 12[]/])
y=1 =

Calculate S; (hB) [8]

S1(hR) = — ool ’hf'“[%Z?:o(i)iAiof Py o (2 )AOJ] (10)

J13=! q-1 1-q

Calculate S, (hB)

S2(hB) ="LIN_o Ky [y1(hy)? — = Eo K [y] (hy)? (11)

We substitute equalities (10) and (11) into (9), equate the corresponding powers [f]

__, aq—bq" aq+bgV*t _ B4h?
0] = hT’ (-2 ~ 24 (12)
In equality (6) using (12), we find the form C;[N]
bq —aq"
C1 [N] = hT
As stated above, we can expand equality (7) using (10), (11) and (12)
1 .
adt + bgN*t1(—1)N+1 agV
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From equality (13) we equate the corresponding powers h

aq+qu+1 _ an+1+bq

we find a and b, from (12) and (14)

(1-q)? (1-g)?
h2
=-hp==—
¢ 120(1 + q)

Theorem 2 is completely proved. O

3. Numerical results

A10P + R 2L = ¢
q-1

(13)

(14)

For numerical solution of definite integrals, optimal quadrature formulas with derivatives were
constructed using the Sobolev method in [9,10]. In this work, we constructed an optimal quadrature
formula using the first and second derivatives of the function at the nodes.

In Table 1, for the approximate computation of definite integrals using N = 10 nodal points,
the error of Simpson’s rule (Errorl) and the error of the derivative-based quadrature formulas
constructed in this work (Error2) are defined. The numerical computation errors for the definite

integrals of the following five functions are provided I = [ 01 u(x)dx

a) u(x) = e °%* + 2sinx

¢) u(x) = cos2x —

b)u(x) =In(1 + x?) + V1 + x3

d)u(x) = ex’

1+x2
Table 1. Errors
Error | 1-example | 2-example | 3-example | 4-example
Errorl | 8.75x 1077 | 2.70 X 107° | 4.07 X 107° | 2.96 x 107°
Error2 | 1.05%x 1078 | 412 x 1078 | 4.77 x 1078 | 8.36 x 1077

In Table 2, the error of the derived formula from [11] (I-MSONC4) and the error of the
formula constructed in this work (Error2) are numerically analyzed using the following five functions

a)f(x) =e™™
¢) f(x) =v1+ x?
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quadrature formula with derivative in this work (Error2) are numerically analyzed at

Table 2. Errors

Error 1-example | 2-example | 3-example | 4-example
I-MSONC4 | 9.60 x 107 | 7.96 x 1073 | 1.27 x 1073 | 1.42 x 1072
Error2 8.50 x 107* | 5.64 x 1073 | 3.87 x 107* | 7.53 x 1073

N =10, N =100, N =500, N = 1000 node points

Table 3. Errors

In Table 3, the square of the error functional norm of the derivative-based optimal quadrature
formula constructed in [12] (Error1) and the square of the error functional norm of the optimal

125112 N=10 N=100 N=500 N=1000
Errorl [ 9.93 x 10715 | 842 x 10723 | 2.12 x 10728 | 2.29 x 10731
Error2 [ 9.38 x 10715 | 8.37 x 10723 | 2.02 x 10728 | 1.77 x 10731

In conclusion, this research is related to the construction of optimal quadrature formulas with
derivatives using the second-order derivative of a function at nodal points for the approximate

calculation of definite integrals and the numerical solution of integral equations in the L(zm) (0,1) space.
As aresult of the study, the square of the norm of the error functional of the derived optimal quadrature
formulas was determined. The system of algebraic equations was derived to minimize this norm
through coefficients. By solving the system of equations, the optimal coefficients were obtained. The
efficiency and effectiveness of the constructed formula in the numerical solution of definite integrals

are demonstrated in the tables.

(in Russian).

4. Conclusion
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