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ABSTRACT

This paper presents an analytical investigation of unsteady magneto hydrodynamic (MHD) flow
of a Casson fluid streaming along an exponentially infinite vertical surface, incorporating the
Dufour effect. In this study, we extend the existing Laplace transform solution methodology to
account for the flow model with Dufour effect. The dynamics are governed by coupled partial
differential equations portraying the momentum, energy, and concentration fields. The Casson
fluid behaviour, magnetic field effects, and chemical reaction parameter are incorporated into
the governing equations, and a solution is obtained using the Laplace transform technique. The
results illustrates the consequential leverage of the chemical reaction parameter on the velocity,
temperature, and concentration profiles. And some variables like magnetic field M, Casson
fluid parameter 3, Grashof number Gr, Prandtl number Pr, Thermal radiation Rd and Schmidt
number Sc are being analysed. The findings provide insights into optimizing industrial
processes where Dufour effect and magnetic fields interact with non-Newtonian fluids. This
study accords to a more comprehensive interpretation of the MHD flow of Casson fluids, with
implications for heat and mass transfer applications.
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INTRODUCTION:

Casson fluid is a sort of non-Newtonian fluid that is used in many innovative ways in medicine
and industry. This has led to a lot of research into it. Casson fluid has been studied a lot since
it has specific usefulness. Many businesses, including as food processing, polymer technology,
medicines, and material manufacturing, need to know how this fluid moves heat and mass. To
get accurate results, modeling and testing must be done correctly. The main purpose of this
study is to look at how heat and mass transfer work in a magnetohydrodynamic (MHD) Casson
fluid flow model, where the fluid moves down an infinitely long vertical surface that is affected
by an external magnetic field and chemical reactions. This research is predicated on various
prior investigations that have motivated the present inquiry. Nazeer et al. in 2009 conducted a
theoretical examination of the impacts of the electrical double layer in multiphase flows,
concentrating on Jeffrey fluids, a kind of Non-Newtonian fluid, traversing lubricated diverging
channels. Omar et al. in 2022 investigated the Hall and Soret effects in unsteady
magnetohydrodynamic fluid flow via rotating porous media, taking into account heat radiation
and chemical processes in a second-grade nanofluid demonstrating shear-thickening and
thinning characteristics. This study elucidated the influence of Soret effects, chemical
processes, and heat radiation on fluid dynamics. Mustafa et al. in 2011 examined the boundary
layers of Casson fluid in impulsive motion over a flat sheet, which subsequently prompted
further research on MHD Casson fluid flow influenced by thermal radiation effects by
Bhattacharyya in 2013. Vijaya and Reddy investigated the magnetohydrodynamic flow of
Casson fluid over vertical porous plates, taking into account factors such as chemical reactions,
Soret effects, and heat radiation. Other important studies have looked at heat and mass transfer
in non-Newtonian nanofluids over extending sheets with different heat sources and viscosities
by Santhoshi et al. in 2018, unsteady MHD flow in permeable channels by Kallepalli et al., and
numerical analyses of viscoelastic fluid flow over porous plates by Sivaiah et al., in 2019.
Subsequent investigations have concentrated on the synergistic effects of Soret and Dufour
phenomena in micropolar fluids traversing stretching sheets within porous media, alongside the
influences of chemical processes and heat radiation on nonlinear MHD nanofluids over intricate
geometries by Sujatha et al., Ibrahim et al. Research has been undertaken on mixed convection
flows affected by magnetic fields and heat radiation by Kumar et al.Furthermore, recent
research conducted by Padmavathi et al. (2022) on mass transfer in mucus fluids subjected to
pulsatile flow and electromagnetic fields has catalyzed investigations in biomedical fluid
dynamics. Research conducted by Abbas Yusuf Balarabe et al. and Farhan Ali et al. (2023) has
examined heat and mass transfer in unsteady magnetohydrodynamic (MHD) flows of second-
grade and Casson fluids, respectively. These studies incorporated parameters such as thermal
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radiation, heat sources, Prandtl and Schmidt numbers, with the initial flow induced by external
magnetic fields.

