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Abstract 

 Numerical metrics related to the fundamental attributes of a chart are referred to as 

topological lists. They play an essential role in theoretical chemistry, especially in 

simulating the chemical, natural, and physical properties of atoms.The Unitary Cayley 

Remainder Charts are a distinct set of logarithmic charts noted for their continuity defined 

by unit elements in Zn, created from the additive group of integrability modulo Zn. This 

series of charts is the focus of this examination. We derive explicit equations for the over 

topological lists and examine the fundamental features of these systems. The results 

demonstrate the symmetric and distance-regular properties of unitary remainder Cayley 

graphs and establish a foundation for further advancements in graph theory and 

computational chemistry. The ease of these charts in replicating atomic structures with 

standard removal conveyance is further demonstrated by our results.  

Key Words and Phrases: Distance, Distance Matrix, Unitary Cayley Graph, Topological 

Index. 

1. Introduction 

Linking atomic structure to physical and chemical characteristics is one of the primary goals 

of theoretical chemistry. The Chemical Chart Hypothesis (CGT) stems from the substantial 

investments in this field over the past fifty years through graph-theoretical and information-

theoretical methods. CGT examines the connections between structural properties and 

structural movements through the use of statistical techniques and graph theory.  

The topological characterization of particles simplifies the classification and property 

prediction for obscure chemical structures. A crucial element of CGT is the inclusion of 

substance models, which separate atomic traits and reassemble their component values. 

Central to this effort are topological lists (TIs), which are numerical representations of 

graphs.  

In QSAR and Quantitative Structure–Property Relationship (QSPR) studies, topological 

lists are frequently employed to estimate physical and chemical properties such as polarity, 



International Journal of Applied Mathematics  

Volume 38 No. 4s, 2025  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Received: August 06, 2025  520 

2 3 

 

viscosity, melting point, and boiling point. The Wiener list, serving as the foundation for 

various similar lists, is the most widely recognized among the many records, approximately 

400 that have been created. In this study, we create various relevant distance-based 

topological structures and examine a distinct category of graphs. Topological indices were 

studied in [2,3,4,5,6]. 

2. Definitions and Preliminary Results 

Let 𝑛 > 1 be an integer and 𝑆 = {𝑠 : 𝑠 ,  𝑖𝑠 𝑎 𝑢𝑛𝑖𝑡𝑎𝑟𝑦 𝑑𝑖𝑣𝑖𝑠𝑜𝑟 𝑜𝑓 𝑛} 

     Then the set 𝑆∗ = {0,  𝑠,  𝑛 − 𝑠  : 𝑠 ∈ 𝑆} is the subset of 𝑍𝑛 then the graph associated with 

𝑆∗ is denoted as 𝐺(𝑉, 𝐸) with vertex set 𝑉 = 𝑍𝑛  and 𝐸 = {𝑢, 𝑣 : 𝑒𝑖𝑡ℎ𝑒𝑟 
𝑢

𝑣
 𝑜𝑟 

𝑣

𝑢
∈ 𝑆∗} is 

termed as unitary Cayley quotient graph 

Lemma: 2 

 The number of edges of unitary Cayley quotient graph  𝜏(𝑛) is 

 𝜏(𝑛) = n + 𝜑(𝑛) − 2 + ∑ ∑ 1𝑘<𝑑<𝑛
𝑑

𝑘
∈𝑆∗

1<𝑘<[
𝑛

2
]

 ,  

where 𝜑(𝑛) is the Euler totient function and [𝑥] is the greatest integer function.  

Proof 

It is clear that the number of units in the ring Zn is ф(n), and the generating set S∗ contains 

the element {0}, 0 can be expressed as product with any other number and 
0

𝑎
= 0 ∈ S∗. 

Therefore, the vertex 0 is adjacent with all other remaining vertices of the graph. Similarly, 

the vertex 1 is adjacent with every vertice vi, i ∈ S. So for these two cases we obtained n + 

ф(n) − 2 edges, since 2 divides every even integer, hence the vertex 2 is adjacent with the 

vertices v2i, i = 2, 3, … , [n] if and only if i ∈ S∗ similarly the vertex v3 adjacent with the 

vertices v3i, i = 2, 3, … , [n]  if and only if i ∈ S∗ and so on. Summing all these values we 

get 𝜏(𝑛) = 𝑛 + 𝜑(𝑛) − 2 + ∑ ∑ 1𝑘<𝑑<𝑛
𝑑

𝑘
∈𝑆∗

1<𝑘<[
𝑛

2
]

Hence the result. 

