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Abstract 

This paper studies the properties of one nonlinear diffusion problem with a source specified by 

nonlinear boundary conditions. The main results are  global existence of the solution; regularity 

and positivity of solutions; asymptotic behaviour of solutions as time goes to infinity; 

comparison principles; and maximum principles for solutions. The proofs are based on the 

energy method, comparison methods, and asymptotic techniques. The conditions for the global 

existence of the solution in time and the unsolvability of the solution of the diffusion problem 

in a homogeneous medium are founded based on comparison principle and self-similar analysis. 

We obtain the critical exponent of the Fujita type and the critical global existence exponent.  
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Introduction 

We study a nonlinear diffusion problem with a source specified by nonlinear boundary 

conditions in ( ) 0   ,   | ,NQ x R tx t +=   

( )2

, , 0,
p

m m N

tu u u u x R t−

+=   +  
     (1) 
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with nonlinear boundary flow and initial condition 

2

1

1

, 0, 0,
m

p
m qu

u u x t
x

− 
−  = = 


      (2) 

( ) ( )0,0 ,u x u x=
        (3) 

where ( ) 1

1 1, | , 0N NR x x x R x−

+
 =    1,m   1 1 ,p m +  0.q  - are given 

numerical parameters and ( )0u x is a non-negative bounded and continuous function in NR  . 

Here we mean by a solution, a function u(x, t) is nonnegative and continuous in ( )\ 0,0Q , 

satisfying (1)-(3) in the distribution sense. In particular, the problem (1)-(3) can be tought of as 

a model to describe heat propagation with a gradient-dependent thermal conductivity in a 

medium with chemical reaction and a nonlinear radiation law at the boundary (see[1]). The 

nonlinear boundary condition (2 ) appears also in combustion problems when the reaction 

happens only at the boundary of the container, for example because of the presence of a solid 

catalyzer, see [2] for justification.  

In recent years, in Uzbekistan, M.M. Aripov [3], A.S. Matyakubov [4], A. Rakhmonov [5], and 

others have studied the solution properties of various problems expressed by such nonlinear 

parabolic-type equations. 

Definition 1. ( L
 blow-up). We say that a solution u blows up (or thermal runaway) at   t T=

, if there exists ( ),  ,    n n nx t t T  , such that ( ),    n nu x t → + . In this case, we say that the 

solution blows up in finite time if T  is finite; if there exists a sequence  ny  and   nt T  such 

that   ny x→  and ( ),   n nu y t →+  ,then we say that  x  is a blow-up point.  

The collection of all blow up points is called the blow-up set. For the finite time blow-up, 

Osgood [6] gave a criterion, namely the right-hand side nonlinear term must satisfy 

( )
ds

f s



   

 The earliest blow-up results on parabolic equations are due to Kaplan [7] and Fujita [8]. Some 

early papers appeared in the 1970s: Tsutsumi [9], Hayakawa [10], Levine [11], Levine–Payne 

[12-13], Walter [14].  

Definition 2. A non-negative function ( ),u x t defined in Q is called a weak solution of 

Neumann problem (1)-(3), if for every bounded open set Ω  with smooth boundary  
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( )( ) ( ) ( )( ) ( )( )2 ,        0,   0,  ,       0,  loc loc locu L T C T L L T     Ω Ω Ω Ω ,

( )( )
2

1       0,  
p

m m

locu u L T
−

  Ω    and the following integral identity fulfils 

( ) ( ) ( ) ( ) ( ) ( )
2

0 0
0  0

  ,    ,         ,    ,        · ,       ·      
t t p

m m qu x t x t dx u x t x t dx u dxd u x u u u u dxd        
−

− = +   −        Ω
Ω Ω Ω

  

for all 0    t T  and for any test function ( )( )1

0    0,  C T  Ω . Moreover, 

( ) ( ) ( ) ( )0lim   ,          ,  0    t u x t x dx u x x dx → = Ω Ω
                                    (4) 

for any ( ) ( )1

0   x C  Ω ) (see [15], [19]).  

Let us denote  

 ) ( ) 0,
* sup   0;  , ,

t T
T T sup u x t

 
=     

 then *T  is called ”the life span” of the solution ( ) ,  u x t .If   T  =  ,then the solution 

( ) ,  u x t is global in time mean. On the other side,  T the solution ( ) ,  u x t is called 

“blow-up” in finite time *T . 

In [5] Z.R.Rakhmonov and A.I.Alimov studied the problem  

1

    
,  ,    0,    1,2i

m
k k

pi i i
i

u u u
u x R t i

t x x x

−

+

   
 = +   =
    
 

                               (5) 

coupled through nonlinear boundary flux  

( )
1

3

0

   
0, ,   0,    1,2i

m
k k

qi i
i

x

u u
u t t i

x x

−

−

=

 
=  =

 
                               (6) 

where   1,    1m k  and  ,    0i iq p  are numerical parameters. The following initial data 

should be taken into account 

                 ( )0 0 ,    1,|  2i t iu u x i= = =                                              (7) 

Moreover, they are expected to be continuous, non-negative and compact in NR+ . 

