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Abstract 

The study of chemical compounds and the characteristics of those compounds is made 

possible by topological indices, which are numerical values that describe the topology of a 

graph. In this study, we examine different structural characteristics of the divisor graph G, 

such as its Terminal Wiener Index, Multiplicative Wiener Index, Average Distance Index, 

Status Sombor Index and first Zagreb Index.  In relation to n, explicit expressions for these 

indices are derived. In addition, we investigate the properties of the multiplicative Zagreb 

indices within the framework of the divisor graph after establishing limits for them. 

Understanding the structure and characteristics of molecules and compounds is made easier 

by studying topological indices. The Divisor Graph, which is defined as an ordered pair (V, 

E), is the graph we present in this article as for all 𝑢, 𝑣 ∈ 𝑉, with 𝑢 ≠ 𝑣, the edge 𝑢𝑣 ∈ 𝐸 

exists if and only if 𝑢|𝑣 or 𝑣|𝑢.  Additionally, we calculate Terminal Wiener Index, 

Multiplicative Wiener Index, Average Distance Index, Status Sombor Index and first Zagreb 

Index of the Divisor graph. 

Key Words and Phrases:  Terminal Wiener Index, Multiplicative Wiener Index, Average 

Distance Index, Status Sombor Index and first Zagreb Index. 

1. Introduction 

Chart hypothesis, a branch of science, is now a fundamental tool in chemistry and 

material science, particularly when it comes to understanding atomic structure and reactivity. 

In later decades, chemical chart hypothesis has risen as a key range of scientific chemistry, 

where atomic structures are spoken to as charts and considered utilizing different chart 

invariants. 

A numerical value associated with a graph that does not change under graph 

isomorphism is an example of a topological invariant. Degree-based records and distance-

based records comprise the majority of topological records. Numerous investigate considers 

utilize the Wiener file as a establishment for computing or comparing other records.  Other 

imperative distance-based files incorporate the Harary record, Hyper-Wiener file, and the 

Mostar file. 
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In this work, we ponder the divisor chart a chart built on the primary nn common 

numbers, where two vertices are associated in the event that one separates the other.  Our 

fundamental objective is to compute a few distance-based topological files for this chart. 

We also look at distance-balanced charts in which, for each edge uv, the number of 

vertices that are closer to v than to u increases. The fact that normal charts with an actual 

number of vertices are distance-balanced charts, implying that their Mostar record is zero, is a 

significant result presented in this paper. This result is amplified by us as well, giving the 

impression that cubic charts are also distance-balanced. Topological indices were studied in 

[3,4,5,6]. 

 

2. Main Results 

Definition:1  Terminal Wiener Index (TW(G)) 

Let  𝐺 be a connected graph with  𝑃 ⊆ 𝑉(𝐺)  being the set of pendent vertices. Then the 

Terminal Wiener Index of G is 

𝑇𝑊(𝐺) = ∑ 𝑑(𝑢, 𝑣)
𝑢,𝑣∈𝑃
𝑢<𝑣

 

This is, the sum of shortest path distances between all pairs of pendent vertices, where 

𝑑(𝑢, 𝑣) is the distance between  𝑢  and  𝑣. 

Theorem:2 

The Terminal Wiener Index of the divisor graph 𝐺  of order 𝑛 is  

{𝜋(𝑛) − 𝜋 (⌊
𝑛

2
⌋)} {𝜋(𝑛) − 𝜋 (⌊

𝑛

2
⌋) − 1} , 𝑛 ∈ 𝑁. 