Theorem 5 

The wiener index of unitary quotient cayley graph is  

    𝑊(𝐺) = (𝑛 − 1)2 − 𝜑(𝑛) + 1 − 𝛼 ,    𝑓𝑜𝑟 𝑛 ≥ 2 

Where 𝛼 = ∑ ∑ 1𝑘<𝑑<𝑛
𝑑

𝑘
∈𝑆∗

1<𝑘<[
𝑛

2
]

 

Proof 

Since G is the Unitary quotient Cayley graph of order n ≥ 2 with edges 𝜏(𝑛) Now the 

distance matrix is given by𝐷(𝐺) = (𝑑𝑖𝑗)
𝑛×𝑛

  and it is clear that,
𝑖

𝑗
∈ 𝑆∗𝑜𝑟 

𝑖

𝑗
∈ 𝑆∗,then the 

vertices 𝑣𝑖 and 𝑣𝑗  are adjacent, distance between them is 1, otherwise the distance between 

the vertices 𝑣𝑖 and 𝑣𝑗  is 2. 
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Since 
0

𝑖
= 0 ∈ 𝑆∗ 𝑎𝑛𝑑 

0

𝑗
= 0 ∈ 𝑆∗ and so is adjacent with the vertex 0 and is also adjacent 

with the vertex 0. Hence there exists a path (𝑣𝑖𝑒𝑖1𝑣1𝑒𝑖𝑗𝑣𝑗) between the vertices 𝑣𝑖 and 𝑣𝑗  of 

length 2, therefore 𝑑𝑖𝑗 = {
1  ,

𝑖

𝑗
∈ 𝑆∗𝑜𝑟 

𝑖

𝑗
∈ 𝑆∗,

2   ,
𝑖

𝑗
∉ 𝑆∗𝑜𝑟 

𝑖

𝑗
∉ 𝑆∗ 

  Hence the element 1 occurring 2 𝜏(𝑛) 

times and the element 2 occurring 2[𝑛𝐶2 − 𝜏(𝑛) ] times in the distance matrix D(G). By the 

definition of wienerindex, we have 

𝑊(𝐺) =
1

2
∑ 𝑑𝑖𝑗

𝑣𝑖,𝑣𝑗∈𝑉(𝐺)
 

        =
1

2
{2τ(n) × 1 + 2[𝑛𝐶2 − 𝜏(𝑛) ] × 2} 

        = 𝜏(𝑛) + 2 × [
𝑛(𝑛−1)

2
− 𝜏(𝑛)] 

        = 𝑛2 − 𝑛 − 𝜏(𝑛) 

        = 𝑛2 − 𝑛 − (𝑛 + 𝜑(𝑛) − 2 + ∑ ∑ 1𝑘<𝑑<𝑛
𝑑

𝑘
∈𝑆∗

1<𝑘<[
𝑛

2
]

 

        = (𝑛 − 1)2 − 𝜑(𝑛) + 𝛼 

Where 𝛼 = ∑ ∑ 1𝑘<𝑑<𝑛
𝑑

𝑘
∈𝑆∗

1<𝑘<[
𝑛

2
]

. It completes the proof. 

Theorem 6 

The hyper wiener index of the Unitary quotient Cayley graph of order n ≥ 2 vertices and 

𝜏(𝑛) edges is, 𝐻𝑊(𝐺) = 3𝑛2 − 7𝑛 + 8 − 4(𝛼 + 𝜑(𝑛)) 

Proof 

Here G is the Unitary quotient Cayley graph of order n ≥ 2 graph of order n ≥ 2 

with edges 𝜏(𝑛). Let 𝑣1,  𝑣2,  … ,  𝑣𝑛 be the vertices of G. For n ≥ 2, by the definition of 

hyperwiener index and using the distance matrix, we have 

 

𝐻𝑊(𝐺) =
1

2
∑ (𝑑𝑖𝑗

𝑣𝑖,𝑣𝑗∈𝐺(𝑉)

+ 𝑑2𝑖𝑗) 

              =
1

2
∑ 𝑑𝑖𝑗

2 +
1

2
∑ 𝑑𝑖𝑗𝑣𝑖,𝑣𝑗∈𝑉(𝐺)𝑣𝑖,𝑣𝑗∈𝑉(𝐺)  

