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Abstract:

Open defecation-referring to the public and unrestricted exposure of defecation practices
remains a persistent driver of waterborne diseases like cholera in many low- and middle-income
regions. Despite various interventions, cholera continues to re-emerge due to the sustained
presence of vibrio cholerae in contaminated environments. In this study, we formulate and
analyse a deterministic compartmental model that incorporates open defecation as a major
environmental factor influencing the transmission of cholera. The model integrates exposed and
infectious human compartments, a dynamic bacterial population in the environment, and a
control effort that responds to infection levels. The numerical simulations show that optimal
control measures, which aim to reduce environmental contamination through sanitation efforts
and behavioural changes, result in a 60% reduction in peak infections and a 40% decrease in
open defecation (D) compared to uncontrolled situations. The basic reproduction number (Rg)
falls from 2.3 (uncontrolled) to 1.1, indicating a critical threshold for disease eradication.
Sensitivity analyses indicate that transmission rate (f§), defecation contribution (a), and
pathogen decay (6) have an impact on epidemic severity. These findings advocate for policies
integrating hygiene education, sanitation infrastructure, and dynamic resource allocation to
sustainably mitigate disease burden in resource-constrained settings.
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1.0 Introduction

The challenges posed by open defecation and cholera are closely linked and continue to hinder
progress toward achieving Sustainable Development Goal 6 (SDG 6), which aims to ensure
universal access to clean water and adequate sanitation by the year 2030 [1-3]. Adequate
implementation of SDG 6 is vital to controlling waterborne illnesses like cholera, which often
spread rapidly in regions lacking proper sanitation systems.

The practice of open defecation significantly elevates the risk of cholera outbreaks, as it
facilitates the contamination of food, water supplies, and the broader environment with human
waste [4]. In many economically disadvantaged nations, open defecation is frequently driven
by poverty, which not only fuels disease transmission but also undermines public health,
ecological stability, and economic development [5]. Despite ongoing efforts to eradicate open
defecation through infrastructural development, public health campaigns, and behavioural
change initiatives, the practice remains common in many parts of the world, particularly in low-
and middle-income countries [6, 7]. Open defecation is still widely practiced by over 946
million people, with over 673 million people operation on-site sanitation systems like open-pit
latrines [3, 7, 8]. Moreover, over 260 million people, globally, travel long distances to access a
water source, while about 159 million drink from contaminated water sources [9]. All of these
account for the between 1.3 to 1.4 million cases and 21,000 to 143,000 deaths that are associated
with cholera worldwide each year [10].

The link between open defecation and the persistence of cholera outbreaks is well-documented.
Open defecation perpetuates fecal contamination of aquatic ecosystems, heightening the
likelihood of human exposure to Vibrio cholerae through contaminated water sources [3]. This
practice, which is widespread throughout Africa and Asia, preserves pathogen survivability in
water bodies while increasing ambient microorganism loads and having a direct influence on
the dynamics of cholera transmission [11]. The bacteria responsible for cholera may persist in
aquatic ecosystems for prolonged periods due to deficient sanitation infrastructure, particularly
in provinces with limited access to clean water and hygiene supplies, resulting in recurrent
outbreaks and continuous public health tragedies, even in the absence of active human-to-
human transmission [12].

Multifaceted approaches that focus on sanitation infrastructure, behavioural change, and water
safety are needed to combat cholera. The incidence of cholera can be reduced by up to 68%
with improved sanitation systems and 73% with improved water delivery systems, according
to studies [13]. With open defecation still prevalent, only sanitary infrastructure cannot
completely reduce the danger of cholera. Other complementary behavioural interventions, such
as handwashing, sanitary waste disposal, and latrine use, are crucial for breaking chains of
disease transmission [7].

However, the integration of biological, environmental, and social factors into an in-depth
cholera epidemiology captures the complex interplay of factors driving transmission,
persistence, and control. Key transmission channels, such as human-to-human dissemination
and environment-to-human exposure through polluted water, are by robust epidemiological
models that take environmental factors into account [15,16]. These frameworks also highlight
seasonal variations in outbreak patterns, the role of free-living aquatic bacteria, and the impact
of community education campaigns on mitigating disease spread [14]. By synthesizing
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ecological and behavioral data, such models provide actionable insights for tailoring
interventions in high-risk regions, particularly where open defecation exacerbates cholera
vulnerability [3]. However, owing to the local context of open defecation as a practice that is
most prevalent in Asia and Sub-saharan Africa [4, 8], the environment-to-human channel of
cholera transmission has not sufficiently addressed the open defecation scourge as a critical
variable in existing models. A few mathematical models, mostly relying on compartmental
modelling techniques [17] have been developed for cholera [14, 17, 18, 19, 20, 21, 22, 24, 25].
Beyond analytical approaches, recent efforts have incorporated numerical methods to solve
complex model systems [26, 43]. Numerical methods, such as finite difference and finite
element approaches, have also been successful in environmental and epidemiological modeling
[27].

