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Abstract

In this paper, we introduce the concept of Multi vague
order of an element in a group with dimension k which
extends the classical notion of vague order. We establish
various properties and characterizations of Multi vague groups
based on this order.

Further, we study the concepts of Multi vague-p group,
Multi vague torsion. For instance, we show that GV, =
{zx € G| tialx) =tiale) & fia(x) = fiale),i =1,2,.....k.}
is a normal subgroup of G, and that A is a Multi vague-p
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group if and only if the quotient group (TG/A is a p-group.
Moreover, if A is a Multi vague group of an abelian group
G, then A is Multi vague torsion if and only if G—% is a
torsion group.

Math.Subject Classification(2000): 08A72, 20N25,
03E72.

Key Words and Phrases: Multi vague set, Multi
vague group, Multi vague normal group, Multi vague or-
der of an element, Multi vague-p group, Multi vague torsion.

1 Introduction

The study of fuzzy and vague algebraic structures has become an
important area in modern algebra due to its potential applications
in areas involving uncertainty, such as decision making, pattern
recognition, and computational intelligence. The concept of vague
order of an element in a group, which generalizes the classical
notion of element order, has attracted considerable attention. Early
developments in fuzzy subgroup theory by Bhattacharya [14] and
Das [15] established key frameworks for handling uncertainty in
group theory. Subsequently, N.Ramakrishna [11], [12], [13] & [19]
expanded this framework by introducing Multi vague groups and
Multi sets, allowing for a richer structure capturing multiple
dimensions of vagueness.

In this paper, we extend the classical vague order of an ele-
ment in a group with dimension k, providing a Multi dimensional
approach to analyzing elements under vagueness. This concept nat-
urally generalizes the vague order and enables finer classifications
of group elements. We rigorously investigate the properties and
characterizations of Multi vague groups based on this order. Fur-
thermore, we examine Multi vague p-groups, revealing new insights
into their algebraic behaviour.
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Our work builds upon and generalizes previous research by Biswas
[16],[17], Rosenfeld [1], Sebastian and Ramakrishnan [22], and oth-
ers who contributed to the theory of fuzzy and vague groups. Demici’s
[8] approach is based on crisp set and fuzzy operation. We follow
Ranjit Biswas’s appraoch for our development of vague algebra. By
advancing the theoretical framework of Multi vague orders, this
paper aims to open new avenues for applying vague algebraic
structures in both theoretical investigations and practical scenarios
involving uncertainty and imprecise information.

2 Preliminaries

Definition 1. A Vague set A in the universe of discourse G
is a pair (ta, fa) where t4 : G — [0,1], fa : G — [0,1], are
the mappings such that t4(z) + fa(zx) < 1, for all = € G. The
functions ta(x) and fa(x) are called true and false membership
functions respectively.

Definition 2. Let G be a non-empty set. A vague set
A = (ta, fa) where tu(x) = (t1a(x),taa(x),.......; txa(x)) and
fA(x) = (flA(a:),ng(:zr), ...... ,ka(.I')) and t;4 : G — [0, 1],
fia : G = [0,1], are mappings such that t;a(x) + fia(z) <1,
for all x € G, fori=1,2,3,......... k,is called Multi vague set of G with
dimension k. Here ty4(x) > toa(x) > ...... tpa(z), for all z € G.

Note: We arranged the true membership sequence is decreasing
order, then the corresponding false membership sequence need not
be in decreasing or increasing order.

Example 3. Consider a group G = {1,w,w?} with usual
multiplication.
A= {(1,(0.6,0.4,0.3,0.2), (0.3,0.5,0.4,0.4)),
(w, (0.6,0.3,0.2,0.1), (0.2,0.4,0.3,0.2)),
(w?,(0.5,0.4,0.3,0.2),(0.3,0.4,0.2,0.6)) } is a Multi vague set.
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Definition 4. A Multi vague set A = (ta, fa) of dimension
k of a group G is said to be a Multi vague group of G if, for all
r,y € G, 1) ta(zy) > talx) Ata(y) and ta(z™) = ta(2)
and 2) fa(ry) < fa(x)V fa(y) and fa(z™') = fa(z)

e, 1) ta(zy) > tia(z) Atia(y) and tia(z™') = t;a(x)
2) fia(zy) < fia(@)V fia(y) and fia(z™") = fia(z) foralli=1,2,3... k.

Equivalently, we define Multi vague group as, for all =,y € G,

tia(zy™") > tia(x) Atia(y), and fia(zy™") < fia(z) V fialy),
and i=1,2,.....k.

Theorem 5. Let A be a Multi vague group of a group G then
tia(zy™") = tia(e) Yijand  fia(vy™') = fiale)}i,
= tia(x) = tia(y)}iy and fia(@) = fia(y) i,

Theorem 6. If A and B are Multi vague groups of a group G
then A( B is also a Multi vague group.

Definition 7. Let A = (t4, fa) be a Multi vague set of a

non-empty set G. where t4(z) = (t1a(x),toa(z), ........ ,tra(z)) and
fa(@) = (fia(@), foa(@), ...con. , fra(z)) and a = (a1, as, ....ay),
B = (61, P, eeenne. ,Bk) where 0 < oy + 3; < 1, for i=1,2,.....k

then (o, ) - cut of A is defined as A g = {2 | © € G, tia(z) >
a, fia(z) < B}, It is a crisp Multi set of G.

Definition 8. Let A be Multi vague group of a group G of
dimension k and a = (a1, g, ....ay) 0<a; <1,i=1,2.... k.,

then the true a cut of A is a crisp Multi set defined as

Tai = {$ | z € G, {tiA(:L‘) < OéAi}?:l}'

Definition 9. Let A be Multi vague group of a group G of
dimension k and o = (g, g, ...occ) 0<; <1,i=1,2.....k.,

then the false a cut of A is a crisp Multi set defined as

Fai = {l’ ’ r € G, {sz(x) > O‘Ai}le}'
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Theorem 10. Let A be a Multi vague group of G. Then A is
a Multi vague group of G iff for every a € [0,1]%, the non-empty
sets T A, and F A, are crisp subgroups of G.

Definition 11. Let G be a non-empty set. A vague group A
is a pair (ta, fa) of dimension k of a group G is said to be a Multi
vague normal group of G, Vz, g € G.

ta(x) < Ata(geg™) and fa(z) > Vfa(gzg™)

ie., tialz) < Atialgrg ™)}, and fia(x) > Vfia(grg™t)

Example 12. Let G = {1,—1,i,—i} be a group. and A be a
Multi vague group of G with dimension 4.
A ={(1,(0.7,0.4,0.3,0.2), (0.3,0.5,0.4,0.3)),
(—1,(0.6,0.3,0.2,0.1),(0.3,0.6,0.5,0.4)) }
Clearly A, is a Multi vague normal group.

