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Abstract

A mathematical model for obesity in young women aged 18 to 25 years is formulated. The
boundedness of the system is verified using Gronwall’s inequality. Equilibrium points are
found. The local stability of the model is analysed around the equilibrium points using the
Routh-Hurwitz Criteria. The global stability of the model is analysed using Lyapunov’s
theorem on stability. Numerical simulations are carried out using MATLAB.
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1. Introduction

Overweight and obesity are known as irregular or disproportionate fat growth that creates
health risks. Body fat is measured using Body Mass Index (BMI). Body Mass Index of an
adult is calculated based on height and weight. If the BMI is higher than or equal to 25, it is
considered overweight. If it is higher than or equal to 30, it is considered as obesity [6].

The prevalence of overweight and obesity is due to energy imbalance. Many factors such as
lack of physical activity, unhealthy food habits, poor quality sleep, stress, genetics and certain
medicines can contribute to obesity [7]. Obesity may be with or without complications. It
increases the risk of high blood pressure, high or low level LDL cholesterol, type 2 diabetes,
coronary heart disease, stroke, etc.[8]

Many researchers have formulated and analyzed mathematical models for obesity. Nourrridine
Siewe et al.[5] developed an ODE model of glucose dynamics to illustrate the contribution of
obesity to type 2 diabetes mellitus. Enrique Lozano-Ochoa et al. [2] presented an ODE model
for obesity to highlight the impact of social contagion on the spread of obesity. Adam Ben
Taieb et al. [1] studied the need for better risk prediction models for obesity related
complications and emphasized that the accuracy and application of current equations are
limited since they frequently lack external validation and do not distinguish between BMI
classes, especially class I1I obesity. Nasim S. Sabounchi et al. [4] presented a system dynamics
model for obesity in women of reproductive age which emphasized the problems such as
morbidity and death rates among pregnant obese women and the effects of weight loss and
reproductive outcomes. Kasinathan Kasi Gowthami et al. [3] conducted a study on obesity
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among young female college students between the ages of 18 and 25 at Vellore district,
Tamil Nadu and emphasized the necessity of prevention and treatment strategies.

In general, obesity is becoming a more significant public health issue affecting all age groups,
particularly young women. Given the notable rise in the prevalence of obesity in the Vellore
district, it is imperative to comprehend the underlying variables contributing to this trend. In
this paper, a mathematical model for obesity in young women aged 18 to 25 years in Vellore
district is formulated.

2. Formulation of Mathematical Model

A system of four ordinary differential equations representing the obesity in young women aged
18 to 25 years is as follows:

dN,,

ar =n- (INW + AOW - ,LLNW (1)
i = aly = U0, = B0, = Y0, = 10, + w0, @)
doy
?=ﬁaw_ﬂ00_900+801_(1)00 (3)
do,
?=y0w+900—u01—501—801 (4)

with  the initial conditions N, (0) > 0,0,(0) = 0,0,(0) >0,0,(0) >0. Also
nalupB,y w6, e are all positive.

Here N, (t),0,,(t),0,(t),0,(t) are the normal weight, overweight, obesity without
complications, obesity with complications states respectively. A(t)-Total population,
n-Recruitment rate, a-Transition rate from normal weight to overweight, A-Clearance rate,
pu-Natural death rate, f-Progression rate from overweight to obese without complications,
y- Progression rate from overweight to obese with complications, w-Partial recovery rate,
6 —Rate of developing complications, &-Rate of controlling complications and
&-Disease-induced death rate.

The flow of the model is given as
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Figure. Mathematical Model for Obesity in Young Women Aged 18 to 25 Years
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3. Boundedness of the System
Let S(t) = N,,(t) + Oy, (t)+ 0, (t) + 0,(t),9 > 0

dN,, . dOy

as ao dao
g5y L 4 &
dt dt

+=2 4

dt dt ?-{_195

= (n — aNy, + A0y, — uNy) + (aN,, — u0,, — p0,, —y0,, — 20,, + w0,) +
(BO, —u0y — 60y + €0, — w0,) + (yO,, + 60y — u0; — 60, — €0,)+
I(Ny, (1) + Oy (8) + 0o(t) + 01())

= n—u(N,, + 0y + 0y + 0)+I(N,(t) + Oy (t) + 0y(t) + 0.(1))
< Nt 9N, () + Oy (t) + Oy(t) + 04(t)) = p(say)
By using Gronwall’s inequality,
0 < S(Ny (£) + Oy () + 0o(t) + 01(1)) <5 (1—e™) +
(SN, (0) + 0y, (0) + 04(0) + 01(0)))e™?"

