
International Journal of Applied Mathematics 
 

 

Volume 38 No. 1s, 2025 

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

 

1021 
Received: July 10, 2025 

OPTIMAL QUADRATURE FORMULA WITH DERIVATIVE 

Axmadaliev Shaxobiddin𝟏, Kuziev Shaxobiddin𝟐, Botirov Muzaffar𝟑, 

Xaydarov Iqboljon𝟒, Yuldashev Axrorjon 𝟓 
 

1,2,3,4,5Kokand University 

28 a, Turkiston str., Kokand, 150700, Uzbekistan 

e-mail: shaxobiddin.qoziyev.89@gmail.com 

 

Abstract 

 This article is devoted to the construction of optimal quadrature formulas with derivative in 

the space of differentiable functions using the Sobolev method. This quadrature formula consists of a 

linear combination of the values of the interval [0,1] up to the second derivative of the function at all 

nodes. The error of the quadrature formulas is estimated by the norm of the error function. We obtain 

the optimal quadrature formula by minimizing the norm of the error functional by the coefficients of 

the quadrature formula with derivative. Numerical examples are provided to demonstrate the 

effectiveness and accuracy of the work presented. 
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1. Introduction 

 Optimal quadrature formulas with derivative are methods of approximate calculation of 

definite integrals. They are necessary for calculating the integrals when an antiderivative of the 

functions under the integral cannot be expressed by elementary functions or the integrand exists only 

at discrete points. The use of formulas with a high level of algebraic accuracy in the integration of 

non-smooth functions does not lead to the good results. Therefore, it is important to construct optimal 

quadrature formulas with derivatives in the space of differentiable functions and estimate their errors. 

In this work, optimal quadrature formulas with derivatives are obtained based on the variational 

approach for the approximate calculation of definite integrals and numerical solutions of integral 

equations using the values of the given function up to the second order derivative at the nodes. 

 We consider the following quadrature formula 

∫ 𝑢(𝑥)𝑑𝑥 ≅
1

0
∑ 𝐶0[𝛽]𝑁

𝛽=0 𝑢[𝛽] +
ℎ2

12
(𝑢′[0] − 𝑢′[1]) + ∑ 𝐶1[𝛽]𝑁

𝛽=0 𝑢″[𝛽]   (1) 

the difference below is the error of the quadrature formula 
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(ℓ𝑁 , 𝑢) = ∫ 𝑢(𝑥)𝑑𝑥 −

1

0

∑ 𝐶0[𝛽]

𝑁

𝛽=0

𝑢[𝛽] −
ℎ2

12
(𝑢′[0] − 𝑢′[1]) − ∑ 𝐶1[𝛽]

𝑁

𝛽=0

𝑢″[𝛽] 

with error functional 

ℓ𝑁(𝑥) = 𝜀[0,1](𝑥) − ∑ 𝐶0

𝑁

𝛽=0

[𝛽]𝛿(𝑥 − 𝛽) +
ℎ2

12
(𝛿′(𝑥) − 𝛿′(𝑥 − 1)) 

− ∑ 𝐶1
𝑁
𝛽=0 [𝛽]𝛿″(𝑥 − 𝛽)      (2) 

 

where 𝜀[0,1](𝑥) is the indicator of the interval [0,1], 𝛿(𝑥) is the Dirac’s delta-function, 

 𝐶0[𝛽] = {

ℎ

2
, 𝛽 = 0, 𝑁,

ℎ, 𝛽 = 1, 𝑁 − 1, 
[𝛽] = ℎ𝛽, ℎ =

1

𝑁
, 𝑁 is a natural number. 

According to the definition of the functional norm 

∥
∥ℓ𝑁 |𝐿2

(𝑚)∗

∥
∥ = sup

∥
∥𝑢|𝐿2

(𝑚)
∥
∥≠0

 
|(ℓ𝑁, 𝑢)|

∥∥𝑢|𝐿2
(𝑚)

∥∥
 

 

from this, we get the Cauchy-Schwarz inequality 

|(ℓ𝑁, 𝑢| ≤∥ 𝑢|𝐿2
(𝑚)

∥⋅∥ ℓ𝑁|𝐿2
(𝑚)∗

∥ 

 

As it can be seen from this inequality, the error of the quadrature formula with derivative (1) is 

estimated by the product of the norm of the error functional ℓ𝑁(𝑥) obtained from the conjugate space 

𝐿2
(𝑚)∗

 and the norm of the function 𝑢 obtained from the space 𝐿2
(𝑚)(0,1). Since the error function ℓ𝑁 

is defined in space 𝐿2
(𝑚)(0,1), it satisfies the following conditions 

(ℓ𝑁 , 𝑥𝛼) = 0,    𝛼 = 0,1,2, . . . , 𝑚 − 1.    (3) 

The norm of the error function (2) depends on 𝐶1[𝛽] coefficients, and we minimize the norm of the 

error function by 𝐶1[𝛽] coefficients. In order to construct the optimal quadrature formula with 

derivatives in the form (1), we need to solve the following problems [1,2] . 