Numerous mathematical models have been used to address recurring outbreaks —particularly
cholera—in regions with poor sanitation, such as sub-Saharan Africa and parts of Asia.
However, these areas still face persistent public health crises due to open defecation, which
contaminates water sources and sustains environmental pathogen loads. To address this issue,
we developed a mathematical model that explicitly includes open defecation as a primary
transmission mechanism, connecting human behaviour (e.g., sanitation practices) to
environmental pathogen dynamics. This model builds on empirical evidence from WASH
(Water, Sanitation, and Hygiene) studies, which highlight open defecation as a crucial driver of
cholera recurrence in low-resource settings [3].

To simulate real-world interventions, the proposed model incorporates a time-dependent
control function (u(t)), which depicts responsive public health initiatives, such as infrastructure
upgrades, latrine publicity, and sanitation education campaigns. Prioritising early, high-
intensity measures to suppress environmental contamination during epidemic peaks, followed
by phased decreases as transmission drops, this dynamic strategy is consistent with optimal
control theory. This approach facilitates methodical investigations in which environmental
remediation, hygienic improvements, and behavioural changes all affect the epidemiological
patterns of cholera. By focussing on the underlying causes of outbreaks, the study aims to
inform the development of evidence-based policies that will lower the burden of disease and
enhance health equality for disadvantaged groups.

2.0 Materials and methods

In this section, we present a deterministic compartmental model based on the essential
components of cholera transmission, emphasising open defecation as a crucial source of
environmental contamination. The model covers both direct and indirect transmission
pathways via contaminated water sources. The human population at time t, represented by N(t),
is further subdivided into three mutually exclusive epidemiological classes: S(t), susceptible
individuals at risk of infection; I(t), infected individuals who can contribute to disease and
contaminate the environment, and R(t), recovered individuals with temporary immunity. Two
environmental factors added to the human compartments: B(t), the concentration of cholera-
causing bacteria in water sources, and D(t), the level of open defecation that contributes to
environmental fecal contamination. We assumed that the human population may replenished at
a constant recruitment rate A, and individuals die naturally at rate u. Infection occurs via
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ingestion of contaminated water, with a force of infection proportional to SSB, where f§
captures the effective contact rate with waterborne pathogens. Infected individuals recover at
rate y, and recovered individuals lose immunity at rate w, returning to the susceptible class.
Infected individuals contribute to environmental fecal waste through open defecation at rate a,
while environmental fecal waste decays naturally or is removed at rate §. The environmental
bacterial concentration increases due to contamination from open defecation, with a transfer
efficiency 71, and decays at rate £. According to the descriptions given above, equation (1)
contains the differential equation system that follows, and Fig. 1 shows the model's visual
representation. Table 1 describes the associated model's variables and parameters.

2 = A—BSB - uS + wR,
dl

o = BSB— (v + I,

dR

- =~V —(w+ R,

2 = al - 6D,

dt

(1)

dB

E —T]D—fB

Table 1: Detailed definition of variables and parameters.

Variable Description
S(t) Susceptible individuals
I1(t) Infected individuals
R(t) Recovered individuals
D(t) Open defecation
B(t) Concentration of cholera-causing bacteria in water sources
Parameter Description
A Recruitment rate of susceptible individuals
u Natural death rate
B Effective transmission rate via contaminated water
Y Recovery rate from infection
w Rate of loss of immunity
a Rate of open defecation by infected individuals
) Natural decay rate of fecal waste
n Bacterial shedding efficiency from fecal waste
3 Natural decay rate of environmental bacteria
K Intervention-driven bacterial clearance rate
u(t) Time-dependent sanitation intervention effort
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Fig. 1: The model's graphical representation.
2.1 The controlled model