Theorem 13. If G is a commutative group, and A be a Multi
vague group of G with dimension k, then A is a Multi vague normal
group of G.

Definition 14. Let A be a vague group of a group G. For a
prime p, A is said to be vague p-group if VO4(x) is a power of p,
Vr e G.

Definition 15. Let A be a vague group of an abelian group
G. A is called vague torsion if VOy(z) is finite for all z € G.

Example 16. Let G = {e,x,y,2},2°> = y*> = 2?2 = e be
the Klein’s 4- group. Define a vague group A defined by wv4(z) =
vale) = Iy = [ag, bo], va(z) =valy) = 11 = a1, b1]. where Iy > I.
Thus A is a vague torsion.

Definition1 7.Ina groupG.L eta € G,thent he fuzzy
order of an x € G is the smallest positive integer n such that
pu(x™) = p(e). where p is the fuzzy membership function e is the
identity element in G. It is denoted as FO(x) = n.

If no such n exists, the fuzzy order of x is said to be infinite.
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Example 18. Let G = (Z4,+) and define
1(0) =1, u(1) = 0.7, 1(2) = 0.8, u(3) = 0.7
where 0 is the identity element in Z,
Here 1(0) = u(0) = fuzzy order of (0) =0= FO(0) =1
p(14+41441441) = p(0) = fuzzy order of (1) =4 = FO(1) =4
w(2442) = pu(0) = fuzzy order of (2) =2= FO(2) =2
w(3+43+43+43) = p(0) = fuzzy order of (3) =4= FO(3) =4

Definition 1 9. Let A be a vague group of a group G.
Given x € @, if there exists a least positive integer n such that
Va(z™) = Vy(e), then n is called the vague order of x, w.r.to A.
We denote it as VOa(x) ie., VOa(z) =n
where A = (ta, fa),ta(x) + fa(zx) <1Vre G
Va(a") = (ta(z"), fa(z")) = (tale), fale))

Example 20. Let G = (Z,,+) be the group.
Now defined a vague group
A=1{(0,1,0),(1,0.7,0.2), (2,0.8,0.1), (3,0.7,0.2)}
Here t4(0) =1, fa(0)=0
ta(l) =0.7, fa(1)=0.2
t4(2) = 0.8, fa(2) = 0.1
ta(3) = 0.7, f4(0) = 0.2

Here 0 is the identity element of Z,.
tale) =1a(0) =1, fa(e) = fa(0) =0

Now 0 =0=VO(0) =1
144144144 :0:>VO(1)=4

2442=0=VO0O(2) =2
3+43+43+43:0=>V0(3):4

3 Multi Vague Order of an element

Now, we introduce the concept of Multi vague order of an element.
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Definition 21. Let G be a group and A is a Multi vague
group of group G with dimension k, then A = (ta, fa) where
ta = (tia,taa, s tia), fa = (fras foas o fra) With t14 > toq >
..... > tpa and tig + fin < 1,Vi=1,2,......., k., then Multi vague
order of an element x € G is defined as the smallest positive integer
n such that t4(z") =tale) & fa(a™) = fa(e)

Le., tia(z") = tia(e) 1oy & fia(a™) = fiale)} i,
It is denoted by MV O4(z) = n.
If no such n exists, the Multi vague order of x is infinite.

Example 22. Let the group G = (Z4,+4) and
Z,={0,1,2,3}
A = {(0,(1,0.9,0.8,0.7),(0,0,0,0))
(1,(0.7,0.6,0.5,0.4),(0.2,0.3,0.4,0.5))
(2,(0.8,0.7,0.6,0.5),(0.1,0.2,0.3,0.4))
(3,(0.7,0.6,0.5,0.4),(0.2,0.3,0.4,0.5)) }
Clearly A is a Multi vague group of G with dimension 4.

In Z,, 0 is the identity element.
(1) 0=0= t:a(0) =t:a(0)}) & fia(0) = fia(0)}i,
= MVOA(O) =1
(1) 144 14+4 1441 =0= t;4(1%) =t;4(0)}_, &
fia(1Y) = fi4(0)}e, = MVOA(1) =4
(i61) 2 +42 = 0= 4(2%) = tia(0)}y & fia(2?) = fia(0)}iy
= MVO4(2) =2
(1v) 3443 +43+43 =0= t;4(3%) = t;4(0)}_, &
fiA(34) = flA(O) le = MVOA(3) =4

Example 23. Let G = {e,x,y,2},22 =y* =22 =¢,
be the Klein’s-4 group.
Define a M ulti vague group of A with dimension 4, defined as
ta(z) =ta(e) = (ao, bo, o, do) and fa(z) = fa(e) = (eo, fo, 9o, ho)
ta(z) =ta(y) = (a1,b1,c1,d1) and fa(z) = fa(y) = (e1, f1. 91, M)
where ag > al,bo > bl,CQ > Cl,d() > dy and ey < eq, fo < fl,
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9o < g1,ho < hy.
ag, ay, bo, b1, co, c1,do, dy, e, €1, fo, f1, 90, 91, ho, b1 € [0, 1] and
a; +¢e < 1,bl+fz < 1,Ci+gi < 1,dl—|—hz < 1,V’l: 1,2,3,4.
Clearly G is a group, by Cayley’s composition table.

Now we have tia(x?) = tia(e)}, and fia(z?) = fiale)}i,
= MVOu(z) =2,
tia(y?) = tia(e)}io, and  fia(y?) = fiale)}ioy = MV Oa(y) =
tia(z) = tia(e) Yy and fia(2) = fin ( )}zzl 5 MVOa(z) = 1
tia(e) = tiA(e)}f , and sz(e) sz( )iy = MVOa(e )

Example 24. Let G = {1,—1,i,—i} be a group of fourth
roots of unity:.
Define a vague group A of G with dimension 4 be
A=1{(1,(1,0.9,0.8,0.7),(0,0,0,0))
(—1,(0.8,0.7,0.6,0.5),(0.1,0.1,0.3,0.3))
(1,(0.7,0.6,0.5,0.4), (0.2,0.3,0.4,0.5))
(—1,(0.7,0.6,0.5,0.4), (0.2,0.3,0.4,0.5)) }
then clearly A is multi vague group with dimension 4.
ta(1) =(1,0.9,0.8,0.7) = ta(e) & fa(1l) =(0,0,0,0) = fa(e)
= MVO4(1) =1
ta(=1)2 =t4(1) = (1,0.9,0.8,0.7)
and fA(_1)2 = fA(l) = (0,0,0,0) = MVOA<—1) =2
ta(i*) =ta(1) = (1,0.9,0.8,0.7) & fa(i*) = fa(1) = (0,0,0,0)
= MVOyu(i) =4
ta((=i)Y) = t4(1) = (1,0.9,0.8,0.7) and
fA(( ) ) fA(1> (0707070)
= MVOA( ) 4
S MVOA(L) =1, MVO4(—1) =2, MVO4(i) = 4, MV O4(—i) = 4

