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Abstract

We study degree based topological indices of the zero-divisor graph
I'(Zy x Zy), where p is a prime number. We first analyze the adjacency
structure and degree distribution of the graph and show that I'(Z,, x
Zy) is isomorphic to the complete bipartite graph K,_j,_;. Using
this characterization, we derive explicit closed-form expressions for
the first and second Zagreb indices, their corresponding coindices, as
well as the multiplicative Zagreb indices and coindices. Furthermore,
we introduce the Zagreb matrix associated with I'(Z, x Z,), (T'(Z}")
and examine its spectral properties. By determining the eigenvalues
of the Zagreb matrix, we compute the Zagreb energy of the graph and
express it in terms of the prime p. The results provide a complete
analytical description of Zagreb-type invariants for this class of zero-
divisor graphs and contribute to the study of algebraically defined
graphs and their degree-based invariants.
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1 Introduction

The interaction between algebra and graph theory has become an important
and effective approach for understanding the structure of commutative rings.
Over the years, graph-theoretic methods have provided valuable insights into
algebraic properties by translating them into combinatorial settings. A foun-
dational contribution in this direction was made by Beck [I], who introduced
the concept of coloring in commutative rings. This idea opened the door to
studying algebraic structures using graphs. Later, Anderson et al. [2] refined
this approach by introducing zero-divisor graphs, which offer a natural way
to represent the relationships between zero-divisors of a ring.

Since then, zero-divisor graphs have been widely studied and extended
in several directions. Various generalizations, such as weakly zero-divisor
graphs [6], cozero-divisor graphs [15], essential ideal graphs [13] 24], as well
as commuting and coprime graphs [I8 25], have been introduced. These de-
velopments have significantly enriched the subject and enabled researchers to
explore algebraic structures through combinatorial and spectral perspectives.

At the same time, degree-based topological indices have gained consider-
able attention, particularly due to their applications in mathematical chem-
istry and network analysis. Among these, Zagreb indices are especially im-
portant because of their simple definitions and their ability to capture struc-
tural information effectively. The study of Zagreb indices for zero-divisor
graphs was first carried out by Aykac et al. [3], who computed the first and
second Zagreb indices for such graphs. Their work motivated further research
in this area and led to the investigation of Zagreb-type indices for various
graph structures associated with rings.

Subsequent contributions have focused on extending these results to dif-
ferent classes of rings. For instance, Semil et al. studied the first Zagreb index
for zero-divisor graphs of rings of the form Z,. [5] and later generalized their
work to rings of the type Z,,« [7]. Similarly, Mazlan et al. [10] examined both
the first and second Zagreb indices for zero-divisor-type graphs. Other re-
searchers, including Alali et al. and Rehman et al. [4, 9], investigated Zagreb
indices for weakly zero-divisor graphs of product rings. Further extensions,
such as multiplicative and entire Zagreb indices, have also been explored in
[12, [14].

In addition to Zagreb indices, several related concepts and invariants
have been studied. Das et al. introduced Zagreb connection indices [I1] and
later examined the second Zagreb energy of graphs [19]. The connections
between Zagreb indices and graph energy have also been explored in the
context of commuting and zero-divisor graphs [18, 20]. Moreover, spectral
properties, including eigenvalues and graph energy, have been investigated
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for zero-divisor and related graphs [8, 26], further strengthening the link
between algebra and spectral graph theory.

Apart from Zagreb-type measures, other topological indices such as the
Wiener index, Randi¢ index, forgotten index, and eccentricity-based indices
have also been studied for zero-divisor graphs of commutative rings [16], 17,
21, 22]. These studies demonstrate the usefulness of graph invariants in
capturing algebraic properties, although it is worth mentioning that some
earlier results were later withdrawn [23].

Motivated by these developments, the present paper focuses on the study
of Zagreb indices of the zero-divisor graph of the ring Z, x Z,. The aim is to
extend existing results and provide a clearer understanding of the structural
behavior of such graphs from both algebraic and combinatorial viewpoints.

2 Preliminaries

In this section, we recall basic definitions and results that will be used
throughout the paper. Let G = (V(G), E(G)) be a simple undirected graph
with vertex set V(G) and edge set E(G). The degree of a vertex u € V(G)
is denoted by d(u).

Definition 2.1. [J] The first Zagreb index and second Zagreb index of a
graph G are defined as

Z d(u = 2 d
ueV(G weE(G)
where d(u) and d(v) denote the degrees of the vertices u and v, respectively.

Definition 2.2. [3/ The first Zagreb coindex and second Zagreb coindex of
a graph G are defined as

My(G)= Y (du)+dv)), = > du

uwé¢E(G) wwéE(G)

where the summation runs over all unordered pairs of non-adjacent vertices
w and v in G.