This study enhances prior models by incorporating chemical reaction effects and the Dufour
effect—where concentration gradients affect temperature fields—into the governing equations,
reflecting the growing significance of the Dufour effect. A comprehensive analysis of fluid flow
over an exponentially infinite vertical surface subjected to an applied magnetic field is
conducted. By using the right non-dimensional variables, the governing equations and boundary
conditions can be changed into non-dimensional forms. Laplace transformations provide us
analytical solutions for the momentum, energy, and concentration fields of the Casson fluid.
MATLAB is used to show the results in graphs, and there are thorough talks of skin friction,
Sherwood number, and Nusselt number, with graphs to back it up.

MATHEMATICAL FORMULATION:

Let us investigate the MHD Casson fluid with existence of the influence of dufour, thermal
radiation, heat source and the chemically reactive fluid flow through a vertical surface. Initially
when the demonstration takes place, the velocity profile is taken under consideration.
Additionally, the magnetic strength of the field is considered in the opposite x-axis. Further,
when t = 0, the velocity is U =e® for all the above stated conditions, the initial governing
equations are derived from the Boussinesq’s approximation. Where u denotes velocity
constituent in x-axis and v denotes velocity constituent in y-axis. The flow is in accordance
with the kinematic viscosity is denoted as v, T is the Temperature of fluid and T, is the ambient
temperature and the concentration field is € and C,, is the ambient concentration. p denotes the
fluid density, t denotes time, the magnetic field is denoted as B, and electrical conductivity of
the fluid is given as o.

Concentration Boundary Layer
By q, Momentum Boundary Layer

Thermal Boundary layer

'

Figure:1

Therefore the respective governing equations are as follows

Momentum equation:

du 2’u o B?

l * 1

(1
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Energy equation:

o _ W T _ o p_ oy 9, Drkn 9%

Plpoe = kaz— QT — To) — T+ == 53 ()
Concentration equation:

ac _ . 9%C

50 = Doz —Kr (€= Ca) 3)
The boundary conditions are
u=0, T=Ts, C=C, forallyand t' =0
u= Uugp, T = Tw, C = CW at_’y=0 (4)
u=0, T =Ty, C = Cy aty -0
Local gradient:

%r — _ghrg (T - T (5)

ay
By implying Taylor’s theorem and eliminating higher order terms, we get

T4 = AT3 T —3T4 (6)

By using the equation (5) and (6) in equation (2), it becomes

oT RV
C [l—

p 3= K55 Qo(T = T) = 16b"0TE(T ~ T.o) Q)

Non-Dimensional variables are as follows:

u t'u3 Yug v
U= —; t=— Y =—; Se= =
Ug v v D
0 = T—Too | _ C-Ce | Gr = gvB’ (Tw— Teo) . Ge = gUB*(Cw— Coo).
T Te Y= oo r= 3 ’ €= 3 ’
w— Teo w— Ceo Up Up
Ku? 160b*V3T2 pvC Dy Kt Cy—C
Kr = —%; Rd = ———=; Pr=—2L; Du=+-=Lw <=
v kug k CspCp Tw—Two

Implementing the Non-Dimensional quantities in equations (1), (3) and (7)

au 1\ 0%U
E:<1+E)O?+GT'9+GC([)—MU (8)
260 1 926 0%

T
dp 109%
- T K 10
ot s.ovz "¢ (10
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The boundary conditions:

U=0; 0 =0; o =0; forallYandt <0
U= e*; 0 =1; p=1; atY =0
U-0; 0 - 0; @ — 0; atY —» o

We can now acquire the solution for the flow model by incorporating the technique of
Laplace Transformation with respect to time in the equations (8), (9) and (10). Hence the
resultant Laplace equations are as follows:

