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Abstract

The study of chemical compounds and the characteristics of those compounds is made
possible by topological indices, which are numerical values that describe the topology of a
graph. In this study, we examine different structural characteristics of the divisor graph G,
such as its Terminal Wiener Index, Multiplicative Wiener Index, Average Distance Index,
Status Sombor Index and first Zagreb Index. In relation to n, explicit expressions for these
indices are derived. In addition, we investigate the properties of the multiplicative Zagreb
indices within the framework of the divisor graph after establishing limits for them.
Understanding the structure and characteristics of molecules and compounds is made easier
by studying topological indices. The Divisor Graph, which is defined as an ordered pair (V,
E), is the graph we present in this article as for all u,v € V, with u # v, the edge uv € E
exists if and only if u|v or v|u. Additionally, we calculate Terminal Wiener Index,
Multiplicative Wiener Index, Average Distance Index, Status Sombor Index and first Zagreb
Index of the Divisor graph.

Key Words and Phrases: Terminal Wiener Index, Multiplicative Wiener Index, Average
Distance Index, Status Sombor Index and first Zagreb Index.

1. Introduction

Chart hypothesis, a branch of science, is now a fundamental tool in chemistry and
material science, particularly when it comes to understanding atomic structure and reactivity.
In later decades, chemical chart hypothesis has risen as a key range of scientific chemistry,
where atomic structures are spoken to as charts and considered utilizing different chart
invariants.

A numerical value associated with a graph that does not change under graph
isomorphism is an example of a topological invariant. Degree-based records and distance-
based records comprise the majority of topological records. Numerous investigate considers
utilize the Wiener file as a establishment for computing or comparing other records. Other
imperative distance-based files incorporate the Harary record, Hyper-Wiener file, and the
Mostar file.

Received: August 07, 2025

525



International Journal of Applied Mathematics
Volume 38 No. 4s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

In this work, we ponder the divisor chart a chart built on the primary nn common
numbers, where two vertices are associated in the event that one separates the other. Our
fundamental objective is to compute a few distance-based topological files for this chart.

We also look at distance-balanced charts in which, for each edge uv, the number of
vertices that are closer to v than to u increases. The fact that normal charts with an actual
number of vertices are distance-balanced charts, implying that their Mostar record is zero, is a
significant result presented in this paper. This result is amplified by us as well, giving the
impression that cubic charts are also distance-balanced. Topological indices were studied in
[3,4,5,6].

2. Main Results
Definition:1 Terminal Wiener Index (TW(G))

Let G be a connected graph with P € V(G) being the set of pendent vertices. Then the
Terminal Wiener Index of G is

TW(G) = Z d(w, v)

Uu,verP
u<v

This is, the sum of shortest path distances between all pairs of pendent vertices, where
d(u,v) is the distance between u and v.

Theorem:2

The Terminal Wiener Index of the divisor graph G of order n is

) () W

Proof:

By the definition of the divisor graph the degree of the vertex v;, (deg(v;)), is the number of
divisor of ‘i’ excluding ‘i’ and the number of multiples of ‘i’ upto ‘n’, excluding ‘1’. That is

n
deg(v;) = (d(v;)) — 1) — (lTJ — 1), d(v;) is the divisors of v;
n
=d) +|7| -2
Suppose v; is the pendent vertex, then
n

deg(v;)) =1 & d(v)+ lTJ -2=1

o dw)+ [?J =3
Case(i).

Suppose k < %, then multiples of k and itis < n is atleast by 2 and d(vy) + EJ >3
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Case(ii).
n o . . n n
Suppose k > Z, and it is composite then d(k) > 2 and [EJ >1,s0 d(v) + [EJ >3
Case(iii).
. n n n
For a prime p > —, dip) =2 & [EJ =1 then d(vp) + [EJ =3= deg(vp) =1
Thus v, is a pendent vertex where p > g

Therefore, the number of pendent vertex in our graph is m(n) — (EJ),

where m(x) = number of primes < x.

Since the pendent vertices are not connected with each other but they are connected with the
vertex v;. Therefore the distance between any two pendent vertices is 2. Thus the sum of all

shortest path between the pendent vertices is 2 (]2{) ,wherek =nm(n) -« (EJ) Hence

(@ = fx0 () e = () -1}

Definition: 3 Multiplicative Wiener Index

The Multiplicative Wiener index is a graph-theoretical index that is calculated by taking the
product of the distances between all pairs of vertices in a graph, that is

‘Ui,‘UjEV(G)
Theorem: 4

The Multiplicative Wiener Index of the divisor graph G is

2_3n—2q—
2n 3n—-2«a 1,Tl€N.

n
where a = Z d(i), d(i) = number of positive divisors of i

=1

Proof:

Since G is the divisor graph of order n > 1 with edges 7(n). Now the distance matrix is
1 if i/j orj/i

given by D(G) = (dl-j)n X n, and it is clear that d;; = { 2 0f itjorjti . Also the

element 1 occurring 7(n) times and the element 2 occurring 2 [(721) - T(Tl)] times in the

distance matrix D(G).