Definition 2.3. [3] The first multiplicative Zagreb index and second mul-
tiplicative Zagreb index of a graph G are defined as

=11 dw= L= 11 o

1 ueV (G weE(G)

where d(u) and d(v) are the degrees of vertices u and v, respectively.
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Definition 2.4. [3] The first multiplicative Zagreb coindex and second mul-
tiplicative Zagreb coindex of a graph G are defined as

M@= T @w+dw), L= T dwdw.

w¢E(G) wéE(G)

where the product is taken over all unordered pairs of non-adjacent vertices

of G.

Definition 2.5. [3] Let I'(Z, x Z,) be the zero-divisor graph of the ring
Zy X L. The adjacency relations among its vertices are given as follows:

e (a,0)
)
)
a,0) % (b,0) for 0 # a,b € Z,,

0,a) % (0,b) for 0 # a,b € Z,.

2

0,a), where 0 # a € Z,,

o

2

a,

(
(0,0), where 0 # a,b € Z,,

2

0,

(=

(b,0), where 0 # b € Z,,
[ ]
[ ]

(
(
(
(
(

Lemma 2.6. Let u and v be distinct vertices in the zero-divisor graph I'(R).
If uw and v are adjacent in I'(R), then their equivalence classes are adjacent
in the compressed zero-divisor graph I'g(R).

Proof. Let u,v € Z(R)* such that uv = 0. By the definition of the equiva-
lence relation on Z(R)*, their equivalence classes [u] and [v] satisfy [u][v] = 0.
Hence, [u| and [v] are adjacent in I'g(R). O

Theorem 2.7. Let I'(Z, x Z,) be the zero-divisor graph. Then, for every
nonzero element a,b € Z,,

deg(a,0) =p—1 and deg(0,b) =p— 1.
Proof. For any 0 # a,b € Z,,, we have
(a,0) - (0,b) = (0,0),

which implies that (a,0) is adjacent to every vertex of the form (0,b). Since
there are exactly p — 1 such elements in Z;, it follows that deg(a,0) =p —1.
Similarly, deg(0,b) =p — 1. ]

Theorem 2.8. The mazimum degree of the graph I'(Z, x Z,) is

A(T(Zy X Z)) =p— 1.
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Proof. From the previous theorem, every vertex (a,0) and (0,b) has degree
p — 1. Hence, the maximum degree of the graph is p — 1. O

Theorem 2.9. The minimum degree of the graph I'(Z, x Z,) is
5(D(Zy x Z)) =p — 1.

Proof. Since all vertices have the same degree p — 1, the minimum degree is
also p — 1. O

3 Some Results

In this section, we compute various Zagreb indices and their variants for the
zero-divisor graph I'(Z, x Z,,). It is well known that this graph is isomorphic
to the complete bipartite graph K, 1, ;. Hence, it has 2(p — 1) vertices,
each of degree p — 1, and (p — 1)? edges.

Theorem 3.1. The first Zagreb index of I'(Z, X Z,) is
M (T(Zy, x Zy)) =2(p — 1)°.

Proof. The graph of I'(Z,, x Z,) is given by

Since the graph has 2(p — 1) vertices and each vertex has degree p — 1,
we obtain

Mi(G)= ) dw)’=2(p—1)-(p—1)*=2(p—1)".
veV(Q)
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Theorem 3.2. The second Zagreb index of I'(Z, x Z,) is
Ms(D(Zy x Zy)) = (p— 1)*.

Proof. The graph has (p — 1)? edges, and for each edge uv, we have d(u) =
d(v) = p— 1. Thus,

My(G) = Y d(wd(v) = (p—1)*-(p—1)* = (p— ).

weFE(G)

Theorem 3.3. The first Zagreb coindex of I'(Z, x Z,) is
M\(T(Zy % Z)) = 2(p = 1)*(p — 2).

Proof. The number of vertices is 2(p — 1), and the graph is K, 1, ;. The
number of non-adjacent pairs is

(") - o= = - ne-2.

For each non-edge uv, we have d(u) + d(v) = 2(p — 1). Hence,

Mi(G)=(p-1)(p—2)-2(p—1)=2(p—1)*(p—2).

Theorem 3.4. The second Zagreb coindex of I'(Z, x Zy,) is
MQ(F(ZP X Zp)) = (p - 1)3(1? - 2)-

Proof. The number of non-edges is (p — 1)(p — 2), and for each such pair,
d(u)d(v) = (p — 1)%. Therefore,

My(G)=(p—1Dp—2)-(p—1°=p-1)°p—2).

Theorem 3.5. The first multiplicative Zagreb index of I'(Z, x Zy,) is

[[C@, x 2,) = (- 1.