_y (M
e Y B R, [e-yVSc(+K0) R, [e-yVSc+K) R. [e—yV/Pr s+
L(U) = — Gt |—— |+ Ge 2 |———| —Gr 2 |——
S R, S R,| s+R; Ry S
LG R3 e—y\/Pr(s+oc) c Rl (S Kas ) —y/Sc (s+K)
r R4 s+ R4 r Rz C. C.S S
R, e~ YVSc(s+K) Rs e~ YV/Pr (s+a)
+ GrR—Z(Sc.K+ Sc.s) W — Gr.DuR—4(Pr.s+ Pr.a) [———
R3 e—yw/Pr (s+a)
+ Gr. DUR—4(PI'.S + Pr. O() W (11)
eV Pr (s+a) q e—y‘/Sc(s+K) a; e—y\/Sc(s+K)
L(0) = +Du— [——| - Du— |———
dz S dz s+ qz
a3 e—y,/Sc (s+K) 3 e~ YvSc (s+K)
+Du— |——|[-Du =2 [—— (12)
Js S Qs | s+ qa
—-y+/Sc (s+K)
L(p) = [ef] (13)

Following these Laplace equations, the final solutions of the equations (11), (12) and (13)

arc

attained by incorporating the Inverse Laplace transforms. The resulting solutions are as follows:

ekt

Q= — [e‘ym erfc(r]\/S_— \/E) + erVSek erfC(m/§+ \/E)] (14)

2
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at
0 = eT [e=2VP@ erfc(nVPr — Vat) + e?VP™% erfc(nVPr + Vat)|
Kt

+Du% eT e VSek erfe(nvSc — Vit) + e¥VSeK erfc(nvSc + \/H)]
2
CI1 e(k_qZ)t

— Du 5 [e‘yvsc("‘qz) erfc (77\/5_— k- qz)t)
2

+ evVselk=az) erfc (n\/§+ M)]

at

_puBe_ [e=VP @ erfe(nVPr — Vat) + e?VP ¥ erfec(nVPr + Vat)]

[e‘ym erfc (n\/P_ — J(a— q4)t)
+ e¥VPra—as) orfc (n\/ﬁ
+ V@ =q)t)| (15)
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U= eTMt [e_y\/% erfc <\/L_ - \/W) + ey\% erfc <L + \/W)]

0 VBo
kt
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= [e‘yVSC("‘RZ) erfc (n\/§ — (k- Rz)t)
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R pat
- Gr.DuR—3(Pr.s + Pr. a)T [e‘yvpr'“ erfc(nVPr — Vat)
4

+ VP orfe(n/Pr + \/E)]

— Gr

R (a—Ryt
+ Gr. DuR—3 (Pr.s + Pr.a) ¢ [e‘yV Pr(a=R4) orfc (n\/P_ - J(a— R4)t)
4
+ eWVPr@-Ra) orfc (n\/P_r + J(a - R4)t)] (16)
RESULT AND DISCUSSIONS:

The method of Laplace transformation has been implied to solve the described flow model and
the solution is obtained. The solutions are analysed using MATLAB software and the
consequences of all the parameters in three fields has been analysed.
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Fig:2 Fig:3

Addition to this, Governing parameters including Skin friction, Nusselt number and Sherwood
number have been solved and the resulting solution has been graphically analysed. Graphical
investigation is executed to visualize how various parameters influenced the fluid flow.Figure:2
Represents the time fluctuation over the fluid velocity and Figure:3 shows the consequence of
Magnetic strength parameter on the velocity field. It is visible that when the time enlarges, the
momentum boundary layer also increases. Similarly the Momentum boundary layer increments
along with the Magnetic field of the fluid flow. Physically, when the Magnetic field is induced
into a fluid flow with ability of conduction it results in inducing a Magnetic Lorentz force. As a
consequence the fluid velocity increases.

