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Abstract

The purpose of the present paper is to find the necessary and sufficient condition under which

the Randers change of exponential Finsler metric becomes a projective change. We have also
found the condition under which Randers change of Exponential Finsler metric becomes a
Dougles space.
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1 Introduction:

Let F "= (M", L) be a Finsler metric with the fundamental function L (x, y) on the smooth
manifold M" . Let B=b;(x)y’ be one form on the manifold M , then L — L e#/L+ is called
Randers change of exponential Finsler metric. If we write L= L e#/!+p and F* = (M™, L) ,
then the Finsler space F™ is said to be obtained from F™ by Randers change of exponential
Finsler metric. The quantities corresponding to F™ are obtained by putting bar on those
quantities.

We shall denote the partial derivative with respect to x‘andy' by
d; and 9, respectively and write
Li = ('5LL, Ll] = 313] L, Lijk = 515] akL

The h;; = LL;; = angular metric tensor of F™ .

ij
The geodesics of F™ are given by the system of differential equations

d2xt

ds?

Loy By
+2G' (x, o )=0,
where G!(x, y) are positively homogeneous of degree 2 in y* and are given by
(1.1) 2G'=gY(y"d, 8, F-9;F ), F==.

1 9212

here g¥ is the inverse of g;; = =——— .
Where g* is the inverse of g;; 29519y
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The well-known Berwald connection BI' = ( Gjik ,Gji ) of a Finsler space is constructed from
the quantity G' appearing in the equation of geodesic and is given by [1].

Gji = 8'] G, jik = a,;c;; . The Cartan’s connection CI" = ( jik , ji , Cjik ) is constructed from the
metric function L by the following five axioms [1].

(M Gujie =0 2) giylk =0 B) Fie = Fiej (4) Fo = Gie (5) Cjie = Cigj

where Ik and |k denotes h and v — covariant derivatives with respect to CI'. The h — covariant
derivative of L; , L;j with respect to CI' are zero. We shall denote

(12) Zrij = bl|] + b]|l . ZSL']' = bl|] - b]|l
2 The difference tensor D' :

The Randers change of exponential Finsler metric L is given by

2.1)L=LePr+ B whereB (x,y)=b;(x) y' . We may put G,=G"+ D' . Then
G = Gji + Dji and G)= jik + Djik , where Dji = 5]Di and Djik = 0y Dji .

The tensor D ,Dji and Dj;, are positively homogeneous in y' of degree two , one and zero
respectively. To find D' we deal with equations Lijlk =0 and L, = 0 in F™ and E,
respectively [2]. i.e

(2.3) (@) i Lij — G Lijr — Lyj Fle — Lip Fjy = 0,(0) O Lyy - Gfp Ly - Ly Flyo - Ly Fj =
0.

Since 3,8 = b; from (2.1) we have
@24) (@) L="SL el 1+ 1+ ePMb;,

(L=
L

N 2 1
(b) Ll] = £) eﬂ/LLij + eB/L{ %LLL] - :%(le] + L]bl) + Z blb]},

U
L

— 2
© L= CR P g L+ e (G Ly - BhOL— (5 Li-7b)B } + (1+eF1) gjby,

— L— 2 2 +2L
(d) 0Ly = ELReProL+ e Ery- (430 Ll + EEZR (Liby + Liby) -

+L - +2L +L
CR by @byt Py +EEE L — B by + b)) +

1 2 2
S bib}(0p) + eP Ly — SbpaL; + P E L - Eb)ayL; -

1 1
e,B/L(LEZLj -7 bj)akbi — e,B/L(LEZLi -1 bi)akbj 5

— _ L-B) B* B
) Lyk = —; eP/l Ly, + eﬁ/L[—L3 (LiLjie + LiLyc + LiLij) - - (Lijbi + Ljxcb; + Lyiby) -
B*(B+3L) B(B+2L) (B+L)

1
= bibjby 1.
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From (2.2) and (2.3) we have