=
1

2
∑ 𝑑𝑖𝑗

2 + 𝑊(𝐺)

𝑣𝑖,𝑣𝑗∈𝑉(𝐺)

 

= (𝑛 − 1)2 − 𝜑(𝑛) + 1 − 𝛼 +
1

2
{2τ(n) × 12 + 2[𝑛𝐶2 − 𝜏(𝑛) ] × 22} 
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= (𝑛 − 1)2 − 𝜑(𝑛) + 1 − 𝛼 + τ(n) + 4 [
𝑛(𝑛 − 1)

2
− 𝜏(𝑛)] 

= 3𝑛2 − 7𝑛 + 8 + 4(𝛼 + 𝜑(𝑛)) 

Hence the proof. 

Theorem 6 

The Harary  index of the Unitary quotient Cayley graph of order n ≥ 2 vertices and 

𝜏(𝑛) edges is, 𝐻𝐼(𝐺) =
1

4
(𝑛2 + 𝑛 − 4 + 2(𝛼 + 𝜑(𝑛)) 

Proof 

Here G is the Unitary quotient Cayley graph of order n ≥ 2 graph of order n ≥ 2 

with edges 𝜏(𝑛). Let 𝑣1,  𝑣2,  … ,  𝑣𝑛 be the vertices of G. For n ≥ 2, by the definition of 

Harary index and using the distance matrix,  we have 

𝐻𝐼(𝐺) =   
1

2
∑  

1

𝑑𝑖𝑗𝑣𝑖,𝑣𝑖∈𝐺(𝑉)  

 

=
1

2
{2τ(n) × 1 + 2[𝑛𝐶2 − 𝜏(𝑛) ] ×

1

2
} 

= {τ(n) + [𝑛𝐶2 − 𝜏(𝑛)]
1

2
} 

=
1

4
(𝑛2 + 𝑛 − 4 + 2(𝛼 + 𝜑(𝑛)) 

This completes the proof. 

 

Theorem 7 

The Hyper Harary index of the Unitary quotient Cayley graph of order n ≥ 2 vertices and 

𝜏(𝑛) edges is, 𝐻𝐻𝐼(𝐺) =
1

8
(3𝑛2 + 7𝑛 − 20 + 10(𝛼 + 𝜑(𝑛)) 

 

Proof 

Here G is the Unitary quotient Cayley graph of order n ≥ 2 graph of order n ≥ 2 

with edges 𝜏(𝑛). Let 𝑣1,  𝑣2,  … ,  𝑣𝑛 be the vertices of G. For n ≥ 2, by the definition of 

Hyper Harary index and using the distance matrix, we have 

𝐻𝐻𝐼(𝐺) =
1

2
∑

1

𝑑𝑖𝑗
+

1

𝑑𝑖𝑗
2

𝑣𝑖,𝑣𝑗∈𝑉(𝐺)
 

                =
1

2
∑

1

𝑑𝑖𝑗
+

1

2
∑

1

𝑑𝑖𝑗
2𝑣𝑖,𝑣𝑗∈𝑉(𝐺)𝑣𝑖,𝑣𝑗∈𝑉(𝐺)  
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By solving the second summation will get the result. It completes the proof 

3. Conclusion 

The Wiener record, hyper Wiener list, Harary record, and hyper Harary file for Unitary 

Cayley Remainder Charts are four essential distance-based topological records for which we 

have obtained clear definitions in this paper. These graphs possess remarkable fundamental 

symmetries that simplify the computation of these records. They are defined by the 

additional substance group Zn with individual requirements on adjacency. The closed-form 

equations provided are crucial because they illuminate the inner remove dispersion of these 

charts and demonstrate their potential for modeling atomic structures in chemical chart 

theory. Our research encompasses the expanding literature on arithmetic and distance-

oriented features of Cayley-type graphs from a mathematical perspective. When such charts 

are used to represent atomic systems, these files can be regarded as indicators of atomic 

properties from the standpoint of chemical modeling. Future research could explore 

dreadful lists, utilize these findings in weighted or combined versions of unitary Cayley 

diagrams, or integrate the resulting data into machine learning algorithms for 

cheminformatics property prediction. Furthermore, the practical centrality of the established 

graph-theoretical results can be further validated through comparisons with empirical 

chemical data.  
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