And the number of edges for this graphs is 7(n) = };j=; d(i) —n, Then the Multiplicative
Wiener Index is obtained as follows:
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U,:,UjEV(G)
1 n
— —[17) « 92[(5)-Tm)]
2[1 x 2212 ]

— 1 [zn(n—l)—Z‘r(n)]

2

— znz—n—ZT(n)—l

— 2n2—n—2a—2n—1

n
= pn®-3n-2a-1 a = z d(i), d(i) = number of positive divisors of i
i=1

This completes the proof.
Definition: 5 Average Distance Index AD(G)
AD(G) =+ &y

2 V(&I V(G) - 1]

Ui,UjEV(G)

Theorem: 6

3[ a-n

], where a =
2 ln(n-1)

The Average Distance Index of the divisor graph G is 1 —
Y d@),n>1.

Proof:

Since G is the divisor graph of order n > 1 with edges 7(n). Now the distance matrix is

D(G) = (dij)n X n, where d;; = {; i? iiJ(/j: S;JJ/JL{ P The element 1 occurring 7(n)
times and the element 2 occurring 2 [(121) - T(TL)] times in the distance matrix D(G). Then the
Average Distance Index is obtained as follows:

d;j
V(I V()] -1)

AD(G) = %
vi,vjEV(G)

:T(n) +2x2 [(721) — T(n)”

nn—1)

[7(n) + 2n(n — 1) — 47(n) l

nn—1)

[2n(n — 1) — 37(n)
nn—1)

N =
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_ 3[ T(n)
B _E_n(n—l)
_ 3[X,d(@)—n
T2 nn—1) l
3r a—n - ]
=1—§-m], wherea=;d(0

This completes the proof.

Definition: 7 Status of the vertices

The status o(u) of a vertex u in a graph, G, is the sum of distances of all other vertices from u
inG

That is o(u) = Yvev(c) d(u, v)

VEU

Definition: 8 Status Sombor Index SSO(G)

$50(G) = Z \/az(vi) + az(vj)
vivjEE(G)

Theorem: 9

The Status Sombor Index of the divisor graph G is

Yo, eE©) JS(n — 12 =4 — 1) (B + B(v)) + B2(w) + p2(v;) ,n > 1

where f(v;) = number of vertices v; # v; such that i/j or j/i.
Proof:
Since G is the divisor graph of order n > 1 with edges 7(n). Now the distance between the

1 if i/j orj/i

two vertices v; & v; is d;; = {2 it itjorjti So for any vertex u, the total status is

o(vy) = Z d(vi, vj)
UjEV(G)
vj:tvi
= (number of vertices v; # v; such thati/j or j/i). 1
+(n — 1 — number of vertices v; # v; such that i/j or j/i). 2
=BW).1+ (n—1-Bw)).2,
where §(v;) = number of vertices v; # v; such that i/j or j/i

=2(n—-1) - p)

Each pair {vi, vj} such that i/j or j/i contributes single edge, but in counting 8 (v;) we are
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counting these relationships twice that is once from each direction. Therefore

> B =27
i=1

= 2<i d(i) —n)

= 2(a —n)

Therefore the Sombor Index of the divisor graph G is calculated as follows:

SSO0(G) = Z \/Uz(vi)+02(vj)

UinEE(G)

_ Z J[z(n —1) =B +[2(n— 1) - B(v))]’

UinEE(G)

= Z \/8(71 —1)2—-4(n-1) (,B(Ui) + ﬁ(vj)) + B2(vy) + B2(v;)

UinEE(G)

This completes the proof.
Corollary: 10

The Modified Status Sombor Index MSSO(G) of the divisor graph G is
1

MSSO(G) =
vivjEE(G)\/O'Z(Vi) +02(v;)

1

viv;€E(G) \/S(n —1)2-4(n-1) (ﬁ(vl) + ﬁ(vj)) + ﬁz(vi) + ﬁz(vj)

Definition: 11 First Zagreb index M, (G)

M@= ) deg)?
veV(G)

Theorem: 11
2
The first Zagreb Index of the divisor graph G is Y1, (d (vp) + EJ - 2) , n>1.

Proof:

In our divisor graph the degree of the vertex v; is
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deg(v;) = d(i) + m(i) — 2, wherei€ {1,2,3,...,n}
Here d(i) is the number of proper divisor of i, and m(i) is the number of multiples of i in
{1,2,..,n}.Sodeg(v;) =d(v;) + l?J — 2. The first Zagreb Index of the divisor graph G is

n

M@ = ) deg (v)* = ) (dwd + 7] -2)
i=1

i=1

2

This completes the proof.
3. Conclusion

For the divisor graph formed from the first n natural numbers, we looked at various
distance-related topological indices in this study. We calculated and examined for this group
of graphs, the Wiener index, the Hyper-Wiener index, the Harary index, the Hyper-Harary
index, and the Mostar index. These indices shed light on the connectivity and balance
properties of the divisor graph and help to quantify its structural features. Our examination
additionally showed that divisor graphs are distance-balanced, indicating that the count of
vertices nearer to one end of an edge matches the number closer to the opposite end. The
Mostar index for these graphs is therefore zero. Regular graphs with a number of vertices that
are even were found to have this property, and the finding was extended to include cubic
graphs. In a nutshell, the results presented in this paper make it easier to comprehend the
metric framework of divisor graphs and open up new possibilities for the use of topological
indices in mathematical and chemical graph theory.
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