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Abstract

This paper studies the properties of one nonlinear diffusion problem with a source specified by
nonlinear boundary conditions. The main results are global existence of the solution; regularity
and positivity of solutions; asymptotic behaviour of solutions as time goes to infinity;
comparison principles; and maximum principles for solutions. The proofs are based on the
energy method, comparison methods, and asymptotic techniques. The conditions for the global
existence of the solution in time and the unsolvability of the solution of the diffusion problem
in a homogeneous medium are founded based on comparison principle and self-similar analysis.
We obtain the critical exponent of the Fujita type and the critical global existence exponent.
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Introduction

We study a nonlinear diffusion problem with a source specified by nonlinear boundary

conditions in Q :{(x, t)| xeRY, t>0}
m|P~2 m B N

u =V ‘Vu ‘ Vu" |+u”, xeR], >0,

(1)
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with nonlinear boundary flow and initial condition

—‘Vu'" pﬂ%zbﬂ, x,=0, t>0,
OX, @)
u(x,0)=u,(x), G

where Rivz{(xl,x')|x'eRN_l,xl>0} m>1, p>1+1/m, ¢q>0.- are given

numerical parameters and U, (X) is a non-negative bounded and continuous function in R, .
Here we mean by a solution, a function u(x, t) is nonnegative and continuous in O\ (0,0),

satisfying (1)-(3) in the distribution sense. In particular, the problem (1)-(3) can be tought of as
a model to describe heat propagation with a gradient-dependent thermal conductivity in a
medium with chemical reaction and a nonlinear radiation law at the boundary (see[1]). The
nonlinear boundary condition (2 ) appears also in combustion problems when the reaction
happens only at the boundary of the container, for example because of the presence of a solid
catalyzer, see [2] for justification.

In recent years, in Uzbekistan, M.M. Aripov [3], A.S. Matyakubov [4], A. Rakhmonov [5], and
others have studied the solution properties of various problems expressed by such nonlinear
parabolic-type equations.

Definition 1. ( L” blow-up). We say that a solution u blows up (or thermal runaway) at = 7°

, if there exists (x,, ¢,), ¢, U T , such that ‘u(xn, t, )‘ — +, In this case, we say that the

solution blows up in finite time if 7 is finite; if there exists a sequence {y,} and ¢, I T such

— +00 then we say that x is a blow-up point.

that y, — x and |u(y,, t,)

The collection of all blow up points is called the blow-up set. For the finite time blow-up,
Osgood [6] gave a criterion, namely the right-hand side nonlinear term must satisfy

© ds
If(s)<oo

The earliest blow-up results on parabolic equations are due to Kaplan [7] and Fujita [8]. Some
early papers appeared in the 1970s: Tsutsumi [9], Hayakawa [10], Levine [11], Levine—Payne
[12-13], Walter [14].

Definition 2. A non-negative function u(x,7)defined in Qis called a weak solution of

Neumann problem (1)-(3), if for every bounded open set () with smooth boundary
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o0 u el (Qx (0, 7)nC((0,7), 2 (Q) )Ll (Qx (0, 7)),

p-2
um eLl

loc

vum\ (Q x (0, T)) and the following integral identity fulfils

f u (x, t) n (x, t) dx — I u (x, to) n (x, to) dx = J:L) u? ndxdr+_|.;J.u : 877(x, T ) or—u" ‘Vu ”"FzVu -V (u K 77) dxdt
)

Q Q

forall 0 < ¢ < 7and for any test function e C,(Q x (0, T)). Moreover,

lim_, [u (% 0) ¢ (x)de = [ u(x 0)¢ (x)dx 4)
forany ¢ (x) e Ci(Q)) (see [15], [19]).
Let us denote
T*=sup{T > 0; sup, ,, Ju(x.1)], <o},

then 7* is called “the life span” of the solution » (x, ¢).If 7+ = oo,then the solution
u (x, t)is global in time mean. On the other side, 7+ < oothe solution » (x, r)is called
“blow-up” in finite time 7°*.