Example 25. Let G = {1,—1,i,—i} be a group of fourth
roots of unity:.
Define a vague group A of G with dimension 4 be
A ={(1,(1,0.9,0.8,0.7),(0,0,0,0))
(—1,(1,0.9,0.8,0.7),(0,0,0,0))
(1, (0.6,0.5,0.4,0.3), (0.2, 0.3,0.3,0.4))
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(=i,(0.6,0.5,0.4,0.3),(0.2,0.3,0.3,0.4)) }
then clearly A is multi vague group with dimension 4.

Here 1 is the identity element of G.
tA(l) = (1,0.9,0.8,0.7) = tA(e) & fA(l) = (0,0, 0,0) = fA(e)
= MVOu(1) =1
ta(=1) = (1,0.9,0.8,0.7) = ta(1) & fa(—1) = (0,0,0,0) = fa(1)
= MVOA(—l) =1
ta(i®) =ta(—1) =ta(1) = (1,0.9,0.8,0.7)
and f4(i%) = fa(—=1) = fa(l) = (0 0,0,0) = MVO4(i) =
EA((=)?) = ta(—1) = £a(1) = (1,09,0.8,0.7)
and fa((—=i)?) = fa(—1 ) (1) (0,0,0, O) = MVOa(— ) 2

Remark 26. We note that O(x) and MV O(z) are not same
in general.
In example 3.5 we have MV O4(z)

= 1, whereas O(z) =2
In example 3.6 we have MV O4(—1) =

1, whereas O(—1) =2

Theorem 27. Let A be Multi vague group of a group G with
dimension k. If tia(2™) = tia(e)}i, and fia(z™) = fiale)}r,,
for some x € G, then MV O4(x) divides m.

Proof: Given A is a Multi vague group of a group G with dimension
k. for all =,y € G,

1 tia(zy) > tia(x) Atia(y) Yoy and tia(z™') = tia(z) Y,
2 fialwy) < fialw) V fia(y) iz, and fia(z™") = fia(z)}i,

Let tia(z™) = tiA(e) F and fia(z™) = fiale)}r_, for some x € G
Let MVOyu(z) =

= n is the least positive integer such that

tia(z™) = tia(e)}izy and  fia(z™) = fiale)}ioy = n < m.

therefore by Euclidean Algorithm m = nq + r, where 0 <r <n
So ta(x") = tia(a") iy = tia(a™ )Y, = tia(a™ (")) sy

> minf{tia(z™), tia((x") ") Yoy = min{tia(z™), tia(z™) Yoy
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= mm{tm( ) tia(e)} oy = tiale) Yy = tale).
ta(z") > ta(e) and ta(e) > ta(z")

ij( ") = ta(e) = (1)

similarly we can prove fa(x") = fia(z")}r| = fia(a™ ")}k
= fia(a™(z™) )},
< max{ fia(x™), fia((2")"O) Moy < max{ fia(a™), fia(z™) iy
= max{ fia(e), fiA(e)}}i'C:l = fiA(e)}le = fale).
oo fa(@) < fale) and  fa(e) < fa(a")
= fa(@") = fa(e) = (2)
from (1) & (2) ta(z") =tale) & fa(z") = fa(e)
contradiction to n is the least positive integer n.
=r=0=m=ng=nlm
. MVOy(x) divides m.

Corollary 28. MV O,(z) is always a divisor of O(x).
Proof: Let O(z) =n, MVOu(x) =m
Since O(x) =n = n is the least positive integer such that 2" =e
= tia(e") = tia(e)}e, and fia(z") = fia(e)}e,
But MVOyu(z) =m
= tia(2™) = tia(e)}iy and fia(a™) = fia(e)} iy
. m is the least positive integer by the above theorem
m|n = MV O (x)|0(z)
It completes the proof.

Theorem 29. Let A be Multi vague group of a group G
with dimension k. If x has finite Multi vague order in G, then
MVOs(z™) = W for all positive integer m.

Proof: Given A is a Multi vague group with dimension k.

A= (tA,fA) where tA( ) (tlA( ),tQA( ), ...... ,tkA( )), fA(ﬁ) =
(flA(x)aflA(m)’ """ aka(x)) and ia G — [07 1]7fiA G — [07 1]a
are mappings such that t;a(x) + fia(x) < 1, for all = € G, for
i=1,2,3,........... k., is called Multi vague set of G with dimension k.
Here tia(x) > toa(z) > ...... tra(x), for all x € G.

Let MVOu(x) =n = tia(x™) = tiale)}r, and

fia(z™) = fia(e)}r | then 2™ is also has finite Multi vague order.
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Let MVOA(z™) = k.

Let(m,n) =d = n=dp,m = dq

(p,q) = 1, p, qare relatively primes.
tia(x™)* = tia(e)}ioy and fia(a™)* = fia(e)}iy
tia(x™k) = tia(e) 1oy and fia(a™k) = fiale)}iy
MVOa(x) =n = n|mk.

by the theorem

[Let A be Multi vague group of a group G with dimension k.
If tia(x™) =tia(e)}i, and fia(a™) = fia(e)}r,, for some x € G,
then MVO4(x) divides m. |
= dp|dgp = plqk

“(p,g) =1=plk = (3)
again consider to((29)P) = t;a(x)P}r_| = tia (x| =t (") }E
= tia(x?)" iy = tia(e) Yoy = tale)
similarly fa((z%)?) = fia(z¥ )P}y = fia(x®)}y = fia(@")},
= fia(z)"Hy = fiale) iy = fale)
Sta((x?)P) =ta(e) & fa((29)) = fa(e)

but MVOs(z™) =k = klp — (4)
from (3) and () k=p (- n=dp=k=75)

m MVOs(xz
= MVOA(2™) = jrrg s

Theorem 30. If G is finite group, then GVy = {e} iff
MV O4(x) = O(x), for every x € G. where
GVa={z € G| tia(x) = tia(e)}y & fia(x) = fiale) Vi)
Proof: Case:I Suppose GVj4 = {e}
where GVy = {z € G | tia(x) = tia(e)}y & fia(r) = fiale)Hia}
by corollary MV O4(z) is always a divisor of O(x)
= MV O (2)|O(x) — (5).
Let MV Oy(z) =m,O(x) = n.
L MVOs(x) =m = tia(a™) = tiale) Yoy & fia(@™) = fia(e)}iy}
=" e GV,
but GVy={e} =z =e¢
since O(z) =n = n|m = O(x)| MVO4(x) — (6)
from (5) and (6) MVOu(z) = O(x)