Proof: 

By the definition of the divisor graph the degree of the vertex 𝑣𝑖, (deg(𝑣𝑖)), is the number of 

divisor of ‘i’ excluding ‘i’ and the number of multiples of ‘i’ upto ‘n’, excluding ‘i’. That is  

      deg(𝑣𝑖) = (𝑑(𝑣𝑖) − 1) − (⌊
𝑛

𝑖
⌋ − 1) , 𝑑(𝑣𝑖) is the divisors of 𝑣𝑖 

                     = 𝑑(𝑣𝑖) + ⌊
𝑛

𝑖
⌋ − 2 

Suppose 𝑣𝑖  is the pendent vertex, then 

deg(𝑣𝑖) = 1    ⟺    𝑑(𝑣𝑖) + ⌊
𝑛

𝑖
⌋ − 2 = 1  

                             ⟺    𝑑(𝑣𝑖) + ⌊
𝑛

𝑖
⌋ = 3 

Case(i).  

Suppose  𝑘 ≤
𝑛

2
 ,  then multiples of  𝑘  and it is < 𝑛 is atleast by 2 and   𝑑(𝑣𝑘) + ⌊

𝑛

𝑘
⌋ > 3 
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Case(ii).  

Suppose 𝑘 >
𝑛

2
, and it is composite then 𝑑(𝑘) > 2 and ⌊

𝑛

𝑘
⌋ > 1, so   𝑑(𝑣𝑘) + ⌊

𝑛

𝑘
⌋ > 3 

Case(iii).  

For a prime  𝑝 >
𝑛

2
 , 𝑑(𝑝) = 2  &  ⌊

𝑛

𝑝
⌋ = 1  then   𝑑(𝑣𝑝) + ⌊

𝑛

𝑝
⌋ = 3 ⇒ deg(𝑣𝑝) = 1 

Thus 𝑣𝑝 is a pendent vertex where 𝑝 >
𝑛

2
 

Therefore, the number of pendent vertex in our graph is  𝜋(𝑛) − 𝜋 (⌊
𝑛

2
⌋),  

where 𝜋(𝑥) = number of primes ≤ 𝑥. 

Since the pendent vertices are not connected with each other but they are connected with the 

vertex  𝑣1. Therefore the distance between any two pendent vertices is 2. Thus the sum of all 

shortest path between the pendent vertices is 2 (
𝑘
2

) , where 𝑘 = 𝜋(𝑛) − 𝜋 (⌊
𝑛

2
⌋). Hence  

 TW(G) = {𝜋(𝑛) − 𝜋 (⌊
𝑛

2
⌋)} {𝜋(𝑛) − 𝜋 (⌊

𝑛

2
⌋) − 1}.  

Definition: 3 Multiplicative Wiener Index 

The Multiplicative Wiener index is a graph-theoretical index that is calculated by taking the 

product of the distances between all pairs of vertices in a graph, that is  

𝑀𝑊(𝐺) =
1

2
 ∏ 𝑑𝑖𝑗

𝑣𝑖,𝑣𝑗∈𝑉(𝐺)

 

Theorem: 4  

The Multiplicative Wiener Index of the divisor graph 𝐺 is  

2𝑛2−3𝑛−2𝛼−1, 𝑛 ∈ 𝑁 . 

where  𝛼 = ∑ 𝑑(𝑖),   

𝑛

𝑖=1

𝑑(𝑖) = number of positive divisors of  𝑖 

Proof: 

Since G is the divisor graph of order 𝑛 > 1  with edges  𝜏(𝑛).  Now the  distance matrix  is 

given by 𝐷(𝐺) = (𝑑𝑖𝑗)𝑛 × 𝑛,  and  it  is  clear  that  𝑑𝑖𝑗 = {
 1    if       𝑖/𝑗  or 𝑗/𝑖    
2    if     𝑖 ∤ 𝑗  or  𝑗 ∤ 𝑖

. Also the 

element 1 occurring 𝜏(𝑛)  times and the element 2 occurring 2 [(
𝑛
2

) − 𝜏(𝑛)] times in the 

distance matrix D(G).  