1
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Proof. There are 2(p — 1) vertices, each of degree p — 1. Hence,

H(G) = H d(v)® = ((p — 1)2)2(%1) — (p— )11,

1 veV(G)

Theorem 3.6. The second multiplicative Zagreb index of I'(Z, x Z,) is

H(P(ZP X Zp)) = (p - 1)2(1)_1)2‘

2

Proof. There are (p—1)? edges, and each edge contributes (p—1)2. Therefore,

[T = (-1)"" = -1,

2

Theorem 3.7. The first multiplicative Zagreb coindex of I'(Z, X Z,) is

[ (0@, x 2,)) = (2p —2)* 102,

Proof. The number of non-edges is (p — 1)(p — 2), and for each non-edge,
d(u) +d(v) =2(p — 1) = 2p — 2. Thus,

ﬁ1(G) = (2p— 2)(1’*1)(1)72).
O

Theorem 3.8. The second multiplicative Zagreb coindex of I'(Z, x Z,) is

H2 (F(ZP X Zp)) = (p - 1)2(p_1)(p_2)-

Proof. There are (p — 1)(p — 2) non-edges, and each contributes (p — 1)2.
Hence,

HQ(G> _ ((p _ 1)2)(1)71)(1072) —(p— 1)2(,3_1)(])_2)'
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4 Zagreb Matrix

Let I'(Z, x Z,) be the zero-divisor graph of the ring Z, x Z,, where p is a
prime. It is well known that I'(Z, X Z,) = K,_1 1.

Definition 4.1. The first Zagreb matrix (or Z-matrix) of a graph G is the
matriz Z(G) = (my;) defined by

my; = {d(uz) + d(uj>7 Zf Ui ~ Uy,

0, otherwise,

where d(u;) denotes the degree of the vertez u;.

Let z; > z3 > --+ > z, be the eigenvalues of Z(G). The Zagreb energy of
G is defined as

n

ZE(G) = Z\Zi’,

i=1

and the largest eigenvalue z; is called the Zagreb spectral radius.

Theorem 4.2. The Zagreb energy of the graph I'(Z, x Zy,) is
ZE(D(Zy x Z,)) = 4(p — 1)*.

Proof. Since I'(Z, x Z,,) = K, m with m = p—1, the graph is (p —1)-regular.
Hence, for every edge uwv,

diu)+dv)=(p—-1)+(p—-1)=2(p—1) =2m.
Thus, the Zagreb matrix satisfies
Z(G) =2mA(G),

where A(G) is the adjacency matrix of K, .
It is well known that the eigenvalues of the adjacency matrix of K, ., are

m, —m, 0 (with multiplicity 2m — 2).
Therefore, the eigenvalues of Z(G) are
2m?,  —2m? 0 (with multiplicity 2m — 2).
Hence, the Zagreb energy is

ZE(G) = 2m?| + | — 2m?| = 4m? = 4(p — 1)*.
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Theorem 4.3. Let ['(Z}}) be the zero-divisor graph of the ring Z;}, where p
1s a prime and m > 2. Then

A(T(Zy)) = p"t—1 and S(T(zZy) =p—1.

Proof. Let x € I'(Z") have exactly k nonzero coordinates, where 1 < k <
m — 1. Then x has m — k zero coordinates. A vertex y is adjacent to x if
and only if all coordinates corresponding to the nonzero entries of x are zero
in y.

Thus, the nonzero entries of y can appear only among the m — k zero
coordinates of x. The number of such vertices is

deg(z) = p™ % - 1.

The maximum degree occurs when k£ = 1, giving
A=pmt—1.
The minimum degree occurs when £k =m — 1, giving
o0=p—1.
O

Theorem 4.4. For a fized prime p and m > 2, the first Zagreb index of
[(Zy') is strictly increasing with respect to m, that is,

My (D(Zh)) > My (T(Z7).
Proof. The first Zagreb index is defined as

M(G)= Y d(v)

veV(G)

When passing from Z;" to Z;”“, the number of vertices increases signifi-
cantly, since additional zero-divisors arise from the extra coordinate. More-
over, for each type of vertex, the number of adjacent vertices increases, lead-
ing to higher degrees.

Thus, both the number of terms in the sum and the magnitude of each
term increase. Consequently,

My (D(Z*h)) > My (T(Z))).

p
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5 Conclusion

In this paper, we have investigated the structural and spectral properties
of the zero-divisor graph I'(Z, x Z,) through the framework of Zagreb-type
indices. By utilizing the fact that I'(Z, x Z,) is isomorphic to the complete
bipartite graph K,_;, 1, we obtained exact and closed-form expressions for
several important graph invariants, including the first and second Zagreb in-
dices, their corresponding coindices, as well as multiplicative Zagreb indices.

Furthermore, we introduced the Zagreb matrix associated with the graph
and analyzed its spectral properties. In particular, the eigenvalues of the
Zagreb matrix were determined, which enabled us to compute the Zagreb
energy explicitly. These results provide a clear connection between degree-
based invariants and spectral characteristics of algebraically defined graphs.

In addition, the study was extended to the zero-divisor graph I'(Z"),
where general results on vertex degrees and the monotonic behavior of the
first Zagreb index were established. This extension highlights the scalability
of the methods used and their applicability to higher-dimensional algebraic
structures.

Overall, the results presented in this work contribute to a deeper under-
standing of the interplay between algebraic structures and graph invariants.
The approach adopted here can be further extended to other classes of rings
and associated graphs. Future research may focus on exploring additional
spectral parameters, investigating other degree-based indices, and studying
analogous properties for more general algebraic graph constructions.
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