Problem 1. Finding the general view of the error functional norm (2) of the quadrature formula with 

derivatives of the form (1) in 𝐿2
(𝑚)∗(0,1) space. 

Problem 2. To find the coefficients that give the minimum to the norm of the error functional. 

2. Main results 

To solve Problem 1, we use the Riess theorem [3]. The norm of the error function can be written as 

follows [4,5]  

∥∥ℓ𝑁∥∥2 = (ℓ𝑁 , 𝑈ℓ) = (ℓ𝑁(𝑥), ((−1)𝑚ℓ𝑁(𝑥) ∗ 𝐺𝑚−2(𝑥) + 𝑃𝑚−1(𝑥))) 
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where 

𝑈ℓ(𝑥) = (−1)𝑚ℓ𝑁(𝑥) ∗ 𝐺𝑚−2(𝑥) + 𝑃𝑚−1(𝑥), 

𝐺𝑚−2(𝑥) =
|𝑥|2𝑚−5

2 ⋅ (2𝑚 − 5)!
 

The following is true [6]. 

Theorem 1.  An overview of the norm of the error functional (2) corresponding to the derivative 

quadrature formula (1) is as follows 

 ∥∥ℓ𝑁∥∥2 = (−1)𝑚 [∑ 𝐶1[𝛽]𝑁
𝛽=0 ∑ 𝐶1[𝛾]𝑁

𝛾=0
|[𝛽]−[𝛾]|2𝑚−5

2(2𝑚−5)!
− 2 ∑ 𝐶1[𝛽]𝑁

𝛽=0 ∫
|𝑥−[𝛽]|2𝑚−3

2(2𝑚−3)!

1

0
𝑑𝑥 

−  
ℎ2

6
∑ 𝐶1[𝛽] [

([𝛽]2𝑚−4+(1−[𝛽])2𝑚−4

2(2𝑚−4)!
]𝑁

𝛽=0 + 2 ∑ 𝐶0[𝛽]𝑁
𝛽=0 ∑ 𝐶1[𝛾]𝑁

𝛾=0
|[𝛽]−[𝛾]|2𝑚−3

2(2𝑚−3)!
 

− 
ℎ2

6
∑ 𝐶0[𝛽] [

[𝛽]2𝑚−2+(1−[𝛽])2𝑚−2

2(2𝑚−2)!
]𝑁

𝛽=0 − 2 ∑ 𝐶0[𝛽]𝑁
𝛽=0 ∫

|𝑥−[𝛽]|2𝑚−1

2(2𝑚−1)!

1

0
𝑑𝑥 

+ ∑ 𝐶0[𝛽]𝑁
𝛽=0 ∑ 𝐶0[𝛾]𝑁

𝛾=0
|[𝛽]−[𝛾]|2𝑚−1

2(2𝑚−1)!
+    

ℎ2

6(2𝑚−1)!
+

1

(2𝑚+1)!
+

ℎ4

144(2𝑚−3)!
]. 

Theorem 2.  For the coefficients of the optimal quadrature formula (1) in 𝐿2
(4)(0,1) space the 

following equalities hold  𝐶1[0] = 𝐶1[𝑁] = 𝑎ℎ
𝑞−𝑞𝑁

𝑞−1
,  𝐶1[𝛽] = 𝑎ℎ(𝑞𝛽 + 𝑞𝑁−𝛽),         𝛽 = 1, 𝑁 − 1, 

where   𝑎 =
ℎ2

120(1+𝑞𝑁)
,    𝑞 = √3 − 2. 