And the number of edges for this graphs is 𝜏(𝑛) = ∑ 𝑑(𝑖) − 𝑛,   𝑛
𝑖=1  Then the Multiplicative 

Wiener Index is obtained as follows: 
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𝑀𝑊(𝐺) =
1

2
 ∏ 𝑑𝑖𝑗

𝑣𝑖,𝑣𝑗∈𝑉(𝐺)

 

                =
1

2
[1𝜏(𝑛) × 22[(

𝑛
2)−𝜏(𝑛)]] 

                =
1

2
[2𝑛(𝑛−1)−2𝜏(𝑛)] 

                = 2𝑛2−𝑛−2𝜏(𝑛)−1 

                = 2𝑛2−𝑛−2𝛼−2𝑛−1 

                = 2𝑛2−3𝑛−2𝛼−1, 𝛼 = ∑ 𝑑(𝑖),   

𝑛

𝑖=1

𝑑(𝑖) = number of positive divisors of 𝑖 

This completes the proof. 

Definition: 5  Average Distance Index AD(G)  

𝐴𝐷(𝐺) =
1

2
 ∑

𝑑𝑖𝑗

|𝑉(𝐺)| |𝑉(𝐺) − 1|
𝑣𝑖,𝑣𝑗∈𝑉(𝐺)

  

Theorem: 6 

The Average Distance Index of the divisor graph 𝐺 is 1 −
3

2
[

𝛼−𝑛 

𝑛(𝑛−1)
] ,   where 𝛼 =

∑ 𝑑(𝑖)𝑛
𝑖=1 , 𝑛 > 1. 

Proof: 

Since G is the divisor graph of order 𝑛 > 1  with edges  𝜏(𝑛).  Now the distance matrix  is 

𝐷(𝐺) = (𝑑𝑖𝑗)𝑛 × 𝑛,  where 𝑑𝑖𝑗 = {
 1    if       𝑖/𝑗  or 𝑗/𝑖    
2    if     𝑖 ∤ 𝑗  or  𝑗 ∤ 𝑖

. The element 1 occurring 𝜏(𝑛)  

times and the element 2 occurring 2 [(
𝑛
2

) − 𝜏(𝑛)] times in the distance matrix D(G). Then the 

Average Distance Index is obtained as follows: 

  𝐴𝐷(𝐺) =
1

2
 ∑

𝑑𝑖𝑗

|𝑉(𝐺)| (|𝑉(𝐺)| − 1)
𝑣𝑖,𝑣𝑗∈𝑉(𝐺)

 

                =
1

2

[𝜏(𝑛) + 2 × 2 [(
𝑛
2

) − 𝜏(𝑛)]]

𝑛(𝑛 − 1)
 

                =
1

2
[
𝜏(𝑛) + 2𝑛(𝑛 − 1) − 4𝜏(𝑛) 

𝑛(𝑛 − 1)
] 

                =
1

2
[
2𝑛(𝑛 − 1) − 3𝜏(𝑛) 

𝑛(𝑛 − 1)
] 
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                = 1 −
3

2
[

𝜏(𝑛) 

𝑛(𝑛 − 1)
] 

                = 1 −
3

2
[
∑ 𝑑(𝑖)𝑛

𝑖=1 − 𝑛 

𝑛(𝑛 − 1)
] 

                = 1 −
3

2
[

𝛼 − 𝑛 

𝑛(𝑛 − 1)
] ,   where 𝛼 = ∑ 𝑑(𝑖)

𝑛

𝑖=1

 

This completes the proof. 

Definition: 7  Status of the vertices 

The status 𝜎(𝑢) of a vertex u in a graph, G, is the sum of distances of all other vertices from u 

in 𝐺 

That is 𝜎(𝑢) = ∑ 𝑑(𝑢, 𝑣)𝑣∈𝑉(𝐺)
𝑣≠𝑢

 

Definition: 8  Status Sombor Index SSO(G) 

𝑆𝑆𝑂(𝐺) =  ∑ √𝜎2(𝑣𝑖) + 𝜎2(𝑣𝑗)

𝑣𝑖𝑣𝑗∈𝐸(𝐺)

 

Theorem: 9 

The Status Sombor Index of the divisor graph 𝐺 is 

∑ √8(𝑛 − 1)2 − 4(𝑛 − 1) (𝛽(𝑣𝑖) + 𝛽(𝑣𝑗)) + 𝛽2(𝑣𝑖) + 𝛽2(𝑣𝑗)𝑣𝑖𝑣𝑗∈𝐸(𝐺) , 𝑛 > 1 

where 𝛽(𝑣𝑖) = number of vertices 𝑣𝑗 ≠ 𝑣𝑖  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑖/𝑗  𝑜𝑟  𝑗/𝑖. 