—Gr=0.1
—Gr=0.2

Gr=03
—Gr=04

velocity U
velocity U

Fig:4 Fig:5
Figure:4 and 5 represents the consequence of Gr and Ge in the velocity field. Both the Thermal

and mass grashof number elevates the fluid velocity with the increase in Gr and Gc values. The

shows the clear evidence of buoyancy forces becoming more significantly prompting an
elevation in fluid velocity.
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Figure: 6 elucidates the impact of casson fluid parameter (). The graph visualizes that as the
casson parameter is inclined, the fluid velocity declines rapidly. Since the casson parameter is
inversely related to the yield stress, the velocity field declines because there is a reduction in
fluid’s resistivity to flow thus supressing the velocity of the fluid. Figure:7-11 brings out the
repercussion of various parameters in the temperature fields. Parameters like Prandtl number,
Thermal radiation, Heat source and Dufour effect has significant impact in the temperature field.
From figure:7 it is visible that as the t value uplifts the temperature of the fluid increases rapidly.

——Du=01
Du=02
12 Du=03
~——Du=04

Fig:8 Fig:9
Figure: 8 exhibits the declination of temperature when there is an increament in the prandtl
number. As the prandtl number increments, Thermal diffusivity declines which in turn reduces
the heat transfer relative to the momentum. Fig: 8 examines the effect of dufour in the
temperature profile. Dufour effect is the heat flow caused by the Concentration profile in the
MHD casson fluid flow. The dufour effect increases a heat flux in the flow system due to

concentration field which leads to effective addition of enrgy into the system. Therfore the
Teemperature increases with the increase in dufour effect.
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——Rd=01 —a-=o01]
——Rd=03 ——Q=02

Q=03
——aQ=04

Fig:10 Fig:11

Figure:10 brings out the effect of Thermal radiation caused in the Temperature profile. And
Figure: 11 shows the impact of Heat sources in the temperature field. It is apparent that the
Temperature upsurges rapidly with an delibrant raise in thermal radiation and as well as the
Heat sources. Owing to the thermal absorption capacity of the MHD Casson fluid, the
temperature inclines with the increment of Thermal radiation. Similarly, when an external heat
source is being introduced in the fluid flow system the fluid particles are transferred rapidly and
the energy level increases which results in the increase of the temperature. Figure:12-14
visualizes the implementation of various parameters such as Schmidt number and chemical
reaction in the Concentration fields.

—t=05 —8c=0.1

Fig: 12 Fig:13

Analysing the graphicall representations of the concentration fields, we have arrived at the result
such that the Concentration profile devolops significantly with the increase of ‘t’. From figure:
13, it is evident that there is a deterioriation in concentration level when there is increase in
Schmidt number. When the schmidt number increases, it leads to an effective momentum
diffusion. As a result the concentration boundary layer becomes more slender. Figure: 14 brings
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out the impact of chemical reaction in the concentration profile. As the chemical reaction rate
increases, more number of particle involves in chemical reaction which means the diffusion rate
increases rapidly resulting in the upsurge of concentration profile.

—k=01 [——m=10]
—k=02 —M=20

M=30
——M=40

q
Ny
Skin Friction

n N
Fig:14 Fig:15

From figure: 14 it is clear that the chemical reaction induces the Concentration profile
considerably. From Fig:15-17, the impact of Skin friction caused by various parameters like
Magnetic field parameter (M), Grashof number (Gr and Gc) have been analysed. Fig: 15 shows
that there is a decrease in the Skin friction level when there is a increases in the externaly applied
Magnetic field. Figure:16 shows the enhancement of Skin friction in the fluid flow system when
there is an increase in thermal grashof number (Gr) as well as the mass grashof number (Gc). It
is evident that as the grashof numbers increse, a stronger buoyancy force intensifies the flow
and increases the shear stress at the surface which leads to the increase of Skin friction.
Following figure: 18,19 elucidates the aftermath of Nusselt number and Sherwood number.