 They established that: 

If ( ) ( )
2

1 2 1 2  1  1
1

m
q q k p k p

m

 
 + − + − 

+ 
,then every nonnegative solution of the problem 

(5)-(7) is global in time. 
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If 0 1 ip  and 
( )( )

( )( )
3  1  

  
 1 1

i i

i

i

m p p k
q

p m

− − +


− +
or   1ip  and 

( )( )

( )( )
3  1  

   
 1 1

i i

i

i

m p p k
q

p m

− − +


− +
then, 

each of the solutions to (5)-(7) blows up. 

If 
( )

2

1 2

1  
  

1

m k
q q

m

+ 
  

+ 
and 

1 1
1   ip m

k k

 
 + + 
 

, then every solution of the problem (5)-(7) 

is blow-up in finite time 

If ( )( )
2

1 2   1q q m k + and  1ip  , then every solution of the problem (5)-(7) is blow-up in 

finite time. 

In [13] Zhongping Li, Chunlai Mu and Li Xie studied the next problem 

( ) ( )
1

   ,  , 0, ,

m

pu u u
u x t R

t x x x

−

+

    
= +   + 

     
                        (8) 

subject to a nonlinear boundary flux and initial value conditions 

( ) ( ) ( )
1

  0,   0, ,  0,

m

qu u
t u t t

x x

−
 

− =  +
 

                          (9) 

( ) ( )0,  0   ,    ,u x u x x R=  +                                                 (10) 

where   1,  ,    0m p q  and ( )0u x is a bounded, continuous, nonnegative and nontrivial 

initial data. 

They discovered that: 

i) In the region of parameters 
2

0 1, 0
1

m
G p q

m

 
=     

+ 
, every nonnegative 

solution of (8)-(10) is global in time. 

ii) In the region  
2

    1        
  1

m
R p q

m

 
=    

+ 
, there exist solutions of (8)-

(10) that blow up in finite time. 

iii) In the region   uR R ,

 
2

    1,    2     2   1,    
  1 

u

m
R p q m p m q

m

 
=     +  

+ 
  every solution of 

(8)-(10) blows up in finite time.  

iv) In the region  gR R ,      2   1,    2gR p m q m=  +  , there exist solutions of 

(8)-(10) that blow up in finite time as well as global solutions 
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However, the critical exponents of (1) in multi-dimension is still unknown. The main 

purpose of this work is to complete this work. 

Global existence of the solution 

This paragraph is intended to build self-similar sub- and super-solutions to (8)–(10) to 

establish the theorems of Global existence and nonexistence solutions. The first theorem is 

about the conditions in which the problem (1)-(3) has the global solution. The global 

existence of solution draws conclusions from the comparison principle. 

We will need the following notations 

( )
( )0

1
1

p
q m

p


−
= + − , 

( )( )
1

1 1 1cq m p
N


 

= + − − + 
 

. 

Theorem 1. If for each nonnegative 0  q q and 0 1  , then each nonnegative solution 

of the problem (1)-(3) is global in time.  

Proof. We construct a supersolution of the form 

( ) ( ) ( )1, ',u x x t f t =  , where ( )1

K
x t 

−
=  , ( ) ( )M T t

t e
+

= ,                        (11) 

with positive constants K, M, T > 0 , and  

1/mf( ) = (H + L )  , 0H = u
k


, L > 0.  

We aim to show that this function is a supersolution of the problem (1)-(3) for appropriately 

chosen constants ,K M . 

We compute the time derivative of  u : 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )t tu f t t f f M t KM t f          = + = −  

since ( ) ( )t M t  = and t KM = −  

The source term is: 

( ) ( )u t f
   =  

Thus, we want: 

( ) ( ) ( ) ( ) ( ) ( )tu u M t f KM t f t f
         −   

Dividing both sides by ( )t


 yields: 
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( ) ( ) ( ) ( ) ( )
1 1

M t f KM t f f
  

    
− −

−   

Since 1  , we have ( )
1

t



−
→ as t → . Therefore, for sufficiently large t, the left-

hand side dominates the right-hand side, and the inequality holds. We ensure this rigorously 

by choosing: 

1/2 mM H−= , 

which guarantees the left-hand side exceeds the right-hand side for all   and sufficiently 

large t . 

We evaluate the boundary condition at 1 0x = , which corresponds to 0 = : 

( ) ( ) ( ) ( ) ( )1/ /0, 0 ,
qm q q mu t f t H t u H t  =  =   =  . 