Proof: 

Since G is the divisor graph of order 𝑛 > 1  with edges  𝜏(𝑛).  Now the distance between the 

two vertices 𝑣𝑖  &  𝑣𝑗   is  𝑑𝑖𝑗 = {
 1    if       𝑖/𝑗  or 𝑗/𝑖    
2    if     𝑖 ∤ 𝑗  or  𝑗 ∤ 𝑖

. So for any vertex  𝑢, the total status is 

𝜎(𝑣𝑖) = ∑ 𝑑(𝑣𝑖 , 𝑣𝑗)

𝑣𝑗∈𝑉(𝐺)

𝑣𝑗≠𝑣𝑖

 

            = (number of vertices 𝑣𝑗 ≠ 𝑣𝑖  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑖/𝑗  𝑜𝑟  𝑗/𝑖). 1 

+(𝑛 − 1 − number of vertices 𝑣𝑗 ≠ 𝑣𝑖  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑖/𝑗  𝑜𝑟  𝑗/𝑖). 2                 

            = 𝛽(𝑣𝑖). 1 + (𝑛 − 1 − 𝛽(𝑣𝑖)). 2,        

                                           where 𝛽(𝑣𝑖) = number of vertices 𝑣𝑗 ≠ 𝑣𝑖  𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 𝑖/𝑗  𝑜𝑟  𝑗/𝑖 

            = 2(𝑛 − 1) − 𝛽(𝑣𝑖)        

Each pair {𝑣𝑖 , 𝑣𝑗} such that 𝑖/𝑗  𝑜𝑟  𝑗/𝑖 contributes single edge, but in counting 𝛽(𝑣𝑖) we are 
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counting these relationships twice that is once from each direction. Therefore 

∑ 𝛽(𝑣𝑖)

𝑛

𝑖=1

= 2 𝜏(𝑛) 

                   = 2 (∑ 𝑑(𝑖)

𝑛

𝑖=1

− 𝑛) 

                   = 2(𝛼 − 𝑛) 

Therefore the Sombor Index of the divisor graph 𝐺 is calculated as follows: 

𝑆𝑆𝑂(𝐺) =  ∑ √𝜎2(𝑣𝑖) + 𝜎2(𝑣𝑗)

𝑣𝑖𝑣𝑗∈𝐸(𝐺)

 

                 = ∑ √[2(𝑛 − 1) − 𝛽(𝑣𝑖)]2 + [2(𝑛 − 1) − 𝛽(𝑣𝑗)]
2

𝑣𝑖𝑣𝑗∈𝐸(𝐺)

 

                 = ∑ √8(𝑛 − 1)2 − 4(𝑛 − 1) (𝛽(𝑣𝑖) + 𝛽(𝑣𝑗)) + 𝛽2(𝑣𝑖) + 𝛽2(𝑣𝑗)

𝑣𝑖𝑣𝑗∈𝐸(𝐺)

 

 

This completes the proof. 