In [5] Z.R.Rakhmonov and A.I.Alimov studied the problem

o _ 0
ot Ox

coupled through nonlinear boundary flux

m

B ou!
Ox

ou!
Oox

ng’f,xe&,t >0,i =12 (5)

m—1 k
ag" =uf (0,8),¢ >0, i
X

x=0

ou'

ox

1,2 (6)

where m > 1, k 2 land ¢, , p, > 0are numerical parameters. The following initial data

should be taken into account

Ul o= up(x), i =1,2 (7)

1
Moreover, they are expected to be continuous, non-negative and compact in R .

They established that:

2
If g9, < (LJ (k+1-p,) (k+1-p,) then every nonnegative solution of the problem
m+

(5)-(7) is global in time.
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m(pS—i _1)(pi +k)
(P =1)(m+1)
each of the solutions to (5)-(7) blows up.

m(p3—i _1)(pi +k) then,

If0<p, <1 and ¢, >
(p, =1)(m+1)

or p, > land g, <

m(k+1) Y 1 1 .
If g9, < | ———— | and p, >|l+— |m+ — | then every solution of the problem (5)-(7)
m+1 k k
is blow-up in finite time

If q,q, < (m(k + 1))2 and p, > 1, then every solution of the problem (5)-(7) is blow-up in
finite time.

In [13] Zhongping Li, Chunlai Mu and Li Xie studied the next problem

u_o
ot Ox

subject to a nonlinear boundary flux and initial value conditions

m—1
Ou a—”} +u’, (x,t)€R, x(0,+0), (8)

5 ox

m—1 au ,
a(o,r) = u’(0,7), t €(0,+x) 9)

8_u
ox

u(x, 0) = u,(x), x € R+, (10)
where m > 1, p, ¢ > 0and u, (x)is a bounded, continuous, nonnegative and nontrivial
initial data.

They discovered that:
i) In the region of parameters G = {0 <p<lL0<g< %} , every nonnegative

solution of (8)-(10) is global in time.

ii) In the region R = {p > 1} U {q > } , there exist solutions of (8)-

m + 1
(10) that blow up in finite time.
111) In the region R, < R ,
2m
m+ 1

R = {p >1,q < Zm} ) {p <2m+1q > } every solution of

(8)-(10) blows up in finite time.
iv) In the region R, = R, R, = {p > 2m + 1, ¢ > 2m}, there exist solutions of

(8)-(10) that blow up in finite time as well as global solutions
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However, the critical exponents of (1) in multi-dimension is still unknown. The main
purpose of this work is to complete this work.

Global existence of the solution

This paragraph is intended to build self-similar sub- and super-solutions to (8)—(10) to
establish the theorems of Global existence and nonexistence solutions. The first theorem is
about the conditions in which the problem (1)-(3) has the global solution. The global
existence of solution draws conclusions from the comparison principle.

We will need the following notations

=" (m+1-p),

.= (m1-p)(p-1) 141 |

Theorem 1. If for each nonnegative ¢ < g,and 0 < <1, then each nonnegative solution

of the problem (1)-(3) is global in time.

Proof. We construct a supersolution of the form
- ' -K M(T+
u(x,x,1)=f(&)-0(t), where E=x,-9(t) ", o(t)=e ), (11)
with positive constants K, M, T >0, and

(&) =H+LE™, H= [u|’, L>o0.

We aim to show that this function is a supersolution of the problem (1)-(3) for appropriately

chosen constants K, M .

We compute the time derivative of # :
T, = ()9 (1) + 0(1) '(£)& = £ (£) Mo(t)~KME(r) £(£)

since ¢(1)= Mo(r)and & =-KM§

The source term is:

=) (&)

Thus, we want:

0z’ e Mo(1) f(§)-KMEp(1) /(&) 20 (1) 1 (¢)

Dividing both sides by ¢(t)’ yields:
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Mo(t) " 1 (£)-kMép(t) " f1(£)2 1 (&)

Since f <1, we have (o(t )1_ﬂ —> was ¢t —>o0. Therefore, for sufficiently large t, the left-

hand side dominates the right-hand side, and the inequality holds. We ensure this rigorously
by choosing:

M=2H""",

which guarantees the left-hand side exceeds the right-hand side for all £ and sufficiently
large .