Proof. To determine the optimal coefficients, we employ the method of Lagrange multipliers. In this 

context, based on the conditions (3), we formulate the following Lagrange function 

𝛷(𝐶1[𝛽], 𝜆𝛼) = ∥∥ℓ𝑁∥∥2 + (−1)𝑚(ℓ𝑁 , 𝑥𝛼),      𝛼 = 0,1   (4) 

From the (4), by equating the partial derivatives for the unknown constants 𝐶1[𝛽] and 𝜆𝛼 to zero, we 

get the following system 

∑ 𝐶1[𝛾]𝑁
𝛾=0 𝐺2([𝛽] − [𝛾]) + 𝑃1[𝛽] = 𝑓4[𝛽],           𝛽 = 0, 𝑁,   (5) 

∑ 𝐶1[𝛾]𝑁
𝛾=0 = 0,                ∑ 𝐶1[𝛾]𝑁

𝛾=0 [𝛽] = 0    (6) 

To get an analytical solution for these equations, we use discrete analogue of the differential operator 

𝑑4

𝑑𝑥4 [7], when 𝛽 < 0 and 𝛽 > 𝑁 for 𝐶1 [𝛽] = 0. Then, we write equation (5) in the form of convolution 

𝐶1[𝛾] ∗ 𝐺2[𝛽] + 𝑃1[𝛽] = 𝑓[𝛽],           𝛽 = 0, 𝑁    (7) 

𝑓[𝛽] =
ℎ4

1440
[[𝛽]2 − [𝛽] +

1

2
] +

ℎ6

30240
. 
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 We will use the 𝑢[𝛽] notation presented on the left-hand side of equation (7). This means that 

to find the optimal coefficients 𝐶1 [𝛽] it is necessary to determine the values of the function 

𝑢(ℎ𝛽) for all integer values  𝛽. 𝑢[𝛽] = 𝑓[𝛽] for 𝛽 = 0,  1,   . . . ,  𝑁. We can find the values 𝐶1[𝛽] for  

𝛽 = 1,2, . . . 𝑁 − 1 

𝐶1[𝛽] = ℎ𝐷2[𝛽] ∗ 𝑢[𝛽] = ℎ[𝑎𝑞𝛽 + 𝑏𝑞𝑁−𝛽]    (8) 

where 

𝑎 = √3ℎ4 ∑ 𝑞𝛾(𝑄1
−[−𝛾] −

∞

𝛾=1

𝑓[−𝛾]), 

𝑏 = √3ℎ4 ∑ 𝑞𝛾(𝑄1
+[𝑁 + 𝛾] −

∞

𝛾=1

𝑓[𝑁 + 𝛾]). 

We need find 𝑎 and 𝑏. To do this, we calculate on the left side of (5) the following sum 

𝑆[𝛽] = 𝐶1[0]
[𝛽]3

6
+ 𝑆1[𝛽] − 𝑆2[𝛽]     (9) 

𝑆1[𝛽] = ∑ 𝐶1[𝛾]
([𝛽] − [𝛾])3

6

𝛽−1

𝛾=1

,        𝑆2[𝛽] = ∑ 𝐶1[𝛾]
([𝛽] − [𝛾])3

12

𝑁

𝛾=0

. 

Calculate 𝑆1(ℎ𝛽) [8] 

𝑆1(ℎ𝛽) = − ∑
(ℎ𝛽)3−𝑗

𝑗!(3−𝑗)!

3
𝑗=0 ℎ𝑗+1 [

𝑎𝑞

𝑞−1
∑ (

1

𝑞−1
)3

𝑖=0

𝑖

𝛥𝑖0𝑗 −
𝑏𝑞𝑁

1−𝑞
∑ (

𝑞

1−𝑞
)3

𝑖=0

𝑖

𝛥𝑖0𝑗] (10) 

Calculate 𝑆2(ℎ𝛽) 

𝑆2(ℎ𝛽) =
ℎ𝛽

4
∑ 𝐾1[𝛾](ℎ𝛾)2𝑁

𝛾=0 −
1

12
∑ 𝐾1[𝛾](ℎ𝛾)3𝑁

𝛾=0    (11) 

We substitute equalities (10) and (11) into (9), equate the corresponding powers [𝛽] 

𝐶1[0] = ℎ
𝑎𝑞−𝑏𝑞𝑁

𝑞−1
,             

𝑎𝑞+𝑏𝑞𝑁+1

(𝑞−1)2
=

𝐵4ℎ2

24
    (12) 

In equality (6) using (12), we find the form 𝐶1[𝑁] 

𝐶1[𝑁] = ℎ
𝑏𝑞 − 𝑎𝑞𝑁

𝑞 − 1
. 