Corollary: 10 

The Modified Status Sombor Index MSSO(G) of the divisor graph 𝐺 is 

MSSO(G) = ∑
1

√𝜎2(𝑣𝑖) + 𝜎2(𝑣𝑗)𝑣𝑖𝑣𝑗∈𝐸(𝐺)

 

                  = ∑
1

√8(𝑛 − 1)2 − 4(𝑛 − 1) (𝛽(𝑣𝑖) + 𝛽(𝑣𝑗)) + 𝛽2(𝑣𝑖) + 𝛽2(𝑣𝑗)𝑣𝑖𝑣𝑗∈𝐸(𝐺)

 

 

Definition: 11  First Zagreb index 𝑀1(𝐺) 

𝑀1(𝐺) =  ∑ deg(𝑣)2

𝑣∈𝑉(𝐺)

 

Theorem: 11 

The first Zagreb Index of the divisor graph 𝐺 is ∑ (𝑑(𝑣𝑖) + ⌊
𝑛

𝑖
⌋ − 2)

2
𝑛
𝑖=1 , 𝑛 > 1. 

Proof: 

In our divisor graph the degree of the vertex  𝑣𝑖  is 
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               deg(𝑣𝑖) = 𝑑(𝑖) + 𝑚(𝑖) − 2,    𝑤ℎ𝑒𝑟𝑒 𝑖 ∈ {1,2,3, … , 𝑛} 

Here  𝑑(𝑖) is the number of proper divisor of  𝑖,  and   𝑚(𝑖) is the number of multiples of  𝑖 in 

 {1, 2, … , 𝑛}. So 𝑑𝑒𝑔(𝑣𝑖)  = 𝑑(𝑣𝑖) + ⌊
𝑛

𝑖
⌋ − 2. The first Zagreb Index of the divisor graph 𝐺 is 

𝑀1(𝐺) =  ∑ 𝑑𝑒𝑔 (𝑣𝑖)2

𝑛

𝑖=1

= ∑ (𝑑(𝑣𝑖) + ⌊
𝑛

𝑖
⌋ − 2)

2
𝑛

𝑖=1

 

This completes the proof. 

3. Conclusion 

For the divisor graph formed from the first n natural numbers, we looked at various 

distance-related topological indices in this study. We calculated and examined for this group 

of graphs, the Wiener index, the Hyper-Wiener index, the Harary index, the Hyper-Harary 

index, and the Mostar index. These indices shed light on the connectivity and balance 

properties of the divisor graph and help to quantify its structural features. Our examination 

additionally showed that divisor graphs are distance-balanced, indicating that the count of 

vertices nearer to one end of an edge matches the number closer to the opposite end.  The 

Mostar index for these graphs is therefore zero. Regular graphs with a number of vertices that 

are even were found to have this property, and the finding was extended to include cubic 

graphs. In a nutshell, the results presented in this paper make it easier to comprehend the 

metric framework of divisor graphs and open up new possibilities for the use of topological 

indices in mathematical and chemical graph theory. 

References: 

[1] Bondy, J.A.; Murty, U.S.R. Graph Theory with Applications; Elsevier: Amsterdam, The 

Netherlands, 1986.  

[2] Behmaram, A.; Azari, H.; Ashrafi, A. Some New Resulutes on Distance-Based 

Polynomials. MATCH Commun. Math. Comput. Chem. 2011, 65, 39–50.  

[3] R. Binthiya, Jisha J.J., T.M. Selvarajan. , Some Indices on Divisor Graph of First N Natural 

Numbers, Panamerican Mathematical Journal.2025, vol 35, No. 1,134-140. 

[4] R. Binthiya, Uma.M, T.M. Selvarajan., Some Indices on Unitary Cayley Quotient Graph 

Panamerican Mathematical Journal.2025, vol 35, No. 1,141-146. 

[5] Farooq, R.; Malik, M.A. On some eccentricity based topological index of nanostar 

dendrimers. Optoelectron. Adv. Mater. Rapid Commun. 2015, 9, 842–849.  

[6] Ghorbani, M.; Hosseinzadeh, M.A. A new version of Zagreb index. Filomat 2012, 26, 93–

100.  

[7] Guirao, J.L.G.; Imran, M.; Siddiqui, M.K.; Akhter, S. On Valency-Based Molecular 

Topological Descriptors of Subdivision Vertex-Edge Join of Three 

Graphs. Symmetry 2020, 12, 1026. 