OxLy — Lyr (Gf + D) —Lyy(Fji + D) - Ly (Fji + °Dj)=0,where F) - Fi, = °Djy

Substituting the values of 9;L,, ] L, and T]r from (2.4) using (2.3) (a) and contracting the

result thus obtained by y* , we get
2
@5 2eP0 BB Ly E(Lily + Ll + LeLiy) - & (Lygby + Liby + Lihy) -
WLLL + B2 (LLyby + LiLeby + LiLyby) - “””(Lbb + Lib;by + Lyb;b))
L L—
+ L bibyb, } D+ B B By B bt Lb) + 2b,by) DT + ePr B
2 1 1 1
Lt 5 LiLy - & (Lib, + Lob) + 3 b,by D + eF/M( B 1 — 1y )(rio +si0) T e (L -2

b )0 + 5j0) + /(L Ly - B2 11+ B (L + Liby) - = bib; 3150 = o,

where ‘0’ stands for contraction with y* viz r;, = r; y y,

Too =Tij ¥' ¥’ and we have used the fact that D}, y* = °Df, y¥=D/ [3].

Next. we deal with Ll| ; =0, we get

(2.6) 9L, — Ty (6] + D] ) ~L(Fj+ “Dj;)=0.

Putting the value of alel , L, and L, from (2.4) in (2.6), using equation L;;= 0 and rearranging

the terms, we get

1

(1+ Py by = Py CB L B 1, B (b, + Lob) + bk} D +eB/E (L1, — 1p,
1o+ 5j0) + { 522 B/ L+ (1+ eF/) by} D)

Which after using (1.2) gives,

@7 21+ ey = By CB B 1 B (Lib, + Loby) + 2bib,y Df + /iy LD
Lt 51y 1, - B (Wb, + L,b) +2bybyy DF +eP/H(E Ly — 2b)(10 + 50+ eP/ (L 1

2 by 1o + 5i0) + 20 =2 P/ Lok (14 P74 b} D],
2.8) 21+ ef/tysy = P EB L B 1 B (Lb, + Lob)+ 2bib, ) Df + B/l (LD

By

B? B 1 B
Lir+ 5 Lj Ly -5 (Liby + Lybyp) + 7 bjby ) D - eP/H( 5 Ly — —b )70 + Sjo) - €P/F (5 L

b; )(Tip + Sio)-

Substituting (2.7) from (2.5) and contracting the resulting equation by y!, we obtain

1
L

L-B B? 1 B
@9) efr 2R Ly B b+ Lyby) -2 bi b DT+ eI (b - S L) et

2(1+ eP/hy 1 = 2L B/, + (14 eB/L) b,}D}.
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Contracting (2.9) by y’, we get

(2.10) 2(L-B) eP/LL,. D" + 2L (1+ eP/L) b, D" =L (1+ eP/L) 1,

Subtracting (2.8) from (2.5) and contracting the resulting equation by y’/, we get

@11 ef (R L £ (b + Lb) + 5oL Ly +3by by} DT = (15 eP) sy + 5 €PN
% b; - Lﬁz L;) 756-

In view of LL;;- = g; — L;L,, the equation (2.11) can be written as

L— 2-L12+BL 1
2.12) PP R gD+ B EEEE ) Byt Dn 4 P/ (2 by - £ )b DT = (1+
1 1
&P/ 510+ /(3 bi - 13 L) Too.
Contracting (2.12) by bt = g¥ b; , we get

(2.13) 2L eP/L[(14b?%) L? - B(L + B)] b, D" - 2B eB/L[(1+b?) L% - B(L + )] L,.D™ = 2L*(1+
eP/Ly s, +L eP/L(L2b? — By, ,

where we have written as s, for s;,b" .

The equation (2.10) and (2.13) constitute the system of algebraic equations in L,.D” and b,.D"
whose solution is given by

(2.14) b, D" =

2L3(L - B)(1+ eB/L) s +[(L—B)eP/L(12b? — p2)+B(1+ eP/LY{(1+b2) L2 — B(L+B)}To0
2(B+L eP/L){(1+b2) L? — B(L+f))}

—2L%(1+ eP/125 +L2(L - B) eP/L(1+ eP/Myryq
2 eB/L(B+L eP/L){(1+b2) L2 - B(L+B)}

(2.15) L.D" =

Contracting (2.12) by g¥ and putting the values of b,D” and L,.D” from (2.14) and (2.15)
respectively we get,

((L-B)eB/lroo —2L2 (1+ eB/L)s,}
2(L—p) eB/L(B+L eB/L){(1+b%) L2 — B(L+R)}

B/LY1yit12 B/Ly ity L2+ Py i _ Yt
LeP )}y +L*(B+Le )b‘]+(L_ﬁ) B So » Where I = .