As stated above, we can expand equality (7) using (10), (11) and (12) 

ℎ2 ∑
𝑎𝑞𝑖 + 𝑏𝑞𝑁+1(−1)𝑁+1

(1 − 𝑞)𝑖+1
𝛥𝑖01

1

𝑖=0

+ ℎ
𝑎𝑞𝑁

1 − 𝑞
 



International Journal of Applied Mathematics 
 

 

Volume 38 No. 1s, 2025 

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

 

1025 
Received: July 10, 2025 

− ∑
ℎ𝑝+1

𝑝!(1−𝑝)!
1
𝑝=0 ∑

𝑎𝑞𝑁+𝑖+𝑏𝑞(−1)𝑁+1

(1−𝑞)𝑖+1 𝛥𝑖0𝑝1
𝑖=0 + ℎ

𝑏𝑞

𝑞−1
= 0   (13) 

From equality (13) we equate the corresponding powers ℎ 

 
𝑎𝑞+𝑏𝑞𝑁+1

(1−𝑞)2 =
𝑎𝑞𝑁+1+𝑏𝑞

(1−𝑞)2       (14) 

we find 𝑎 and 𝑏, from (12) and (14) 

𝑎 = 𝑏 =
ℎ2

120(1 + 𝑞𝑁)
   

Theorem 2 is completely proved.     

3. Numerical results 

For numerical solution of definite integrals, optimal quadrature formulas with derivatives were 

constructed using the Sobolev method in [9,10]. In this work, we constructed an optimal quadrature 

formula using the first and second derivatives of the function at the nodes. 

 In Table 1, for the approximate computation of definite integrals using 𝑁 = 10 nodal points, 

the error of Simpson’s rule (Error1) and the error of the derivative-based quadrature formulas 

constructed in this work (Error2) are defined. The numerical computation errors for the definite 

integrals of the following five functions are provided 𝐼 = ∫ 𝑢(𝑥)𝑑𝑥
1

0
 

a) 𝑢(𝑥) = 𝑒−cos𝑥 + 2sin𝑥         b) 𝑢(𝑥) = ln(1 + 𝑥2) + √1 + 𝑥3 

c) 𝑢(𝑥) = cos2𝑥 −
1

1+𝑥2            d) 𝑢(𝑥) = 𝑒𝑥2
 

Table 1. Errors 

Error 1-example 2-example 3-example 4-example 

Error1 8.75 × 10−7 2.70 × 10−6 4.07 × 10−6 2.96 × 10−5 

Error2 1.05 × 10−8 4.12 × 10−8 4.77 × 10−8 8.36 × 10−7 

 In Table 2, the error of the derived formula from [11] (I-MSONC4) and the error of the 

formula constructed in this work (Error2) are numerically analyzed using the following five functions 

a) 𝑓(𝑥) = 𝑒−𝑥                 b) 𝑓(𝑥) =
1

1+𝑥
 

c) 𝑓(𝑥) = √1 + 𝑥2         d) 𝑓(𝑥) =
ln(1+𝑥)

1+𝑥2  
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Table 2. Errors 

Error 1-example 2-example 3-example 4-example 

I - MSONC4 9.60 × 10−4 7.96 × 10−3 1.27 × 10−3 1.42 × 10−2 

Error2 8.50 × 10−4 5.64 × 10−3 3.87 × 10−4 7.53 × 10−3 

 In Table 3, the square of the error functional norm of the derivative-based optimal quadrature 

formula constructed in [12] (Error1) and the square of the error functional norm of the optimal  

quadrature formula with derivative in this work (Error2) are numerically analyzed at 

   𝑁 = 10,     𝑁 = 100,   𝑁 = 500,   𝑁 = 1000 node points 

Table 3. Errors 

∥∥ℓ𝑁∥∥2
 N=10 N=100 N=500 N=1000 

Error1 9.93 × 10−15 8.42 × 10−23 2.12 × 10−28 2.29 × 10−31 

Error2 9.38 × 10−15 8.37 × 10−23 2.02 × 10−28 1.77 × 10−31 

 

4. Conclusion 

 In conclusion, this research is related to the construction of optimal quadrature formulas with 

derivatives using the second-order derivative of a function at nodal points for the approximate 

calculation of definite integrals and the numerical solution of integral equations in the 𝐿2
(𝑚)(0,1) space. 

As a result of the study, the square of the norm of the error functional of the derived optimal quadrature 

formulas was determined. The system of algebraic equations was derived to minimize this norm 

through coefficients. By solving the system of equations, the optimal coefficients were obtained. The 

efficiency and effectiveness of the constructed formula in the numerical solution of definite integrals 

are demonstrated in the tables. 
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