When t - 0,0 < S(t) <§

Hence the solutions of the system (1)-(4) with the initial conditions in the positive quadrant are
bounded.

4. Equilibrium Analysis

The system has two equilibrium points. First one is the disease-free equilibrium point
dNy,

i.e. Eo(N,,0,0,0) which is obtained by setting 0,, = 0 = 0; = 0 in7 = 0. That is,
n—ah,, —uN,, =0 (5)
Solving (5) we get,

N =1

Ny = a+u

and the other is the endemic equilibrium point E*(N,y,, Oy, Oy, O7) which is obtained by setting
dNy _ dOw _ 400 _ a0,

dt ~ dt  dt  dt = 0. That is,

n —aN,, + A0y, — uN,, =0 (6)
aN,, — u0,, — p0o,, —y0,, — A0,, + w0y =0 (7
BO, —u0y—00y+ €0, — w0, =0 (8)
y0,, + 600, — u0, — 80, — €0, =0 9)

Solving (6)-(9) we get,

NV"[,=%[[3(69+6u+9u+u2+ue)+y(69+6u+5w+9u+u2+ue+,uw)

+ 8B+ 0u+ Au+ Aw + p? + pw) + 0(Au + u?)
+ A(u? + pe + pw + sw) + (U3 + pPe + pPw + pew)]
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. an(80 +6u+ dw + Ou + p? + ue + pw + £w)
O, = D
0r = an(Bé+pu+petye)
0~ D

« _ an(BO+yf+yputyw)
07 = >

where the denominator, D = af80 + afdu + afOu + afu® + afus + ayd0 + aydu +
aySw + ayBu + ayu?® + ayus + ayuw + ad0u + adu? + aduw + abu? + au® + ap’e +
ap’w + apew + LSOu + BSu? + PO + Bud + Bute + yS0u + ySu? + ySuw + yOu? +
yud +yule + yptow + 80Au + 60u? + SAu? + SAuw + Sud + Sptw + 0Au? + 0ud +

B + Aple + ApPw + Apsw + p* + p3e + pdow + pPew

It can be noted that Ny, Oy, Oy and O; is positive

S. Local Stability

The Jacobian matrix of the system (1)-(4) is given by

—(a+p) A 0 0

_ a —(u+p+y+21) 1) 0

/= 0 B —(u+6+ w) £
0 y 0 —(u+d6+e¢)

At E* the matrix | is the same as above.

The characteristic equation of ] is

—(a+pn)—k A 0 0
a —(u+p+y+1A)—k ) —0
0 B —(u+06+w)—k €
0 y 0 —(u+d6+e)—k
ie.
(a+un)+k A 0 0
a wu+p+y+1)+k ) 0 —0
0 B u+0+w)+k €
0 y 0 (u+d+e)+k

ie. k*+Ak3 +Bk?+ Ck+D =0where A=a+f+y+8+e+0+21+4u+ w,

B=a(f+y+5+ec+0+w)+pL(6+e+0)+y(6+e+0+w)+55060+1+ w)
+e(A+w)+ A0+ w)+3ula+B+y+6+e+60+1+2u+ w),

C=afd+afes+afl + 2afu+ ayd + aye + ayl + 2ayu + ayw + adl + 2adu
+ adw + 2acp + asw + 2a6u + 3puta + 2auw + LSO + 2B8u + 2Peu
+ 2B0u + 3u?B + y60 + 2ySu + ydw + 2yep + 2y0u + 3uty + 2yuw
+ 8O + 280 + 2641 + SAw + 3u%8 + 26uw + 2eAu + edw + 3ule
+ 2euw + 20Au + 3u?0 + 3uPA + 2 uw + 4ud + 3w,
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D = af80 + afdu + afeu + afbu + plaf + ayd6 + aydu + aybw + aysu + aybu
+ play + ayuw + ad0u + p*ad + aduw + plac + asuw + prab + pda
+ plaw + BSOu + u?BS + utfe + urpO + uip + +yS06u + ulys + yduw

Here A > 0,C > 0,D > 0 and ABC — C? > A?D.
Hence by Routh-Hurwitz criteria the system (1)-(4) is locally asymptotically stable around E*.
6. Global Stability

V(Nw» Ow, Oy, 01) = (Nw

* * OW *
03) = 03, In g + (0p — 05) -
05In 2 2+ (01~ 0) = 0f In2:

1

It can be easily shown that the function V is 0 at the equilibrium point E*(N,,, O,,, Oy, 07) and
is positive for other positive values of N, Oy, Oy, O;.