(2.16) D= [{LL-B)  (1+ eM) —BB+

Proposition: The difference tensor D' = G* - G* of Randers change of exponential Finsler
metric is given by (2.16)

3 Projective change of Finsler metric:

The Finsler space F™ is said to be projective to Finsler space F™ if every geodesic
of transformed to a geodesic of F™ . It is well known that change L — L is projective if Gt =
G' + P(x,y) y‘, where P(x,y) is a homogeneous scaler function of degree one in y* , called
projective factor [4].
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Thus from (2.2) it follows that L — L is projective iff D! = P y*. Now we consider that the

Randers change of exponential Finsler metric L — L = L eP/" + B is projective. Then from
(2.16) we have

{(L=B)eP/lryo —21% (14 eP/1)s,}
2(L—B) eP/L(B+L eB/L){(1+b2) L2 — B(L+P)}
L?(1+eP/ly
(L—p) eB/L 0

3.1) Py'= [{LL-B) (1 + eP/™) —B(B+

L eP/M}y+12(B + L eP/M)bi]+

Contracting (3.1) by y; and using the fact that siy; =0, we get

L(1+ eP/MY((L-P)eP/Lryo —2L2(1+ eP/L)s )

(2) P = B+ ef/y(1+b7) L2 - BLTE))

Putting the value of P from (3.2) in (3.1) , we get
BLL=P)eP lroo —217 (14 eP/M)s,} i _
(33) 2((1+b?) LZ - B(L+B)] Y B

L2((L-B)eP/lroo —212(1+ eB/MY)s0) i 1o B/Ly i
ey z-paapy D A+ €S,

Transvecting (3.3) by b; , we get

2L(1+ eP/Lys,

_B® 42
A/ia , Where A = " - b~.

B4 Too =

Subtracting the value of 7, from (3.4), (3.5) and (3.1), we get

L (1+ eP/My2s

B-5HP= A eP/L(B+LeP/L) "

Eliminating P and r,, from (3.5), (3.4), and (3.1) , we get
P BZ , .S
aoss= (5y - b,

The equation (3.4) and (3.6) give the necessary conditions under which the Randers change of
exponential Finsler metric becomes a projective change.

Conversely if conditions (3.4) and (3.6) are satisfied then putting these conditions in (2.16), we
get

i L@+ eP/Ly2g,
AeP/L(BiLep/ry Y

L (1+ eP/y2g
AeP/L(B+LeP/Ly "

ie. D'=Py' where P=

Thus F™ is projective to F™.

Theorem (3.1): The Randers change exponential Finsler space is projective if and only if (3.4)
and (3.6) hold and then the projective factor P is given by,
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L (1+ebB/My2s
A eP/L(B+LebP/L)”’

ﬁZ
where A == - b2,
LZ

4 Randers change of exponential Finsler space of Douglas space:

The Finsler space F™ is called a Douglas space if and only if G} y/ — G’ y' is homogeneous
polynomial in y* [1]. We shall write hp(r) are the homogeneous polynomial in y* of degree r.

If we write, BY = D'y/ — D/ y' then from (2.16) we get

L2{(L-B)eP/lroo 2121+ ePMyso} oy Fa+efty ;o
2a-p ey 2 -paepy Y T PV F g (SoY

(4.1) BY=

j .
So ¥,
If a Douglas space is transformed to a Douglas space by Randers change of exponential Finsler
metric (2.1), then BY must be hp (3) and vise-versa.

Theorem (4.1): The Randers change of exponential Finsler space of Douglas space is a
Douglas space iff BY given by (4.1) is hp (3).
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