Now compute the boundary flux: 

( ) ( ) ( )
1

m m Km u
u H L t L t

x
  

−
= +   =


, 

hence, 

( )
( )( )2 11

1

m
p m K pm pu

u L t
x


− − −−

−  = − 


. 

To ensure this satisfies the boundary condition: 

2

1

m
p

m qu
u u

x

− 
−  


, 

it suffices that: 

( )
( )( )

( )
11 / .

m K p qp q mL t H t 
− −−     

This reduces to the condition: 

( )( )1
1

q
m K p q K m

p
− −    −

−
 

We choose the optimal value: 

1

q
K m

p
= −

−
 

Let ( ),u x t be the nonnegative weak solution of the original problem with ( ) ( ), 0 ,0u x u x  

(true since ( ), 0u x can be made arbitrarily large by adjusting T or H ). Then, by the weak 



International Journal of Applied Mathematics 

Volume 38 No. 1s, 2025 

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

 

980 
Received: July 14, 2025 

comparison principle, ( ) ( ), ,u x t u x t for all Nx +  , 0t  . Since ¯u is defined for all t > 

0, and remains finite, this implies that ( ),u x t  does not blow up in finite time. Hence, the 

solution ( ),u x t exists globally in time. 

Remark 1. Theorem demonstrates that ( )
1

   1  c

p
q m

p


 −
= + − 

 
 is critical global existence 

of the problem (1)-(3). 

Theorem 2. If cq q , 0 1   , and the initial function ( )0u x  is sufficiently small, then any 

solution of problem (1)-(3) is global 

Proof. We construct a decaying self-similar supersolution of the form 

( ) ( ) ( ),    u x t A T t g −= +                                      (12) 

Where 

( )1 2

m

q m m
 =

+ −
, = , 

( )
1

1

x h

T t



+

=
+

, 
( )

 i
i

x

T t


 =
+

, ( ) 2,...,i N=  ,  

and 

( )1 2

q m

q m m


−
=

+ −
 

The function ( ) ( )2 Ng C   is radially symmetric, positive, non-increasing, and compactly 

supported. Constants 0A , 0T   and 0h will be chosen later. 

We compute: 

( ) ( ) ( ) ( )
1

t

d
u A T t g A T t g

dt

  
  

− − −
= − + + +   

Since 

( )
1d

T t
dt




−
= − + , 

we get: 

( ) ( ) ( )
1

tu A T t g g


   
− −

= + − −    

We have: 

( ) ( )
m mm mu A T t g



−

= + . 

Then: 
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( ) ( ) ( )
1m mm mu A T t mg g

  
 



− − −
 = +  . 

Hence, 

( ) ( )
( )( )

( )
2 11p m pm pm mu u A T t G

  




− − + −−
  = +   , 

for a smooth function ( )G  depending on g , g  . 

Then the divergence is: 

( ) ( ) ( )
( )( )

( )
2 11p m pm pm mu u A T t H

  


− − + − −−
   = +  , 

where H(η) is another bounded function depending on g , g  , g  . 

We now compare terms in the PDE: 

( )2p
m m

tu u u u −

   +  

Using estimates: 

( )
1

tu A T t
− −

+ , diffusion term 
( ) ( )

( )( )11 m pm p
A T t

  − + − −−
+ , ( )u A T t

  −
+ . 

We want: 

( ) ( ) ( )
( )( )

( )
1 11 m pm p

A T t T t A T t
    − − − + − − −−

+  + + + . 

This holds for small enough A, provided the exponents satisfy: 

( )( ) max 1 , 1m p    + − +  + . 

This inequality is ensured under the condition cq q , so for small enough A, the inequality 

holds, and ¯u is a supersolution to the PDE. 

On the boundary 1 0x = , we estimate: 

( ) ( )
q qq

qu A T t g



−

= + , 

( ) ( )
( )( )2 11

1

m
p m pm pm u

u A T t
x

 − − + −−
 +


 

We require: 

( ) ( )
( )( )

( )
11 m p qm p qA T t A T t

  − + − −−
+  + , 

which holds for sufficiently small A, provided: 
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( )1m p q−  , 

which is again satisfied since ( )1cq q m p  − . Thus, the boundary inequality is satisfied. 

Let ( ) ( )0 ,u x u x t . Since ( ),u x t  is a classical supersolution and ( ),u x t is a weak solution, 

the comparison principle yields: 

( ) ( )0 ,u x u x t , Nx +  , 0t  . 

Since ( ),u x t decays as t → , the solution ( ),u x t remains bounded for all time and hence 

is global. 

Now we consider the blow-up case. 