Received: August 05, 2025 411



International Journal of Applied Mathematics

Volume 38 No. 6s, 2025

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Case:11 Conversely suppose MV Oa(z) = O(z),z € G
claim: GVj4 = {e}
Let © € GVa = tia(z) = tiale)}y & fia(w) = fiale)Hy
MVOu(z) =1," MVOs(x) =0(z) = O(zx) =1=z=¢
GVA = {6}

Theorem 31. Let A be Multi vague group of a group G
with dimension k. and let MV O4(x) = n,where v € G. If m is
an integer such that (m, n) = 1, then tis(z™) = t;a(e)}r, and
fia(a™) = fia(e)} i,
Proof: Since (n, m)= 1, = there exists integer s and t > ns + mt =1.
So, ta(z) = ta(z') = tia(x) iy = tia(a™ ™)y = tia(z™ 2™},
= tia(@" 2™ Yy > min{ta(z"), tia(z™) Yo, = min{tia(e), tia(a™) Y,
= tia(z™)Hoy 2 tia(2) iy = ta(2).
ta(@) > tax) = tia(a™) = tia(z)

Al(so cons;iler fa(@) = fa(z") = fia(e" )}, = fiala™ ™)},
— fiA xns$mt ¥
= fiA(xnsxmt)fﬂ < max{fia(z"), fia(x™) §:1 = max{ fia(e), fiA(Im)}i'C:l
= fia(x™) iy < tia(z) b, = falz).
© fa(x) < fa(x) = fia(a™) = fia(2) iy
tia(a™) = tiA(x)}fﬂ & fia(a™) = fiA(x)}i‘C:l
= ta(z™) =ta(x) & fa(a™) = fa(x)

In what follows below, we use two conditions given below by (I)
and (IT) respectively.
Given A is a Multi vague group of a group G with dimension k.
A = (ta, fa) where ta(z) = (t14(2), toa(x), oo, tea(z)), falx) =
(f14(@), f2a(2), ooy fralz)) and T4 0 G = [0, 1], fia : G — [0, 1],
are mappings such that t;4(x) + fia(z) < 1, for all = € G, for
i=1,23,........... k. is called Multi vague set of G with dimension k.
Here t1a(x) > toa(z) > .....tpa(x), for all x € G.

1 tia(zy) > tia(x) Atia(y) Yoy and tia(27h) = tia(2) }o,
2 fialzy) < fialx) V fialy) }icfand fia(z™) = fia(w)}icy *
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Condition I:
O(z) = O(y) = talz) = taly) & fa(z) = faly)
ie., O(x) = O0(y) = tia(x) = tia(y) Yoy & fialz) = fia(y) i

Condition II:
MVOx(x) = MVOu(y) = ta(x) =tay) & fa(z) = faly)
i.e., MVOA(]J) = MVOA(y) = tiA(a:) = tiA(y)}le &
fia(z) = fia(y) ?:1

Theorem 32. Let Given A is a Multi vague group of a group
G with dimension k., with condition (I). If O(x) = O(y), for some
T,y € G then MVOA( ) = MVOA<y)
Proof: Let O(z) = O(y)
= 0@")=0u"),Vn (roz=y=a" =y") by condition (I)
= tia(2") = tia(y" ) L & fiala™) = fialy™) Mo, — (7)
Let MVOu(z) =
= tia(x™) = tia(e ) 1 & fia(@™) = fia(e) iy
= tialy™) = L@V, & fialy™) = fiale) Yo (from(7)
= MVOs(y) =m
", MVOA(ZL“) = MVOA(y)

We recall the definition of a p-group.

Definition 33. For a prime p, a group G is said to be a
p-group if the order of x is a power of p Vz € G.

Theorem 34. Let A be a Multi vague group with dimension
k of a finite group-p group G, with condition I. I f MV O 4(x) =
MV Oyu(y) > 1, for some z,y € G then O(z) = O(x).
Proof: Given G is a finite p-group.
A be a Multi vague group with dimension k
Let MVOu(z) = MVOA( ) = p' where p is a prime, t > 1

since. MV Oa(z) = p', is a divisor of O(X) and O(y)
. Let O(z) = pt+“ and O(y) = p'™ where a, b are non-negative
integers.

we may assume that a > b
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since O(z"") = %
tta a a a
(p“‘bf;f*“‘b*b) - p“"’t(Jlr7pt+b) - p"tj’(l) - zfj‘b =p""=0(y)
similarly MV O, (z?"") = %

t_ o
p - (pt7pa—b
= 1= (" p"™")
=a—b=0[t>1]
=a=>b

O(w) = = 1 = O(1)
Thus O(z) = O(y).

Theorem 35. Let G be a finite group, then G is cyclic iff
every Multi vague group of G satisfies condition (I).
Proof: Let G is a finite cyclic group. by the theorem in [4],
every Multi vague of G satisfies the condition (I),

ie, if O(z)=0(y) = tia(z) = tia(y) iy & fialz) = fialy) b,

Let A is a Multi vague group of a group G with dimension k.
A = (ta, fa) where ty(x) = (t1a(x),taa(x), . .....;tra(z)),
fA(iL‘) = (flA(a:),ng(x), ...... ,ka(l')) and t;4 : G — [0, 1],
fia : G = [0,1], are mappings such that t;a(x)+ fia(z) <1,
for all x € G, for i=1,2,3,........... k., is called Multi vague set of
G with dimension k. Here tia(x) > toa(z) > ...... tra(z), for all
x € G. Here t,s, fl s are fuzzy subsets of G.

I tia(zy) > tia(z) Atia(y) Yo, and tia(e™") = tia(2) }iy
2 fialzy) < fia(x) V fialy) §:1 and fia(z™') = fz’A(ﬁ)}fﬂ

Let O(x) =0O(y),Vz,y € G
= tia(z) = tia(y) Yy & fiax) = fialy) }is
cotia(x) = tia(y) Yoy & fia(z) = fia(y) o

Conversely assume every Multi vague group of G satisfies the

condition (I)
Here (tia)'s, (fia)'s are fuzzy subsets of G
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( zA}z 1> sz}i‘C:I)

= A is a Multi vague group with dimension k .
by the hypothesis A satisfies condition (I)

so, ta, fa satisfies condition (I)

= G is cyclic.