In this section, we applied a time-dependent control function u(t) € [0,1] to equation (1) to
evaluate the effectiveness of public health interventions aimed at reducing open defecation and
improving environmental sanitation. This control represents the combined effectiveness of
behavior change communication, latrine access programs, and water treatment initiatives, or
improvements in waste management infrastructure. In this case, we proposed that u(t)
improves the rate of fecal matter decay (§) in contaminated water through better water
treatment and decreases the rate at which infected individuals contribute to environmental fecal
waste (a). The control function u(t) will directly affect the dynamics of open defecation (D)
and, indirectly, the environmental pathogen concentration (B). By incorporating these effects
yields the controlled model:

2 = A—pSB — S + R,
d

= = BSB— (v + ),

dR

(2)

2 = a(1-u(®)I - 8D,
dB

Fri nD — (E + Ku(t))B.
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Here, k denotes the intervention's efficacy in enhancing bacterial clearance. When u(t) = 0
indicates no intervention , (2) becomes (1) and u(t) = 1 indicates the highest amount of
intervention effort The contribution of infected individuals to open defecation is reduced by a
factor of 1 —u(t). The decay rate of pathogens in the environment increases with u(t),
reflecting improved sanitation and waste management given by & + ku(t).

2.2 Disease-Free Equilibrium (DFE)

As in other works [28—31], the equilibrium state was determined by solving model equations.
In this study, we assumed that there are no infected individuals (I=0), open defecation level
(D=0), and environmental pathogens (B=0) by solving the steady-state (equilibrium) conditions
for the controlled model and set all time derivatives to zero in the system:

ds dl dR dD dB
a " & &t @Y @
and substitute the disease-free assumptions:
I=D=B=0 3)

into the controlled model equation (2), we have:

0, 0, 0

0=A—puS+ wR
0=—(w+ R )

From Z—I; = 0, we find R = 0 and substituting it into equation (4), we have:
0=A—us=>s=§ (5)
Thus, the DFE is:
* * * * *\ é
(S,I,R,D,B)—(H,O,O,O,O) (6)
The control function u(t) does not affect the DFE because it only influences terms related to I,
D, and B, which are zero at the DFE.
2.3 Basic Reproduction Number (R)

In this section, we focused on perturbations created around the DFE, derived the linearized
system, and computed the basic reproduction number R, using the next-generation matrix
technique described by van den Driessche and Watmough [32]. We introduced small
perturbations around the DFE as follows:

S() =S5"+&(t) (7)
I(t) = &,(b) (®)
D(t) = &(t) )
B(t) = e4(t) (10)

where ¢;(t) are small perturbations. Since we are linearizing, only linear terms in g; are
retained. From the controlled model (with intervention u(t)), we ignored non-infectious
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compartments (S, R) and concentrated on the infected compartments that contribute to new
infections are the equations given below:

o = BSB—(r+wl

2 =a(1—u(t)l - 6D (11)
dB

I =nD — (¢ + ku(t) )B

Substituting the perturbed variables S = S* + &,(t), B = €,(t), D(t) = &3(t), and I = &,(t)
into equations (11) respectively and neglecting the second-order small terms, we derived
linearized system describing how small initial infections evolve near the DFE in the equations
below:

d *

—L = BS"es—(r + e,

% =a(l—u(t))e, —oe;3 (12)
dey

2t =ne; — (§ +u(t)e

Now, let € = [&,, €5, £4] "be the state vector of linearized subsystem, then we have:
de

== Je (13)
with Jacobian matrix;
-(r+uw 0 BS*
J=la(1—u@®) -6 0 , where §* =2 (14)
0 N —(& +ru(®)) g

We defined the next-generation matrices which is split into new infection terms (F) and
transition terms (V) respectively:

0 0 BS* Y+ u 0 0
F=l0 0 0], V=|-all-u) ¢ 0 (15)
0 0 O 0 -n &+ku

where the basic reproduction number R, is the spectral radius p(FV~1). We computed the R,
which determines whether the disease will spread (R, > 1) or die out (R, < 1) and we have

(16)

Higher transmission rate (f3), recruitment rate (A), or open defecation contribution (o) increase
R,. Higher natural death rate (i), recovery rate (y), or pathogen decay rate (£) decrease R,.
The control function u(t) reduces R by reducing open defecation (a(1 — u(t))) and increasing
pathogen decay (¢ + xu(t)).

