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Abstract

An (1, 1) in-degree reverse edge bimagic harmonious labeling of a digraph D(r,s) is a bijection : V(D) U
A(D) - {1,2,3,...,7 + s} for each edge Xy € A(D), the value of [1/)(@) — (1/)(y) (mod s))] is equal to 6,01 &5,
called bimagic constants and (1, 1) out-degree reverse edge bimagic harmonious labeling of a digraph D(r, s) is
represented by a bijection : V(D) U A(D) - {1,2,3,..,r + s} for each edge x)y € A(D), the value of
[ () — (Y (x)(mod 5))] is equal to §;07 85, called bimagic constants. In this paper, we proved some directed
graphs are both (1, 1) in-degree and out-degree reverse edge bimagic harmonious.
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1. Introduction

Rosa (1967) introduced the concept of graph labeling involves assigning integer to vertices or edges or both under
particular conditions. Kotzig and Rosa (1970) introduced ‘magic labeling’. Llado and Ringel (1998) introduced
the term ‘edge magic labeling’, which was extended by Wallis in (2000) to ‘edge magic total labeling’ referred as
‘super edge magic total labeling” if the vertices are labeled with least positive integers. Kotte Amaranadha Reddy
and S. Sherief Basha (2019) introduced ‘reverse edge magic labeling’. Graham and Sloane (1980) introduced
‘harmonious labeling’. Dushyant Tanna (2013) established some techniques in ‘harmonious labeling’. Merrit
Anisha. L, Regees. M and Nicholas. T (2020) expanded this to ‘edge magic and edge bimagic harmonious
labeling’. For further references, we use ‘Gallian’s dynamic survey of graph labeling’ (2018).

A directed graph (or digraph) D with vertex set V and directed edges (arcs) A such that each arc uv is from the
vertex u — v. Also, the vertex u is adjacent to v and v is adjacent to u. A directed graph with p nodes (vertices)
and q arcs is denoted as D(p, q). A directed walk is a sequence of vertices and arcs in the form v,, a;, v4, a,, ...,
a,, v, where each arc a; is ¥,_;v,. The length of the walk is the number of arcs, denoted as n. A directed walk
starts at v, and ends at v,,. A directed path is a directed walk where all vertices are different. A directed cycle is
a non-trivial closed walk with all vertices are distinct, except for the first and last. A digraph D(p, q) is called (1,
1) indegree vertex magic with a common vertex sum kq, if there is a bijection f:V UA - {1,2,3,...,p + q} such
that for each v eV, f(v) + f(uv) = k, for all uv € A where u e V and u cannot be a root vertex. A digraph
D(p, q) is called (1, 1) outdegree vertex magic with a common vertex sum k,, if there is a bijection f:V U A —
{1,2,3,...,p + q} such that for each

ueV, f(u) + f(uv) = k, for all uv’e A where u € V and v cannot be a pendent vertex. The concepts of (1, 1)

indegree and outdegree vertex bimagic labeling’ were proposed by V. Vishnupriya, K. Kannan, and Basker
Babujee (2012).

Here, we introduce the concept of (1, 1) in-degree and (1, 1) out-degree reverse edge bimagic harmonious labeling
for digraphs. We also derived the directed comb graph B, O K; for all n = 3 and the directed comb product
graph P, & P; foralln > 2 are (1, 1) in-degree and (1, 1) out-degree reverse edge bimagic harmonious digraphs.
Comb is a graph obtained by joining a single pendant edge to each vertex of a path (2018). The comb product
between G and H, denoted by G & H, is a graph obtained by taking one copy of G and |V (G)]| copies of H and
grafting the i-th copy of H at the vertex o to the i-th vertex of G (2018). A reverse edge bimagic harmonious
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(REBMH) labeling of a (r,s) graph T is a bijective mapping y: V(I') UE(T) - {1, 2, ...,r + s} for each edge
xy € E(T), the value of [1/) (xy) — ((w(x) + () (mod s))] is equal to two constants §;0r §,. The graph I is
recognized as a REBMH graph if it admits such a labeling.