Theorem 36. Let G be a finite group, If Multi vague group A
of G with dimension k satisfies the condition (I) and O(x)|O(y),
Vx,y € G, then tA( ) >ta(y) and fa(z) < fa(y).
icetia(r) > tia(y) iy and fia(x) < fia(y)}iy

Proof: Let A be a Multi vague group of a group G with
dimension k and O(x)|O(y)

Here A = (ta, fa) where ta(x) = (tia(x),toa(z), ..., tpa(z)),
fa(z) = (fra(@), faa (@), ...... , fra()) and t4: G — [0, 1],

fia : G — [0,1], are mappings such that t;s(z)+ fia(x) <1, for
all x € G, for i=1,2,3,........... k.Here tia(x) > toa(z) > ...... tra(z),
for all © € G

.+ A is a Multi vague group.

O(x)|0(y) = O({x))[O((y))

since O((y)) is cyclic subgroup, it follows that O((y)) has subgroup
H such that O(H) = O(O({(x}))

since H is cyclic group, then H = O({(y1)) for some y; € O((y1))
=y, =y, for some positive integer m.

Now O(z) = O(y1) = ta(x) = taly) }iy & fa(@) = faly)}in
ie, tia(x) =tia(y) i, & fia(z) = fialy) Fi

Now consider t;a(x)}r_, = tialy1) Yo, = tialy™)}r,
(v =y") = tia(y)
tia(@) by > tia(y) oy = ta(@) > taly) — (8)
similarly  fia(z) 1z, sz(yl)} = fialy™) i
(- =y )<sz( )
fia(@)}ey < fialy )}7,:1 :> fa(x) < fa
from (8) & (9) = ta(x) > taly) & fa(x)
It completes the proof.
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Theorem 37. Let H; and H, be subgroups of a group G.
If x € H — Hy and y € Hy — Hy such that O(x) = O(y), then
there exists a Multi vague group A of group G with dimension k
such that A has neither condition (I) nor condition(II).
Proof: Given G is a group.
H,, Hy are subgroups of G.
choose real numbers (ay, as, ...... ,ag), (c1, 69, e k), (dy,da, ... ,di),
(€1, €2, .... cer) & (fi, fay e , [x), such that a;(x) + b;(z) < 1,
ci(z) +di(x) < 1,ei(x) + fi(x) <1
and (a; > as > ... > a), (c1 > ca > ... > ¢x) and
(e1 >e3> ... >e) a;s > s >eis and bis < djs < fls
fori=1, 2,....k.
A={<e,(ay,an,.... yag), (b, ba, ... L) >,
< x, (e, ,Ck), (dy,da, ... L dg) >,
<vy, (61,62, ...... ,ek),<f1,f2, ...... 7fk> > }
is clearly a Multi vague group with dimension k. and O(x) = O(y)
ta(z) = tialx)}r, = (c1,¢9, ..., cx) and
fa(x) = fia(x)}o, = (dy,dsy, ...... ,dr)
ta(y) =tia(y)}r, = (e1, €9, ......, ex) and
fa(y) = fia)Hoy = (fi, fos o  fx)
But tia(z) # tia(y) Yoy & fia(x) # fialy) Hi
.. A doesn’t satisfy the condition I.
O(z) = O(y) = tia(x) = tia(y)}iy & fia(@) = fia(y) iy
Let O(x) = k = O(y), then we have t;o(a*) = t;4(e)}F_,
and fia(2") = fia(e) iy
Now let tia(2®) = tia(e)}iy & fia(2") = fiale) )iy = a° =e
by the definition of Multi vague order least positive k = k|s
since k = O(x)
. MVOyu(z) = O(x)
similarly MV O4(y) = O(y) = MV Oa(x) = MV Oa(y)
but t;a(z) # tia(y) iy & fia(z) # fialy) Fiy
then A does not satisfies condition IT
i.e., [MVOA(ZE) = MVOA(y) = tiA(ﬁ) = tiA(y)}le
& fia(x) = fia(y) il
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Theorem 38. Let A be a Multi vague group of a group G, then
GV is normal in G iff MV Oa(x) = MVOa(y~'zy),Vo,y € G.
Proof: Let A is a Multi vague group of a group G with dimension
k A= (tA,fA) where tA(l‘) = (tlA(l‘),tgA(I), ...... ,tkA(I)),

Fae) = (Fua®), For(@)s oo Fea(w)) and tin : G — [0,1),

fia : G — [0, 1], are mappings such that t;s(z) + fia(z) <1,

for all z € X, for i=1,2,3,........... k, is called Multi vague set of
G with dimension k. Here tija(x) > toa(z) > ... tra(z), for all
x € G. Here (t;a)'s,(fia)'s are fuzzy subsets of G.

1 tia(zy) > tia(z) Atia(y) Yoo, and tia(z™') = tia(z) }i,
2 fia(zy) < fialx) V fia(y)}ioy and fia(z™') = fia(z) i,

Case I: GV, be a normal subgroup of G.
where GVa = {z € G | tia(x) = tiale)}ry & fialx) = fiale)}r,
If MV Oy4(z) = oo, then there is no 'n’ > t;4(z") = tia(e) o,
& fZA(iL'n) = fl-A(e) le = " §é GVA
A" g GV =y laty ¢ GVy, Yy e G
(.- GVy4 is a normal subgroup of G.)
= tia(y~'a"y) # tia(e) iy & fialy'a™y) # fia(e)}iy
= tia(y~'wy)" # tia(e) iy & fialy 'ay)" # fia(e)}iy
[consider(y~'xy)* = (y'wy) (v oy) =y~ 2Py
(y~ay)® = (v~ 'ay)* (v ay) = y~ 2Py (y~ay) = y~'ady
similarly (y~lazy)" =y~ la"y]
S MVO4(ytzy) = 00
Hence MVO(x) = MVOa(y 'zy)

Case: Il If MVOu(z) =n (< o)
ie., tia(z") =tia(e)}iiy & fia(2") = fiale)}i,
=a" € GVy
=y la"y € GV4(". GV, normal subgroup of G,Vy € G)
= tia(y'a"y) = tia(e) iy & fialy'a™y) = fiale) }iy
MVO4(y~tz"y)|n
MVO4(y~ta™y) | MVO4(z) — (10)
let MVO4(y ta"y) = s
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= tia(y'wy)® = tiale) Yoy & fialy " ay)® = fiale) iy
= tia(y~'a%y) = tia(e) iy & fia(y™'a%y) = fiale) Fiy
y oty € GVy = 2° € GV,

= tia(2*) = tia(e) }ioy & fia(2®) = fiale)}i,

= MVOu(z)|s

= MVO,(z) | MVOA(y toy) — (11)

from (10) & (11) = MV O4(z) = MV O(y 'zy)

Conversely, suppose let x € GVy,y € G
= MVO(z) = MVO(y xy)
= tia(y 'ay) = tia(e) Yoy & fialy 'wy) = fia(2) }iy
but tia(z) = tiale) Yoy & fia(z) = fiale)}i,
= tia(y~'wy) = tiale) Yoy & fialy'ay) = fiale) i,
y lry € GVa,Vy € G.
Hence GV}, is a normal subgroup of G.