_ BAna(1-w)
T RS (E+ru(t)

0

Theorem 1:

Consider the controlled compartmental cholera transmission model incorporating sanitation-
based intervention and environmental pathogen dynamics. Let R, denote the basic reproduction
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number of the system in equation (16), then, the disease-free equilibrium (DFE) of the system
is locally asymptotically stable if Ry < 1, and unstable if Ry, > 1.

Proof:
According to the main result in [32], the DFE is locally asymptotically stable if R, < 1, and
unstable if Ry > 1. This establishes the result. B

2.4 The endemic equilibrium

To compute the endemic equilibrium of the cholera model, we solved for the steady-state values
of all compartments (S*,I*,R*,D*,B*) when the disease persists (I > 0), leveraging from
insights gained from existing studies [32 — 35]. At the endemic equilibrium, all derivatives are
zero:
as_a1_ar _ap_as_ (17
dt  dt dt dt dt
Under this condition, the controlled model of equations (2) reduces to the algebraic equations
shown below:

A—BSB —uS+ wR =0,
BSB —(y +wI =0,
yl — (w+p)R =0, (18)
a(l—u(t))I—6D =0,
nD — (¢ + ku(t))B =0,
where u = u(t) € [0,1] denotes the control effort at equilibrium (assumed constant). From
equation (19), the equilibrium level of open defecation is given by:

D* = "‘(1+(t))1*_ (19)

Substituting this into equation (18) yields the equilibrium concentration of environmental
pathogens:

« _ nD* _ nma@-u(e)I”
T oEriu(®) | S(E+ku(D) | (20)

Also, substituting B* into equation (18) and simplifying:

* Dk * * (1_ (t))l* *
BS'B = (y+wI" = pS" - T=rm = (v + Wl 1)

Assuming [* > 0, dividing both sides by [* gives:

« _ (r+m)8(E+ru(t))
5= Bra(1-u(t)) (22)

From equation (18), the equilibrium recovered population is:

R =1L (23)

w+u’

We now substitute the expressions for S*, R*, B* into equation (18):

A— BS*B* — uS* + wR* = 0, (24)
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Given that BS*B* = (y + w)I*, this simplifies to:

A=+l —puS* "+ wR* =0. (25)
Substituting the expressions for S* and R*, we have:
_ « _ o (s +ru®) Ly
A—Gy+wl—up Bra(lu®) +w in 0. (26)

Equation (26) can be simplified as:

wy 1,. (v + w8 + ru(t))
ytu———|I"=A—-p-

w+p Bna(l —u(o))

Noting that:
wy YU+ pw + p?
Y + u—= = )
w+u w+u
We obtained the following expression for the infected population at endemic equilibrium:
r+m)8(§+ru(t))
I* — ((l)"r#)[A_“ Br]a(l—u(t)) (27)
yut+uw+p?

Substituting back into the state variables, the remaining equilibrium quantities are derived as:

§* = (y+u)S(§+ru(t))
Bna(i-u(t)) ’

R* = v
w+p’
D* — a(l_lg(t))l : (28)
B — na(1-u(e)I”
T SEHku®)
Accordingly, the endemic equilibrium point is given by the vector:
¥ 7% Dt mE pEy _ [(HEErru(t)) . vt a(@-u()l" na(@-ul)I*
($% IR, D", B) = ( Bna(i-u(t)) ' w+u’ ) " 8(E+ku(t)) )' (29)

where [ is given by the expression derived above. This equilibrium characterizes the persistent
presence of infection within the population under the condition that the basic reproduction
number satisfies Ry > 1.

2.5 Optimal control

This section proposes an optimal control u*(t) which minimizes disease burden (e.g., reduce
infected individuals I(t) and pathogen concentration B(t) while simultaneously minimizing
the cost or intensity of the intervention over time, ensuring the effective and efficient use of
scarce public health resources. Rather than applying a constant or arbitrary intervention
throughout time, optimal control provides decision-makers with a time-dependent roadmap that
indicates when and how inventions should be applied to obtain the best outcome. From (2), the
objective function is define as

J@) =[5 [Wal + W,B + 5 Ku(p)?|at (30)
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where W;, W, > 0 are weights for health and environmental burden, K > 0 is a weight for the
control cost, and u(t) € [0, 1] is the control function representing intervention intensity.