The time derivative of IV along the solutions of (6)-(9) is
w ()@ ()T (- T (-5)F -
=(1- N—W) (1 + 20, — (@ + WN,)
( ——W)(aNW+wOO— (w+B+v+10,)
Oy
+(1- —3) (B0, + 20, — (1 + 6 + )0,)

+(1—0—)(y0 100, — (u+6+)0,)

N, — N)? 0,, — 0;)? 0, — 03)?
N,, O, 0y
0, — 0})?
_(ﬂ+6+€)g
0,
<o
dt
1e. % 1s negative definite.

By Lyapunov’s theorem on stability, it can be concluded that the endemic equilibrium
E*(N,,, Oy, 0p, 07) is globally asymptotically stable provided if N,, < Ny, 0,, < O,,, 05 < Oy
and 0; < 07.

7. Numerical Simulations

The parameter values were calculated based on the study on obesity among young female
college students between the ages of 18 and 25 at Vellore district, Tamil Nadu, conducted by
Kasinathan Kasi Gowthami et al. [3]. The recruitment rate n = 0.91, Transition rate from
normal weight to overweight @ = 0.94, Clearance rate A = 0.29, Natural death rate u = 0.83,
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Progression rate from overweight to obese without complications f = 0.64, Progression rate
from overweight to obese with complications y = 0.52, Partial recovery rate w = 0.74,
Rate of developing complications 8 = 0.14, Rate of controlling complications € = 0.66 and
Disease-induced death rate § = 0.71.

Population of all state variables
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Figure 1. Flow of all populations

In figure 1, the graph depicts all the populations, where the population of obesity without
complications is higher than the population of obesity with complications.
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Figure 2. Obesity without complications with different values of 8

In figure 2, the graph depicts the population of the obesity without complications increases if
the 8 value increases.
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Figure 3. Population of obesity without
complications for different values of 6
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Figure 4. Population of obesity with
complications for different values of 6

Comparing the graphs in figures 3 and 4, it is understood that the population of obesity without

complications declines when the 6 value increases, but the population of obesity with

complications increases when the 6 value increases.
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Comparing the graphs in figures 5 and 6, it is understood that the population of obesity without

complications declines when the y value increases, but the population of obesity with

complications increases when the y value increases.
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Figure 7. Population of Obesity without Figure 8. Population of Obesity with
complications for different values of € complications for different values of €

Comparing the graphs in figures 7 and 8, it is understood that the population of obesity without
complication increases when the & value increases, but the population of obesity with
complication declines when the € value increases.

Conclusion

This paper provides important insights into the dynamics of weight growth and the
effect of parameters on it. The model provides a solid framework for the better understanding
of obesity in this population. The boundedness of the system was verified which offers a way
for successful intervention tactics by concentrating on constrained solutions. The disease-free
equilibrium and endemic equilibrium points were found. The system is found to be locally
asymptotically stable around the endemic equilibrium using the Routh-Hurwitz criteria and
globally asymptotically stable using Lyapunov’s stability theorem. This guarantees that the
solutions are applicable in real-world scenarios and long-lasting. Numerical simulations were
carried out for the flow of all populations, obesity with complications and obesity without
complications with respect the parameters [-Progression rate from overweight to obese
without complications, 6-Rate of developing complications, y-Progression rate from
overweight to obese with complications and e-Rate of controlling complications. The
population of obesity without complications is higher than the population of obesity with
complications and it increases if the f value increases. The population of obesity without
complications declines when the 6 value increases, but the population of obesity with
complications increases when the 6 value increases. The population of obesity without
complications declines when the y value increases, but the population of obesity with
complications increases when the y value increases. The population of obesity without
complication increases when the & value increases, but the population of obesity with
complication declines when the € value increases. This model gives an idea that helps to reduce
obesity rate in Vellore district and beyond by encouraging young women to lead healthy
lifestyle as communities and medical professionals work together to combat obesity.
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