Theorem 39. Let A be a Multi vague group of a group G
with dimension k. If A has the condition (II) , and GV is normal
in G, then A is a multi vague normal group of G.

Proof: Given A is a Multi vague group of a group G with
dimension k. and MV O,(x) = MVOa(y)
= tia(r) = tia(y) iy & fiala) = fia(y)

Here GVa ={z € G| tia(z) = tiale) Yoy & fia(x) = fiale) oy
and GV, is a normal subgroup of G.

= MVOa(x) = MVO4(y tzy) (by the above theorem)

= tia(y~'wy) = tia(e)}y & fialy 'wy) = fiale) },

(from condition (II))

= A is a Multi vague normal group of G with dimension k.

The following example shows that A is Multi vague normal
group of G, but A does not satisfy condition (II).

Example 40. Define a Multi vague normal group with
dimension 4 of Klein’s-4 group, G = {e,a,b,ab},
where a? = b* = (ab)? = e by
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» \P1, CJ1>7"1,31)>(3317?J1,2’1>w1)>7
(P27QQ,7"27S2),(5172,3/27227’6112))7
< (p2,Q2,T2,52),($2,y2722,w2)>}
Here p; > q; > 1; > s; and p;+x; <1,q; +y; <1,
rit+z<1&s;+w; <1andi=1, 2,......k.

z<4= {{e; (o, 90, 70, 50) (0, Yo, 20, wo)),
(b,

Consider t(ab) = (p2, q2,72, S2)
min{ta(a),ta(b)} = min{(p1,q1,71,51), (D2, q2,72,52)} = (P2, @2, T2, 52)
. tia(ab) > min{tia(a),tia(b)}}i, Also consider fa(ab) = (z2, Y2, 29, W)
mam{fA(a),fA(b)} = max{(mlayhzlywl)a ($27y2722,w2>} = (22, Y2, 22, Wa)

. fialab) < minf fia(a), fia(b)} }icy

coa? b:(ab) —e:>a1:a,b_1:b,

(ab)~L = (ab) & e

ﬁtm(@ ') = tia(a )}} :1&fiA( ') = fiala)} iy,
tia(b™') = tia(0)} oy & fia(b') = fia(b)} iy,
tia((ab)™") —tzA(ab)}}?zl & fia((ab)') = fialab)} iy,

tiale™) = (@I, & fualel) = fiale)} V.

Hence A is a Multi vague group with dimension 4.

Also tia(ab) = tia(ba)}, & fia(ab) = fia(ba)}i,,
= A is Multi vague norma] group of a group G with dimension 4.
and MVOy(a) =2 and MVO4(b) =2 = MVOa(a) = MV O4(b)
but ta(a) = (p1,q1,71,51) & fala) = (z1,y1, 21, w1)
ta(b) = (P2, g2, 72, 52) & fa(b) = (2, Y2, 22, wo)
but ta(a) # ta(b) & fa(a) # fa(b)
.. A does not satisfy the condition (II).
(16 MVOA( ) MVOA(y) = tiA(ZE) = tiA<y) %‘3:1 &

fia(@) = fia(y) o)

Note : The following is an example of a Multi vague group A
which satisfies the condition (IT) but A is not a Multi vague normal
group of a group G and GVjy is not normal subgroup of G.
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Example 41. Define a Multi vague group A with dimension
k of the dihedral group. Ds{e,a,b,a? ab,ba} where
a® =b* =e,ba = a®b
ta(x) = (1,29, ....... cox) & fal(z) = (Y1, Yoy eeeee. ,yx) if x € (b)
() = (Y1, Y2, eree- ,Y) otherwise

clearly

1 tia(zy) = min(tia(x), tia(y)) iz, and tia(z™") = tia(z)}i,

2 fia(zy) < max(fia(), fia(y)) 5:1 and fz‘A(xfl) = fia(z) §:1

= A is a Multi vague group with dimension k.
Also MVOyu(a) =3(. a® =e)
MVOA(b) =1(. b*=e)
MVOA(Q) =1
MVOs(a?) =3 (. (a?)? = (a®)?=e*=¢)
MVOa(ab) = 2(- (ab)* = a(ba)b = a(a®*b)b = a*b* = bv* = e)
MvOa(ba) =1
MVOA(b) = MVOA(ba) =1
" A satisfies condition (II).
= tia(b) = tia(ba) i, & fia(b) = fia(ba)}i,.
Now consider ta(a.ab) = t;a(a®)}r, = tia(ba)}r_,
ta(a.ab) = tia(a®)}y = tia(ba)}iy
ta(ab.a) = tia(aba)}e_, = tia(a.a®)}o | = t;a(ab)}r,
= tia(eb) }iy = tia(b) iy
. tia(a.ab) = tia(ba) Yo & fia(a.ab) = fia(ba)}r_,
and tis(ab.a) = t;a(b)}r_ & fialab.a) = fia(b)}r,
© tia(ba) # tia(b) i & fia(ba) # fia(D)}iy
= t;ia(a.ab) # tia(ab.a)}r_ & fia(a.ab) # fia(ab.a)}r,
= A is not a Multi vague group of Ds.
Also GVjy={e b}, a € G,be GVy
sabat =aba® (- ad=e=a.ad® =e=a! =d?)
= abaa = a(ba)a = a(a®b)a)(". ba = a*b)
= a*ba = eba = ba ¢ GVjy.
= GV, is not a normal subgroup of G.
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Theorem 42. If a Multi vague group of a group G with di-
mension k satisfies condition(I),then A is Multi vague normal in G.
Proof: Given A is a Multi vague group of a group G with dimension
k satisfies condition (I), i.e., z,y € G then O(x) = O(y 'xy)
= tia(z) = tialy ey oy & fia(z) = fialy 'ay) Hi
(from condition (1))
= A is a Multi vague normal group of G.