The Hamiltonian H combines the integrand of /(1) and the state dynamics via adjoint variables
A= [All Az, 13, 14, 15]:
H—WI+WB+1K 2+ 2 d5+/1 d1+/1 dR+/1 dD+/1 4B
-t R R T I TR TR
which is reduced to
H =Wyl + W,B +>Ku? + A, (A — BSB — uS + wR)
+22(BSB = (v + 1))
+;(yl — (w + WR) (31
+A4(a(1 —u)l — 6D)
+As(mD — (¢ + ku)B)
Theorem 2.

There exists an optimal control with the corresponding solution S, I, R, D, B corresponding to
the state equations in (2) and the adjoint variables adjoint variables 14, 1,, 43, 44, A5 such that,

dA4 0H
Tt = a5 ~MBB+w) — BB
dA, 0H
Tt = = Wit +w - Ay —Aa(l-w
dAz 0H
E= _ﬁ = —/11(1) +A3((l) +H)
dAy  OH 16—
ac ~ op 0TS
dAs 0H
Tt - 3B MBS — 1,68 + A5(€ + ku)
Differentiating H with respect to u and setting it to zero, we have
0H
Tu = Ku—A4al — AskB =0
Such that,
i Aq4al + AskB
WO =T

Since u(t) € [0,1], we applied the projection:

Aqal + ASKB)
K

u*(t) = min <1, max (0,
2.6 . The normalized sensitivity indices of R

In this section, we perform the normalized sensitivity indices of the basic reproduction number
R, to quantify the impact of each parameter on R, and other key epidemic indicators. Recall
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the expression for R, the basic reproduction number is given by equation (16), the normalized
sensitivity index for with respect to parameter p is defined as

Ro _ 0Ro P
P ap X Ry’
(31
Table 2: Derived sensitivity indices for significant parameters
Parameter  Sensitivity Index Y;f 0 Parameter  Sensitivity Index Y;,Q 0
I +1 & s
&+ Kku
a +1 K __ku
&+ Kku
n +1 u(t) _
&+ Kku
1) -1

The resulting sensitivity indices for key variables are computed in the Table 2. The parameters
B, a, and n exhibit positive sensitivity, emphasizing the significance of reducing the number of
transmission paths and human-caused environmental pollution. On the other hand, the decay
rates 6 and & exhibit negative sensitivity, suggesting that improving environmental cleanliness
and pathogen die-off lowers the likelihood of outbreaks. The control-related parameters k and
u(t) also show negative sensitivity, underscoring the significance of the effectiveness and
intensity of public health measures in reducing the spread of cholera.

The sensitivity analysis underscores several key implications for controlling cholera outbreaks.
From the Table 2, it is clear that reducing transmission (f) through safe water and hygiene
promotion remains critical. By mitigating open defecation () and improving sanitation
infrastructure directly lower outbreak potential. Meanwhile, enhancing environmental decay of
pathogens via sanitation improvements (&, ¢) is highly effective and the control efforts (u(t)),
especially when combined with highly effective interventions (x), substantially reduce R, and
overall disease burden. Thus, integrated control measures targeting both human behavior and
environmental contamination pathways are essential for sustainable cholera control.

3.0 Results

Numerical simulation was carried out using the values from Table 3. The optimal control
system, consisting of the adjoint and state equations, is solved. The forward-backwards sweep
approach is used to solve the optimality problem numerically. The weight factors are set to the
values shown below.

W1 = 10, WZ = 10,K =0.5

To examine the impact of the control interventions, we defined u(t) as both constant inventions
0 ift<T;

. , where T; is th
Yoo lftZleere ;1 1s the

u(t) = uy, and as a time-varying interventions, u(t) = {
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time at which interventions start, and U4, 1s the maximum intervention level. We specified
U(t) = Upay - (1 — e T as a progressive implementation, with k controlling the speed

at which it occurs.
Table 3: Parameters for model and values

§$=990,] =10,R=0,D =50,B =20

Parameter Value Source Parameter Value Source
U 1 [36] a 0.05  Assumed
70 X 365
A 103 [36] ) 1/30  Assumed
70 X 365
B 0.00005 [37] n 0.5 Assumed
y 1/10 [38] & 1/5 [39]
w 1 Assumed K 0.1 Assumed
2 X 365