2. Materials and Methods

In this section, we define the (1,1) in-degree and (1,1) out-degree reverse edge bimagic harmonious labeling for
directed graphs. We also establish the notation used throughout this paper.

Definition 1. An (1, 1) in-degree reverse edge bimagic harmonious ((1, 1) in-degree REBMH) labeling of a
digraph D (r, s) is a bijective mapping ¥: V(D) U A(D) — {1,2, ..., + s} for each edge xy € A(D) where x is not
aroot vertex, the value of [1!) (xy) — (l,b (y)(mod s))] is equal to two constants &§; or &,. The digraph is recognized
asa (1,1) in-degree REBMH digraph if it admits such a labeling.

Definition 2. An (1, 1) in-degree reverse edge bimagic harmonious ((1, 1) in-degree REBMH) labeling of a
digraph D (r, s) is a bijective mapping ¥: V(D) U A(D) - {1,2, ..., 7 + s} for each edge xy € A(D) where x is not
aroot vertex, the value of [ (X)) — (¥ () (mod s))] is equal to two constants &, 0r &,. The digraph is recognized
asa (1,1) in-degree REBMH digraph if it admits such a labeling.

The following digraphs are considered in this paper.

Directed comb P, © K;:

The directed comb P, O K; is defined byavertex V(B, © K;) = {a;,b; /| € [1,n]} anditsarcbe A(B, © K;) =
{aqja 1 /lel,n—-1} U {E{E / L € [1,n]}. The digraph consists of 2n vertices and 2n — 1 edges.

Directed comb product P, > Ps:

The directed comb product B, = P;graph is defined by a vertex V(B, = P;) = {a;, b; /| € [1,n]} and its arc be
AP, P) ={aqa;/le[l,n—-1]}U {EE/I € [1,n]}. The digraph consists of 3n vertices and 3n — 1
edges.

For each digraph, we define an explicit bijection 1 and verify that the bimagic condition holds for all arcs. The
bimagic constants §; and §, are determined from the labeling formulas.

Theorem 1. The directed comb B, O K; graph is both (1, 1) in-degree and (1, 1) out-degree REBMH for every
positive integer n > 3.

Proof. Let B, © K; be the directed comb vertex set V(B, © K;) = {a;, b; /L € [1,n]} and arc be A(P, © K;) =
{aqja 1 /leL,n—-1} U {m / L € [1,n]}. The digraph consists of 2n vertices and 2n — 1 edges.

For all n > 3, define a bijection : [(V(Pn OK)UAMB, O Kl))] - {1,2,...,4n — 1} by the vertex labels are
Y(a) =1, 1€ [1,n]and (b)) =n+ 1,1 € [1,n] and the arc labels are Y(a;a;;,) =3n+ L, L €[1,n— 1] and
w(ab) = 2n+ 1,1 € [1,n].

We prove that this labeling is a (1, 1) in-degree REBMH,
For the arcs a;a;,4, € [1,n — 1]
Y(@a1) = @P(aj41) mod(2n — 1))

=3n+1- ((l + 1)mod(2n — 1)) =6

For the arcs M, le[1,n-2]

p(ab;) = (W(b) mod(2n - 1))
=2n+1— ((n + Dmod(2n — 1)) =6,
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For the arcs a;b;, | € [n — 1,n]
W(@h;) = ((B) mod(2n - 1))
=2n+1- ((n + Dmod(2n — 1)) =6,

Thus, the values of [w(ﬁ) - (w(y) (mod s))] yields one of the two constants §; = 3n — 1 or §, =n and
therefore, the directed comb P, O K; is a (1, 1) in-degree REBMH.

Noe, we prove that this labeling is a (1, 1) out-degree REBMH,
For the arcs a;a;,4, L € [1,n — 1]
Y(@ary) = (@) mod(2n — 1))
=3n+1— ((hmod(2n —1)) = &,
For the arcs m, le[1,n]
¥(ab;) = (@) mod(2n - 1))
=2n+1—((hmod(2n—1)) = &,

Thus, the values of [1[) (xy) — (1p (x)(mod s))] yields one of the two constants §; = 3n or §, = 2n and therefore,
the directed comb B, © K; is a (1, 1) in-degree REBMH.