For the next theorem we use the following theorem which is a
well known theorem in ”Group Theory” by B. Huppert.
"Let G be a non abelian finite group in which all subgroups are
normal. Then G = @ x C x E, where Q is the quaternion group
of order 8, C is an abelian group in which every element is of odd
order and E is an abelian group of exponent "2’ or '1°.”

Theorem 43. Let G be a finite group. If either condition (I)
or condition (II) holds then G is cyclic.
(i) every Multi vague group A of G with dimension k satisfies con-
dition (I).
(ii) Every vague group A of G satisfies condition (II) and GV} is
normal in G.
Proof :Given G be a finite group.
A be a Multi vague group of G with dimension k
If A satisfies (I), then G is cyclic.
( by the theorem, Let G be finite group. Then G is cyclic iff every
Multi vague group of G satisfies condition (1))
If A satisfies condition(II), then A is a Multi vague normal group of
G. ( from the theorem, Let A be Multi vague group of a group G,
with dimension k. If A has the condition (II), and GVj is normal
in G, then A Multi vague normal group of G.)

. TA,, FA, are normal. Thus subgroups of G are normal and
hence G is an abelian group (in view of the above theorem)

Now, if possible G is not cyclic.
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Let x€e G= (z) #G. Then 3y e G,>y ¢ (x).
Let O(x) =m and O(y) =n

Let x, = g T Y1 = yﬁ

Then O(z1) = (m,n)andO(z1) = (m,n)

since 1 € (x1) — (y1)andy; € (y1) — (z1)withO(x1) = O(vh)

by the theorem (Let Hy, and H, be subgroups of a group G.

If © € H — Hy and y € Hy — Hy such that O(x) = O(y), then
there exists a Multi vague group A of group G with dimension k
such that A has neither condition (I) nor condition(Il)). 3 a Multi
vague group A of G, then satisfies neither condition (I) nor (II).
This is a contradiction.

Hence G is cyclic.

J.G. Kim introduced the concept of fuzzy p-subgroup and fuzzy
p* subgroup, and studied some characterizations. Now we introduce
the following J. G. Kim notions, which are generalizations of fuzzy
p-group, fuzzy P*- subgroups.

Definition 4 4. Let A bea Multi vague group of a group G.
For a prime p, A is said to be Multi vague p-group if MV O4(x) is
a power of p, Vx € G.

Definition 4 5.Let A bea Multi vague group of an abelian
group G. A is called Multi vague torsion if MV Oy4(z) is finite for
all xeG.

Example 46. Let G = {e,x,y,2},22 =y?> =22 =¢ be
the Klein’s 4- group.
Define a Multi vague group A with dimension - 4, by
A = {{e, (ap, a1, as,as), (by, b1, ba, b3))
<I, (Co, C1, Co, Cg), (do, dl, dg, d3)>
<y, (007 C1,Co, Cg), (do, d17 dg, d3>>
<Zv (a’Ov ai, az, a3)v (1’1, Y1, %1, w1)>}
Here ag > ay > ag > as&cy > ¢1 > c3 > ¢z and a; +b; <1,
¢i+d; <landi= 0, 1, 2 and 3
Here MV Ou(e) =1
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MVOa(z) =2(. tia(2*)}ioy = tiale) ?zl&fm(wz) =1 = = fia(e)}iz1)
MVO(y) =20 tia(z?)}iy = tiale) oy & fia(w ) iz = fia(e) i)
MVO(z) = 107 tia(@) Y, = tual@) ke fial@)Yy = fiale)}y)
- MV Oy of every e]ement is finite.

= A is Multi vague torsion.

Definition 47. Let A be a Multi vague group of G, with
dimension k and ’'p’ is a prime. A is said to be a Multi vague p*
group, if forany x € G,min{n € N | t;s(z) < tia(xP)" Yo, & fia(z) >
fia(xP)"}E_ 1 is a power of p, whenever this minimum exists.

(Recall the example
Define a vague group A of Z as
Valx) =< Lyif x€3Z—{0}
13, otherwise,
where ]1 Z ]2 Z ]3,]1 = [al,bl],lg = [ag,bg],]3 = [CL3,b3]7 Clearly
A is vague 3* group of Z.)

Example 48. Define a Multi vague group A of 7, with
dimension k as A = (ta(x), fa(zx))
((al,ag, ....... ,ak),(bl,bg, ....... ,bk)) ZfZL’ZO

(tA(.Z'), fA(JZ')) = ((Cl,CQ, ....... 7Ck), (dth, ....... ,d)) lf x €34 — {O}
((e1, €9y nn.. ver)s (fi, foy oo , fx)), otherwise,

Here a; +b; <1,b;+c¢; <1l,e;+ f; <1

a; > Qg > .. > Qg, C1 > Co > ..nn... >, and eg > ey > . > e

Vi=1,2,....., k, clearly A is Multi vague 3* group of 7.

Case I: Suppose x—0:>x =0&23=0
Sotia(@) = 6a(0) = ai iy & fia(x) = f4(0) = bt

i.e., ZfA(iL‘) = tA(O) (al,ag, ....... ,ak,) & A(O) = (bl,bg, ....... ,bk)
22 = 0= ty(a*) =1t4(0) = (ay,ag,....... ,ay,) and

fa(@®) = fa(0) = (by, by, ..o..o., by)

22 =0=ta(2®") =ta(x) =ta(0) = (a1, ag, ....... , )

and fa(z¥") = f4(0) = (by, by, ....... ,br)
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Now min{n € N | tia(z) < tia(zP) "}, & fia(x) > fia(aP)"}o |}
= min{3',3% ......... , 3" =3

Case II: Suppose x # 0,x € 37
tu}(l‘) = tZA(?)Z) = C; ?:1 & fZA(LU) = sz(SZ) = di}le

i.e., tA(ZL‘) = tA(3Z) = (Cl,CQ, ....... 7Ck) & fA(?)Z) = (dl,dg, ....... ,dk)
ta(z®") = t4(3z) = (c1, oy onnn. o) & fa(z?) = fa(3z) = (dy, da, ... ,dr)
ta(z®") = ta(3"x) = (c1,Cop e . CL)
and fa(z¥") = fa(3"z) = (dy,do, ....... ,dy,)

Now min{n € N | tia(x) < tia(2?)" iy & fia(x) = fiala?)"}iy}
comin{3, 32, .. 3"} =3

Case III: Suppose = # 0,x # 37
tiA(lﬂf) = e}, & fialx) = fiYi, )
ta(z®) =ta(3.2) = (c1, Coy e o) & fa(x®) = fa(3.x) = (dy, da, ....... ,dy,)

ta(z®") = ta(3"x) = (c1,cop e , Ck)
and fa(x®") = fa(3"z) = (dy,dy, ....... ,dk)
e > Ciandfi < dZVZ = 1, 2,, ..... , k.