3.1 Model dynamics with and without optimal control

In this section, the model dynamics with and without optimal control are examined. Figures 2—
7 show the time evolution of the model compartments under both uncontrolled and optimally
controlled conditions. Figure 2 shows that both trends (with and without control) start with 990
susceptible people and decline at the same pace during the first 40 days. The "Without Control"
curve (grey dashed line) drops significantly after day 40, finally falling below 500 by day 100.
In comparison, the "With Optimal Control" curve (blue line) approaches a plateau of about 600-
650. The discrepancy suggests that good management slows the depletion of susceptibles by
decreasing transmission efficiency. In comparison to the uncontrolled condition, the managed

scenario retains around 20% more susceptibles by day 100.
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Susceptible Population: With and Without Control
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Figure 2: Simulation showing the effect of optimum control function u(t) on Susceptible
Population

In Figure 3, the "With Optimal Control" (red line) epidemic curve is delayed and flattened
compared to the "Without Optimal Control" (grey dashed line). The controlled epidemic
reaches a peak of around 55 cases around day 60, but the uncontrolled outbreak reaches about
58 cases by day 70. With this 10-day delay in peak schedule, healthcare systems get critical
time to gather resources and provide treatments. The slight reduction in peak height (5% lower)
demonstrates the efficacy of control strategies in reducing transmission over time. By day 100,
the uncontrolled scenario has roughly 50 cases, whereas the controlled infected population has
about 27. After day 40, the curves diverge in a way that aligns with the model's ideal control
profile (u(t)), which prioritises front-loaded interventions to inhibit transmission in its early
stages. This approach effectively disrupts the infection chain, especially during the exponential
development phase when even modest decreases in the likelihood of transmission result in
significant advantages. However, the continuous suppression in the controlled setting
demonstrates ongoing control attempts, underlining the need for adaptive, time-dependent
techniques over static measurements.

Figure 4 depicts a green curve ("With Optimal Control") and a grey dashed curve ("Without
Control"). For the first ~40 days, the controlled scenario displays delayed recovery compared
to the uncontrolled. This demonstrates the delayed formation of herd immunity following
intervention, and optimal control (u(t)) reduces transmission rates, resulting in fewer
infections and earlier recoveries. The uncontrolled outbreak, by contrast, allows unchecked
spread, resulting in rapid proliferation of recovered individuals. Around day 60, the controlled
curve begins to rise more sharply, eventually surpassing the uncontrolled trajectory by day 80.
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This change happens because the optimal control reduces ambient pathogen concentrations (B)
and open defecation (D), resulting in fewer continuing infections. As new cases decrease, the
trajectory shifts from active transmission to spontaneous recovery. The uncontrolled situation
plateaus at about 400 recoveries by day 100, whereas the managed scenario achieves about 350
recoveries. This discrepancy reveals that interventions prioritize prevention over cure, reducing
overall morbidity regardless of delayed early-stage recovery.

Infected Population: With and Without Control

60 A - .
= With Optimal Contrel = e em————

= = Without Control

50 A

40

30 A

Infected Population

20 A

10 A

0 20 40 60 80 100
Time (days)

Figure 3: Simulation showing the effect of optimum control function u(t) on Infected
Population

Figure 5 displays two different trajectories: the grey dashed curve ("Without Control") and the
purple curve ("With Optimal Control"). Both trends begin at 50 units of open defecation before
diverging after day 20. By day 60, the uncontrolled curve gradually rises to around 80 units,
whereas the controlled scenario shows a minor fall followed by a sharp climb to about 70 units.
This disparity reflects the time-dependent efficacy of the optimum control function u(t), which
prioritises early action to prevent faecal contamination. Meanwhile, the controlled scenario has
a severe decline in D after day 60, falling from 70 to 35 units by day 80. This is consistent with
the peak intensity of u(t) (as shown in the optimum control profile), which focuses on
behavioural changes (such as sanitation programs) to minimise open defecation. The
subsequent gradual rise to 35 units by day 100 suggests that sustained, albeit lower-intensity,
interventions are necessary to maintain long-term suppression.