We evaluate the boundary condition at x, =0, which corresponds to £ =0

i(0,0)=f(0)-@(t)=H"-0(t),=u’=H""-¢(1)"

Now compute the boundary flux:
0" =(H+LE) (1) = 2 = Lp(1)"™,
hence,

ox,

—‘Vﬁm‘[ﬂ ou" Via -qo(t)(m_K)(p_l).

To ensure this satisfies the boundary condition:

p20u" _ _
L

—|va"
ox,

it suffices that:
Lp,l '¢(t)(m71()(]7*1) > Hq/m .¢(t)‘] .
This reduces to the condition:

(m—K)(p—l)Zq :Kﬁm—ﬁ

We choose the optimal value:

K=m-—1_
p—1
Let u(x,¢)be the nonnegative weak solution of the original problem with u (x,0) < (x,0)

(true since u (x,0)can be made arbitrarily large by adjusting 7 or H ). Then, by the weak
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comparison principle, u(x,¢)<iu (x,¢t)forall xeO} , 7>0. Since u is defined for all t >
0, and remains finite, this implies that « (x,7) does not blow up in finite time. Hence, the

solution u (x, ) exists globally in time.

-1
Remark 1. Theorem demonstrates that g, = (p_ ](m +1-4 ) is critical global existence

of the problem (1)-(3).

Theorem 2.1f ¢ > gq,,0< B <1, and the initial function ¥, (X) is sufficiently small, then any
solution of problem (1)-(3) is global

Proof. We construct a decaying self-similar supersolution of the form

u(x,t)=A(T +t) “ g(n) (12)
Where
B m x,+h X;
= oolel, &= ,E= —— (i =2,...N),
“ q(m+1)—2m77 €] < (T+t) - (T+1t) g )
and
y=—r =
q(m+1)—2m

The function g (77) eC’ (D N) is radially symmetric, positive, non-increasing, and compactly
supported. Constants 4>0, 7 >0 and % > 0 will be chosen later.

We compute:

7, =—ad(T+1) " g(n)+A(T+1) g'(n)-%
Since
% =—m(T+t)",
we get:
i, = A(T+1) " [~ag(n)-me' (1)]
We have:
2" (T gV
Then:
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—-mo—y

vir" = A" (T+t) " mg(n)"" g'(n)

[ U

Hence,

V| v = 4Ty G ()

| U

for a smooth function G (7)dependingon g, § .

Then the divergence is:

3

V. (\va"’\” va’") = A" (T 4y "N ()

where H(n) is another bounded function depending on g, g Lg".

We now compare terms in the PDE:
-2
m zv-(\va”“\p Vﬁm)+b7ﬂ

Using estimates:
i 1 A(T+t)"", diffusion term 0 A" (T+¢) "7 @ 0 4" (T+1) 7
We want:
AT +0) 20 (TN g (T
This holds for small enough A, provided the exponents satisfy:
max {(ma+y)(p-1)+y,af}>a+1.

This inequality is ensured under the condition g > ¢q,, so for small enough A, the inequality

holds, and u is a supersolution to the PDE.

On the boundary x, =0, we estimate:

i, = A (T+1) " g(n),

V| B e (g e

X
We require:

AT gy N 5 o (7 )

3

which holds for sufficiently small A, provided:
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m(p—1)<q,
which is again satisfied since ¢ > g, >m(p—1). Thus, the boundary inequality is satisfied.

Let u,(x) < (x,r). Since i (x,¢) is a classical supersolution and u (x,¢) is a weak solution,

the comparison principle yields:
u, (x)<ii(x,t), Vxel?, r>0.

Since i (x,7) decays as ¢ — oo, the solution u (x,7) remains bounded for all time and hence
is global.
Now we consider the blow-up case.

Blow-up
Theorem 3.Let 0 < q < q,, u,(x)eQ,and S > 1 then the solution u(x,t) of the problem

(1)~(3) blows up in a finite time

Proof To obtain conditions for blow-up to the problem (1)-(3), we will employ the energy
method [15]. To accomplish this, it is necessary to select a suitable test function as follows:

1
Let's look at the following function; E(¢)= ljus (x,t), (x), where O<s<—
s

P
t//g(x):AgNe_g‘x‘,g>0 (13)
I= j v, (x)dx - unit operator with 4 — ﬁ
g 1;[ E
Since, Vy, =—¢ ﬁ ¥, we obtain the following:

E'(t)= I qu 'w dx = J‘[V(‘Vu’" " Vu'”)+u'8}us_1(//£dx
RN

§ RY

= IV(‘VM’” e
o

m p-2 m s—1
+Vu Vu™ -u

A {(S —DuVuy, — =u Ty, } * (14)
R RN
m? ") |Vu|p_2 Vu" dx

Using of Young’s inequality, we can obtain the following result
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1 1
£ 'f u |Vu|pf2 Vuy dx = _[ Lgu%q' ](|Vu|p2 Vuy,” ] Sp—
p

I Vul|” t//gdx+% j u’y dx

RY RY R’ RY
(15)
I 1 1 _p-l . L o
Where — =—va — =—— . Accordingly, the following inequality arises
g P P p
gkp—Z J. us+n172+(m71)(p72) |Vu|p_qul//gdx < kp— J. s+m=3+(m-1)( p-2) |V1/l| Vul//gdx +
RN ’\/
Py, P2
+ Em J‘ us+m—3+m(p—2)+2—p+p |Vl/l|p_1vul//€dx
p RN
Using Hoelders inequality, we obtain the following inequality;
Py, P2
> J‘ uﬂﬂ,ll//gdx_ E'm J‘ les+m_1+m(p_l)l//5dxg
! p w
il L n (16)
r" q' q"
< { I uﬁ”_ly/gdxj ( I l//gdx} L I y/gde
RN RN Ry
" +s5-1 " +s5s-1
Where p = P , q = P
s+m—1+k(p—2) ﬂ+m—k(p—2)
We denote the following as a constant
A j s My = C >0
Then, we get the following
p+n,——nm"? ﬁ
E'(t)= | u"" 'y, dx—Ce p u’" My dx
(=] o [ j
This inequality is appropriate
E(f)> S (17)
((E@) " ~ca)
983
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P
=5 g™ >0  and
G,

-1 L+s-1 -1
Where p1=ﬁ+ss , q,= 51 s B>1, C3:p1T

i ‘71
nq—n— —|
x " Che xdxj >0.

sz[Aj

I-p
. (E(0
T = % -represents the Life-Span condition of the equation, that is for each 7 <7

3

From (17), we conclude that E(f) 2% as ;7.

Remark 2. From here we can see that the equation, regardless of any parameters, reaches a
blow-up state, that is, the solution tends to infinity in finite time.

Life span of the solution

Within this section, we will give estimates of the life span T, of solution to (1)-(3) both from

below and above. Throughout the rest of this paper, we use the following notations. Let

C, (RN )be the space of all bounded continuous functions in R" and for a>0

F*= {(p(x) eC, (RN);go(x) > 0} and limsup|x|* ¢(x) <o

x>0

Fo= {go(x) eC, (RN);go(x) > 0} and limsupl|x|" ¢(x)>0

[x]—>00

p
ﬂ—l—m(p—Z)'

Theorem 4. Assume that u, (x)= A¢(x)for some 1>0.

Where a, =

Let ¢(x)eF,with ae(0,a,), then there exist A =24 (¢)>0and C,>0 such that

T; sco,fﬁ_”’"(p_z) forall 1< 4.
p=(m(p-2))a

Let p(x)e F,with ae ( ,a, j , then there exist 4, = 4, (¢)>0and ¢, >0 such that

T Scoﬂ_ﬂ_l+m(p_2)

for all 4 .
p_(m(p_z))a ora <A

Proof. Theorems can be proved in the same manner as it was done in [15].
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Conclusion
In this paper, we have studied the global existence and blow-up phenomena of one
nonlinear diffusion problem with a source specified by nonlinear boundary conditions. By using
the energy method, we have proved that the solution of the problem blows up in a finite time.
We have also shown the global existence of the solutions and provided lower and upper
estimates of the life span. In addition, it has been demonstrated in the work for the nonlinear
modeling of processes including diffusion, filtration, and heat dissipation among others that a
finite speed of perturbation can have an impact. By using a self-similar analysis of the solution,
an asymptotically compactly-supported solution was established. Finding a proper initial
estimate was a difficult problem, but it has a solution now. In addition, we have constructed a
self-similar Barenblatt-type solution and obtained an upper estimate of the solution to the
problem.
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