= tia(z) > tiA((23)") & fia(x) < fiA((23)™)

Now min{n € N | tia(z) < tia(a?)"}y & fia(z) > fia(a?)"H,}
Somand3Y 3% 3" =3

.. A is the Multi vague 3* group.

(We recall the theorem
Let A be a vague group of G such that GV}, is a normal S.G of G.
Then A is a vague p-group < GLVA is a p-group.)

Theorem 49. Let A be a Multi vague group of G such that
GV, is a normal Subgroup of G with dimension k. Then A is a
Multi vague p- group < G_?/A is a p-group.

Proof: Let A be a Multi vague p-group with dimension k.
i.e, MVOyu(x)=p", where p is a prime and r € 7
= tia(a”) = tia(e) iy & fia(@?") = fiale) iy

= P’ € GVy
= (ZEGVA)pT = GVA = GGVA
= order of every element in GLVA is prime.
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= G—?/A is a p-group.

where GV = {x € Gltia(x) = tia(e)}y & fia(x) = fiale)}i,}
Conversely, G_%\ is a p- group.

(xGVL)p" = GVy, for, v € G =z € GV,

= tia(2?") = tia(e) iy & fia(2?") = fiale) Yy
= MV O4(x) is a power of p.

Thus A is a Multi vague p - group.

Theorem 50. Let A be a Multi vague group of abelian group
G with dimension k, then A is Multi vague torsion iff GLVA is
torsion.
Proof: Given A is Multi vague torsion for x € G, MV O4(x) is
finite. = tia(2™) = ta(e)}y & fia(z™) = fiale)}iy

Thus =™ € GVy = (xGV4)™ = GVs where xGVy € G—E’;A

e .
Thus av; 18 torsion

= O(2GVy) is finite, for xGV, € G—%

Let O(IGVA) =k= (I‘GVA)k =GV = ke GVy
= tia(a™) = tiale) Yoy & fia(a™) = fiale) i,
Thus MVOa(x) = m is finite.

.. A is Multi vague torsion.

Theorem 51. Let B be a Multi vague p* group of a group
G, with dimension k. Let n, m, t be positive integers such that
n = p'm and (p,m) = 1,then t;p(2"™) = tiB(xpt) ¥ and fip(a™) =
fia(z? )} Vz € G.
Proof: Let B be a Multi vague p* group of a group G, with
dimension k, B = (tg, fg) where tg(x) = (t15(x), tap(z), ......, tgs(x))
and fa(z) = (fip(2), f2B(@), ..., fuB(@))
tig : G —[0,1], fig : G — [0, 1], are mappings such that
tip(x) + fip(x) <1, for all x € G, for i=1,2,3,........... k.
Here tip(x) > top(x) > .....txp(x), for all = € G.
since n = p'm, and (p,m) =1
= tp(a") = tip(a") }iy = tip(a? ™)}y

t t t ;
— tiB(g;P ab. P m tzmeS) 5:1
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2 mm{tig(xpt,tiB(xpt, ....... ,tiB(l‘pi) i§:1

= tip(a? )}, = tp(a”)

= tp(z™) > tg(a?)

ctp(@?') < tg(z™) — (12)

If possible, let tg(z? < tp(z™)

1e., tz‘B(l'pt < tzB(l'n) le

Let y = 2*° then tin(y) < tip(y™)}r,

since B is a Multi vague p* group, there is a natural number ’s’
such that p* = min{l € N | t;p(y) < tip(y")}_,} <m

so, tig(y’) =tig(y) for j =1,2,......,p°"

By Euclidean algorithm, 3 integers q and r such that m = p°q+r
and 0 <r <p° Here r #0, since (p,m)=1

so, tip(y) < tip(y"") < tip(y"*) }isy

and tip(y) = tin(y") i

Thus tip(y") = tip(y**.y") = tin(y") = tin(y) }iey

tin(y™) = tin(y) }i

This is a contradiction.

Sotp(a?) < tg(z™) — (13)

o from(12) & (13) t(z") = tp(a?)

i.e., t,B<l’n) = tiB(ZL’pt)}?:l

similarly we can prove fg(z") = fz(z?")
since n = p'm, and (p,m) =1

= fp(a") = fi(a")}y = fiB(r ™)},

= le(xp aP P m times)}r_,
t
S mam{le(l‘p 7fiB(Ip PIEEEERE 5 fZ‘B(,ij ) ?:1

= fip(z? )}, = fp(a?)
= fp(a") < fo(a?)

L fe(a?) > f(am) = (14)
pross1b]e let fB(xp > fe(z™)

sz(fL‘p > fip(x™) i

Lety—;pl’ then f;p(y )> fis(y™) i?:l
since B is a Multi vague p* group, there is a natural number ’s
such that p* = max{l € N| fip(y) < fis(¥))}_,} >m
so, fip(y?) = fip(y) forj =1,2,...... pt

)
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By Euclidean algorithm, 3 integers q and r such that m = p°q+r
and 0 <r <p° Here r #0, since (p,m)=1
so, fis(y) > fis(W"") > fip(y"®) Yo
and fig(y) = fi(y") ey
Thus fip(y") = fis(W"*.y") = fi(y") = fis(y) e
fis(y™) = fi(y)}iz
This is a contradiction.
- fo(@) > fa(a") > (15) t
from(14) (15) fa(z") = fa(2")
sz(l‘") sz(pr) i .
. tip(2") = tip(z? I, & fip(x") = fip(z") }ia
= tB(ﬂf” ) =ta(z") & fp(a?) = fa(a")

Theorem 52. FEvery Multi vague p - group of a group G with
dimension k is a Multi vague p* group of G with dimension k.
Proof: Let A be a Multi vague p group of G with dimension k
Let z € G, and let n = p'.m be positive integers such that (p, m)
=1, tia(z) < tz-,:;(x”) F pand fia(x) > fia(z™) I,

Now, let y=zP, then MV Ox(y) is a power of p.
so (MVOyu(y),m) =1

Thus tia(2?") = t;a(y) = tia(y™) = tia(z™) }i,

and fia(2?") = fia(y) = sz( ") = fiala") oy
Thus tia(z?') = tia(a") Yo, & fia(a?) = fia(a™)},
= ta(a?') = ta(a") & fA(xp ) = fa(z")

.. A is a Multi vague p* group of G.
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