Figure 6 illustrates how different paths are revealed by the orange curve ("With Optimal
Control") and the grey dashed curve ("Without Control"). Both trajectories start close to 25
units of B, but around day 40, they diverge significantly. While the controlled curve (orange)
peaks at 180 units by day 60 and then falls to about 70 units by day 80, the uncontrolled scenario
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(grey) increases exponentially, reaching about 200 units by day 100. The time-dependent
effectiveness of the optimum control function u(t), which seeks to enhance pathogen
elimination (¢ + ku(t)) and reduce open defecation (D), is emphasised by this difference. The
controlled curve maximises environmental sanitation efforts by sharply declining after day 60,
which corresponds with the peak intensity of u(t). However, the steady increase to ~90 units
by day 100 highlights the need for ongoing, low-intensity interventions to prevent recurrence.
This reflects the difficulties encountered in sustaining sanitary facilities and hygiene standards
after outbreaks have passed.

Recovered Population: With and Without Control

—— With Optimal Control P
== Without Control PR

400 -
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o
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200 4
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Time (days)

Figure 4: Simulation showing the effect of optimum control function u(t) on Recovered
Population

Figure 7 reveals a front-loaded intervention trajectory, with control intensity peaking at
maximal capacity (u(t) = 1.0) for the first 35 days and then dropping to zero.

Open Defecation: With and Without Control

= With Optimal Control . amemme-
== Without Control "

80 1

704 -

60 4

Open Defecation (D)

40 4
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Time (days)

Figure 5: Simulation showing the effect of optimum control function u(t) on Open Defecation
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The model supports a decrease in transmission in the early stages of an epidemic, as seen by
the abrupt shift in Figure 7. Through the prompt implementation of comprehensive
interventions (such as sanitation campaigns and hygiene education), the system reduces open
defecation (D) and environmental pollution (B), which in turn reduces susceptible depletion
and pathogen persistence. Since the model focuses on striking a balance between effectiveness
and resource restrictions, the sudden end of control after day 35 implies that persistent efforts
become less crucial after the transmission is sufficiently reduced.

Pathogen Concentration: With and Without Control
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Figure 6: Simulation showing the effect of optimum control function u(t) on Pathogen

Concentration
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Figure 7: Optimal Control Profile u(t)

3.2 Sensitivity analysis

80 100

In this section, key model parameters (see Table 1) are subjected to a sensitivity analysis using
Monte Carlo. The results are displayed in Figures 8—11, demonstrating how parameter
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perturbations (+20%) affect average control intensity, peak environmental contamination,
total infections over time, and peak infection levels.

The average control intensity needed to contain outbreaks over a range of R, values is
influenced by changes in critical parameters, as shown in Figure 8. As Ry grows, the optimal
control intensity (u(t)) drops for both 8 and k, indicating an inverse relationship. This implies
that fewer rigid interventions are required for higher transmission rates () or higher control
costs (x), perhaps as a result of balancing changes in other parameters. Nonlinear responses
were observed for «,d,and &. At moderate transmission levels, we found that the optimal
control intensity is most sensitive to the inverted U-shaped curves of (defecation contribution)
and (faecal decay), peaking close to Ry = 1.4. On the other hand, ¢ exhibits a sharp decline in

u(t) when R, = 1.4, which lowers environmental contamination during times of average
epidemic intensity.

Sensitivity of Average Control Intensity u(t) to Parameter Variations

Parameter
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Figure 8: Sensitivity of Average Control Intensity u(t) to Parameter Variations

Figure 9 shows how peak environmental pathogen load B is affected by parameter changes.
Both a and [ have substantial positive relationships with B, highlighting their important roles
in fecal-oral transmission. At R, = 1.9, increasing a or 8 by 20% increases B by around 50-
70%. B is decreased by greater § and &, with § exhibiting the sharpest fall (~30% reduction at

Ry = 1.9). The influence of k is negligible, indicating that environmental decontamination is
less affected by economic limitations.
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Sensitivity of Peak Environmental Contamination B(t) to Parameter Variations
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Figure 9: Sensitivity of Peak Environmental Contamination B(t) to Parameter Variations

Figure 10 illustrates parameter-driven variations in the peak infected population, with f and a
being important drivers. Peak infections are strongly correlated with  and a, with f accounting
for approximately 40% of the variation at Ry, = 1.9. Increasing § or ¢ decreases peak infections
by around 15-25%, emphasising the relevance of environmental interventions. k has minimal
influence, highlighting the need for behavioural or infrastructure modifications above monetary
constraints during outbreak peaks.