Hence, the directed comb B, O© K;with 2n vertices that are distinctly labeled as {1,2, ...,2n} is a (1, 1) in-degree
and (1, 1) out-degree REBMH digraphs for any positive integers n > 3.

Example 2. An (1, 1) in-degree and (1, 1) out-degree REBMH of the directed comb graph
Ps O K is shown in Figure 3.

1 16 2 17 3 18 4 19 5
aq (223
11 12 13 14 15
b, be

6 7 8 9 10

Figure 3. P; O K;with (1, 1) in-degree REBMH for §; = 14 and §, =5 &
(1, 1) out-degree REBMH for §; = 15 and §, = 10

Theorem 2.3. The directed comb product B, = P; graph is both (1, 1) in-degree and (1, 1) out-degree REBMH
for every positive integer n > 2.

Proof. . Let B, = P; be the directed comb product vertex setV(P, = P;) = {a;, b; /l € [1,n]} and arc be
AP, > P) ={aqa;/le[l,n—-1]}U {M/l € [1,n]}. The digraph consists of 3n vertices and 3n — 1
edges.

For all n > 2, define a bijection ¥: [(V (B, & P;) UA(P, & P;))| = {1,2,3, ..., 6n — 1} by the vertex labels are
Yla) =L1e[1,n]; ) =n+11€[1,n]andP(c) = 2n+ L, L € [1,n]and the arc labels are Y (a;a;,;) =
Sn+le[1,n—1]; Y(ab) =2n+1 1€ [1,n].

We prove that this labeling is a (1, 1) in-degree REBMH,
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For the arcs a;a;,4, L € [1,n — 1]

Y(@a1) = P(aj4q) mod(3n — 1))

=5n+1- ((l + 1)mod(3n — 1)) =6

For the arcs a;b;, | € [1,71]

w(ab;) = ((b) mod(3n - 1))
=3n+1l—((n+Dmod(3n—-1)) =6,

For the arcs byc;, | € [1,n — 2]

W(bier) = W(@) mod(3n — 1))
=4n+1—(2n+Dmod(Bn—1)) =6,

For the arcs bc;, | € [n — 1,71]

p(bier) = @(c) mod(3n — 1))
=4n+1—(2n+Dmod(3n—1)) = §;

Thus, the values of [1[)(@) - (w(y) (mod s))] yields one of the two constants §; = 5n — 1 or §, = 2n and
therefore, the directed comb product P, & P; is a (1, 1) in-degree REBMH.

Now, we prove that this labeling is a (1, 1) out-degree REBMH,

For the arcs a;a;,4, Ll € [1,n — 1]

Y(@a;1) = P(a;1) mod(3n — 1))
=5n+1—((+1)mod(3n—1)) =&

For the arcs a;b;, | € [1,7]

w(ab;) = ((b) mod(3n - 1))
=3n+1—((n+Dmod(3n—1)) =6,

For the arcs byc;, | € [1,n — 2]

Y(bier) = @ () mod(3n — 1))
=4n+1—(2n+Dmod(3n—1)) =6,

Thus, the values of [1/) (xy) — (1/) (x)(mod S))] yields one of the two constants §; = 5n or §, = 3n and therefore,
the directed comb product B, & P; is a (1, 1) out-degree REBMH.

Hence, the directed comb product P, = P; with 3n vertices that are distinctly labeled as {1,2, ...,3n}isa (1, 1) in-
degree and (1, 1) out-degree REBMH digraphs for any positive integers n = 3.

2.1 Observation
For all in-degree REBMH labelings, the difference §; — §, is exactly equal to the number of arcs s.

For out-degree REBMH labelings:

. In combs and comb products, §; — 3§, < s
2.2 Conclusion
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Here, we prove that the directed comb graph B, © K; for any positive integer n > 3 and similarly the directed
comb product graph B, & P; for any positive integer n = 2 satisfies both (1, 1) in-degree and (1, 1) out-degree
REBMH digraphs.
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