[8] Gupta, S.; Singh, M.; Madan, A.K. Eccentric distance sum: A novel graph invariant for 

predicting biological and physical properties. J. Math. Anal. Appl. 2002, 275, 386–401.  



International Journal of Applied Mathematics  

Volume 38 No. 4s, 2025  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Received: August 07, 2025  532 

[9] Jia-Bao, L.; Khalid, I.; Rahim, M.T.; Rehman, M.U.; Ali, F.; Salman, M. Eccentric 

topological properties of a graph associated to a finite dimensional vector space. Main Group 

Met. Chem. 2020, 43, 164–176.  

[10] Khalifeh, M.; Azari, H.; Ashrafi, A. The hyper-Wiener index of graph operations. Comput. 

Math. Appl. 2008, 56, 1402–1407.  

[11] Mohar, B.; Thomassen, C. Graphs on Surfaces; Johns Hopkins University Press: Baltimore, 

MD, USA, 2001.  

[12] Skorobogatov, V.A.; Dobrynin, A.A. Metric analysis of graphs. MATCH Commun. Math. 

Comput. Chem. 1988, 23, 105–151. 

[13] Trinajstic, N. Chemical Graph Theory; CRC Press Inc.: Boca Raton, FL, USA, 1983; Volume 

2.  

[14] Xing, R.; Zhou, B.; Dong, F. On atom-bond connectivity index of connected graphs. Discret. 

Appl. Math. 2011, 159, 1617–1630.  

[15] Das, A. Non-zero component union graph of a finite-dimensional vector space. Linear 

Multilinear Algebra 2017, 65, 1276–1287.  

[16] Das, A. Nonzero Component graph of a finite dimensional vector space. Commun. 

Algebra 2016, 44, 3918–3926.  

[17] Kalaimurugan1, G.; Gopinath, S. Subset based non-zero component union graphs of vector 

spaces. Adv. Math. Sci. J. 2021, 10, 2561–2569.  

[18] Kalaimurugan, G.; Gopinath, S.; Chelvam, T.T. Genus of non-zero component union graphs 

of vector spaces. Hacet. J. Math. Stat. 2021, 50, 1595–1608 

[19] OEIS Foundation Inc. (2021), The On-Line Encyclopedia of Integer Sequences, 

http://oeis.org/A215602 

[20] W.-J. Hsu, Fibonacci cubes{a new interconnection technology, IEEE Trans. Parallel Distrib. 

Syst., 4 (1993) 3{12. 

[21] J. Jerebic, S. Klav_zar and D. F. Rall, Distance-balanced graphs, Ann. Comb., 12 (2008) 

71{79. 

[22] S. Klav_zar, Structure of Fibonacci cubes: a survey, J. Comb. Optim., 25 (2013) 505{522. 

[23] Chelvam, T.T.; Ananthi, K.P. On the genus of graphs associated with vector spaces. J. 

Algebra Its Appl. 2020, 19, 2050086.  

[24] Cash, G. Relationship between the hosoya polynomial and the hyper-wiener index. Appl. 

Math. Lett. 2002, 15, 893–895.  

[25] M. O. Albertson, The irregularity of a graph, Ars Combin., 46 (1997) 219{225. 

A. Ali and T. Do_sli_c, Mostar index: Results and perspectives, Applied Mathematics and 

Computation, 404 (2021)126{24}. 

[26] Y. Alizadeh, E. Deutsch and S. Klav_zar, On the irregularity of -permutation graphs, 

Fibonacci cubes, and trees, Bull. Malays. Math. Sci. Soc., 43 (2020) 4443{4456. 

[27] Y. Alizadeh, K. Xu and S. Klav_zar, On the Mostar index of trees and product graphs, 

Filomat, 35 (2021) 4637{4643. 

[28] J. L. Brown, Unique representation of integers as sums of distinct Lucas numbers, Fibonacci 

Quart., 7 (1969) 243{252. 

 