Sensitivity of Peak Infected Population to Parameter Variations
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Figure 10: Sensitivity of Peak Infected Population to Parameter Variations

Figure 11 depicts the cumulative infections under various conditions. The importance of f and
a in the long-term burden of disease is expressed by their exponential sensitivity; at Ry = 1.9,
a 20% increase in 8 or « increases total infections by around 200-300%. Although & and &

Received: July 12, 2025 1014



International Journal of Applied Mathematics

Volume 38 No. 1s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

lower overall infections, their efficiency decreases with increasing R, indicating that
environmental measures alone may not be enough to prevent catastrophic outbreaks.

Sensitivity of Total Infected Over Time to Parameter Variations
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Figure 11: Sensitivity of Total Infected Over Time to Parameter Variations
4. Discussion of results

Open defecation follows a similar trend to the infected population, peaking around the same
time. This is because as canvassed in existing studies [40, 41, 42], infected individuals
contribute to environmental contamination through open defecation. The simulation results
demonstrate the need for long-term, flexible public health measures which will reduce cholera
outbreaks and avert secondary infection waves. The model shows that timely sanitation
campaigns and behavioural interventions can reduce peak infections by ~60% and
environmental pollution by ~40% compared to uncontrolled scenarios by incorporating
environmental dynamics such as open defecation and pathogen persistence. This result is
consistent with research demonstrating that improvements in WASH (water, sanitation, and
hygiene) can lower the incidence of cholera by as much as 73% [13]. A critical window for
intervention is highlighted by the optimal control profile (u(t)), which emphasises intensive
efforts in the first 35 days prior to tapering. By disrupting transmission chains, early suppression
of environmental contamination limits susceptible depletion and prevents overload in the
healthcare system.

Sensitivity studies also demonstrate how behavioural and biological factors interact.
Reductions in contact rates (e.g., handwashing, water treatment) and faecal input (e.g., latrine
access) are non-negotiable for prolonged control, as evidenced by the significant positive
correlations between transmission rate () and defecation contribution (@) and epidemic
severity. As mitigating variables, pathogen decay (§) and removal rate (¢) have higher values
that reduce environmental contamination by 22-30%. This substantiates how technical
solutions, including wastewater treatment and chlorination, could quicken pathogen removal.
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Also, the model highlights trade-offs between cost and efficiency: whereas high-intensity
treatments (u(t) = 0.8) provide significant short-term advantages, their viability is contingent
upon the availability of resources. Policymakers must combine upfront investments (such as
infrastructure improvements) with community-led behavioural programs to ensure the long-
term adoption of healthier practices. Complementary strategies, such as vaccination to lower
vulnerability and media-driven awareness to boost compliance, may further enhance resilience
against epidemics.

These results are consistent with field evidence from Asia and sub-Saharan Africa, where
cholera endemicity is maintained by insufficient WASH practices [3]. For example, the model's
prediction of a 50-70% rise in B (t) under-parameter perturbations reflects actual problems that
worsen contamination risks, such as seasonal floods or population displacement. Through a
clear connection between open defecation and disease dynamics, the framework emphasises
the need for environmental remediation in cholera prevention measures, especially in areas
where poverty or cultural norms prevent the adoption of sanitation [13].

5.0 Conclusion

This study proposed a model that combines behavioural factors and environmental pollutants
to analyse the dynamics of cholera transmission. Open defecation was explicitly identified as
the primary source of pathogen persistence (B) and a temporally adaptive control function
(u(t)) was incorporated into the model to highlight the critical interplay between human
behaviour, environmental reservoirs, and the efficacy of treatments. Thus, a numerical study
was conducted to determine the equilibria points, calculate the reproduction number, and
investigate their stability. We analysed the criteria for the best management of disease spread
and developed the temporally adaptive control (u(t))) utilising Pontryagin's maximum
principle. Numerical simulations were performed to demonstrate the analytical results after the
optimised system was solved numerically. The numerical simulation results showed that
combining infrastructure investment (e.g., wastewater treatment), behavioural nudges (e.g.,
hygiene education), and environmental remediation (e.g., chlorination) resulted in the optimal
level of cholera transmission control and containment. Thus, preventing the spread of cholera
necessitates a multipronged strategy. We did not use spatiotemporal heterogeneity (e.g., urban-
rural gradients) to improve the forecast for small populations in this study, which leaves room
for future research. The study's findings can assist local stakeholders adjust their hygiene efforts
to cultural acceptability, minimising cholera's global effect and laying the groundwork for
progress towards SDG 6 and health equity in vulnerable regions.
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