Blow-up 

 Theorem 3. Let 0  q  cq  , ( )0u x Q , and    1   then the solution ( ),u x t  of the problem 

(1)–(3) blows up in a finite time 

 

Proof To obtain conditions for blow-up to the problem (1)-(3), we will employ the energy 

method [15]. To accomplish this, it is necessary to select a suitable test function as follows: 

Let's look at the following function; ( ) ( ) ( )
1

,sE t u x t x
s

=  , where 
1

0 s
p

   

( ) , 0
xNx A e



  
−

=                                            (13) 

( )
NR

I x dx=  - unit operator with 1

N

x dx

R

A
e
−

=


 

Since, 
x

x
    = − , we obtain the following: 

( ) ( )2
1 11

'
N N

p
s m m s

t

R R

E t s u u dx u u u u dx
s



  
−

− − =  =    +
     

 

( )

( )

( )( )

2
1 1 1

2
1 2 1

21 22 1

1 *

N N N

N
N

p
m m s s s

R R R

p
m m s s s

R
R

pm pp m

u u u dx mu dx mu dx

x
u u u s u u u

x

m u u u dx

 

  

  

  

   

−
− + − + −

−
− − −

−− −− −

=    + = +

 
+    − −  − 

 

 

  

               (14) 

Using of Young’s inequality, we can obtain the following result  
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1 1
2 2 1

N N N N

p
p p p pq p

R R R R

p
u u u dx u u u dx u dx u dx

p p
    


      

− − 
   −

  =     +  
  
  

        

(15) 

Where  
1 1

q p
=


va 
1 1p

p p

−
=


. Accordingly, the following inequality arises 

( )( ) ( ) ( )( )

( )

12 1 2 3 1 22 2

2
13 2 2

1

N N

N

p ps m m p s m m pp p

R R

p p
ps m m p p p

R

p
k u u u dx k u u u dx

p

m
u u u dx

p

 



  




−+ − + − − + − + − −− −

−
−+ − + − + − +

−
     +

+  

 



 

Using Hoelders inequality, we obtain the following inequality; 

( ) ( )
2

1 11

1 1

1

N N

N N N

p p
s m m ps

R R

n

p q q
s
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We denote the following as a constant  
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Then, we get the following 

( )

12

3 2
1 1

1

1

N N

p

p
s s

R R

p n n m
p

E t u dx C u dx
p

 

   

−


+ − + −

+ −
 

  −   
 

   

This inequality is appropriate  
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Where 
1

1
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1
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



+ −
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−
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1

1 1 31
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2

1
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 
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1 1
1 1 3

1

1

2 0
q q

n q n x
pC A x e dx

− − 
=  
 
 . 

( )( )
1

*

3

0
p

E
T

C

−

=  -represents the Life-Span condition of the equation, that is for each  *T T    

From (17), we conclude that ( )E t →  as *t T→ .  

Remark 2. From here we can see that the equation, regardless of any parameters, reaches a 

blow-up state, that is, the solution tends to infinity in finite time. 

Life span of the solution 

 Within this section, we will give estimates of the life span *T of solution to (1)-(3) both from 

below and above. Throughout the rest of this paper, we use the following notations. Let 

( )N

bC R be the space of all bounded continuous functions in 
NR  and for 0a  

( ) ( ) ( ) ; 0a N

bF x C R x =    and ( )limsup
a

x

x x
→

   

( ) ( ) ( ) ; 0a N

bF x C R x =    and ( )limsup 0
a

x

x x
→

  

Where 
( )1 2

c

p
a

m p
=

− − −
. 

Theorem 4. Assume that ( ) ( )0u x x= for some 0  .  

Let ( ) ax F  with ( )0, ca a , then there exist ( )1 1 0  =  and 0 0C   such that 

( )

( )( )0

1 2

2

m p
T C

p m p a
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

− − + −


− −

 for all 1  . 

Let ( ) ax F  with 
1

  ,  
1 

ca a


 
  

− 
, then there exist ( )1 1 0  =  and 0 0c   such that 

( )

( )( )0

1 2

2

m p
T c

p m p a



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− − + −
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− −

 for all 1  . 

Proof. Theorems can be proved in the same manner as it was done in [15]. 
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Conclusion 

In this paper, we have studied the global existence and blow-up phenomena of one 

nonlinear diffusion problem with a source specified by nonlinear boundary conditions. By using 

the energy method, we have proved that the solution of the problem blows up in a finite time. 

We have also shown the global existence of the solutions and provided lower and upper 

estimates of the life span. In addition, it has been demonstrated in the work for the nonlinear 

modeling of processes including diffusion, filtration, and heat dissipation among others that a 

finite speed of perturbation can have an impact. By using a self-similar analysis of the solution, 

an asymptotically compactly-supported solution was established. Finding a proper initial 

estimate was a difficult problem, but it has a solution now. In addition, we have constructed a 

self-similar Barenblatt-type solution and obtained an upper estimate of the solution to the 

problem. 
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