Ge=1.0
Gec=20
Ge=30
Ge=4.0

Gr=1.0
Gr=20
Gr=3.0

——Gr=

Skin Friction
Skin Friction

Fig: 16 Fig:17

Figure: 18 shows the Changes undergone by the Nusselt number due to tha effect of Prandtl
number. It is visible that the Nusselt number levels up with respect to Prandtl number.
Evidentically the higher Pr inducates a thinner boundary layer which enhances the heat transfer
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of the fluid in the system. As a resulting effect of enhanced heat transfer, the nusselt number
also increases. Figure:19 exhibits the impact of chemical reaction in sherwood number. It is
visibile that chemical reaction parameter (k) highly enhances the Sherwood number.

o e
@ - N

Sherwood Number
o
=

Nusselt number

e
>

0.2

Fig: 18 Fig: 19
CONCLUSION:

This study furnishes approximate analytical solutions for a MHD casson fluid through an upright
surface with occurrence of Thermal radiation, Chemical reaction and Dufour effect. We have
arrived at the solutions for dimensionless velocity, temperature and concentration by deploying the
method of Laplace transforms. The parameters of all the fields including Skin friction, Nusselt
number and Sherwood number are portrayed through graphs.

e Magnetic field upsurges the velocity field.

e Velocity drops with increment of casson parameter.

e (Gr)Thermal grashof number uplifts the fluid velocity.

e (Gc)Mass grashof number also claims to raise the velocity of the fluid.

e Temperature enhances with the rise of thermal radiation.

e Increment in Heat source results in rapid uplifting of Temperature field.

e  When there is an increase in Prandtl number temperature profile declines rapidly.
e Temperature profile falls with an rise in Prandlt number.

e Dufour effect (Du) induces the Temperature profile considerably.

e Concentration profile falls with the impact of Schmidt number.

e Enlargement in Chemical reaction leads to the decline of concentration profile.

e QGraphical study justifies the study of all fields of the casson fluid.
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APPENDIX:
a = Rd+Q
Bo = (1 + %)
Y
NG
Pr (Sc.k + Sc.s)
G = T sc—Pr)
Sc.k—Pr.a
= "5 pr
Pr (Pr.s+ Pr.a)
1= Pr—Sc
Pr.a —Sc.k
“= "pr—sc
1
M= Sep -1
Sc.k.fo— M
Ry= —
Sc.fy—1
1
8= b Bo—1
Pr.a.fo—M
Ry= ——
Pr.fy—1
Sherwood Number = [g—ﬂ o
_ _ﬂekt/z(e—kt +1)
Vrt
Nusselt Number = [%]Y—O

at kt
— <= [e (Prvae™™ + Prya) + DuL ez (Sevke ™ + ScVk)
2
(k—-q2)t
D s [T e 0 4 e E )
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_Du%eT(Pr\/Ee‘“t + Prva)
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qs @yt ( ot
D q3 — P _ —(ax—qa P —
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eTMt\/% [erfc(J%+VMt) — erfc(\/%—\/Mt)]
kt
—Gc& e_ VSck[erfc(n\/E+ \/H) - erfc(n\/S_— \/E)]

e e =R [erfe (e + &= T3
A =)
+Gr§—i e(a;R4)tm [erfc (nx/ﬁ +/(a— R4)t)
— erfe(nVPr+ (a - R4)t)]
~ e (sek + 5¢.) e—ktM[ erfe(Se +E) — erfe(/Se — V)]
" ST Ry [erfc — erfe(n/Se — FFFRE)]
— Gr Du—3 (Prs + Pra) —m [erfc(nVPr + Vat) — erfc(nVPr — Vat)]

+Gr Du (Prs + Pra) e(a \/Pr(a —Ry,) [erfc(n\/ﬁ + /(a— R4)t) —
(n\/ﬂ + J(a— R4)t)]

+Gc—

+ Gr (Sck + Sc s)
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