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Abstract 

This study presents a variational Rayleigh–Ritz solution for nonlinear magnetohydrodynamic 

(MHD) multiphase nanofluid flow and heat transfer over a permeable stretching/shrinking 

surface embedded in a porous medium. The mathematical model incorporates the combined 

effects of porous medium permeability, thermal radiation, wall transpiration, and higher-order 

Navier slip conditions. Blood-based nanofluids containing Silver (Ag) and Copper (Cu) 

nanoparticles are considered to investigate the influence of nanoparticle-enhanced 

thermophysical properties on momentum and thermal transport. The governing partial 

differential equations are transformed into coupled nonlinear ordinary differential equations 

using similarity transformations. A modified constrained Rayleigh–Ritz variational 

formulation is developed by constructing suitable exponential trial functions for the momentum 

and temperature fields. The higher-order slip and thermal boundary conditions are incorporated 

through constraint elimination, and exact analytical integration of the variational functionals 

yields nonlinear algebraic systems for the unknown Ritz coefficients. The resulting semi-

analytical solutions are used to examine the effects of the magnetic parameter, porous medium 

permeability, nanoparticle volume fraction, wall transpiration, slip parameters, and thermal 

radiation on the velocity and temperature distributions. The results demonstrate that the 

magnetic field suppresses the fluid velocity while enhancing the thermal boundary layer, 

whereas higher-order slip significantly modifies the flow and heat transfer characteristics. The 

proposed constrained Rayleigh–Ritz method provides an accurate and computationally 

efficient semi-analytical framework for solving coupled nonlinear multiphase fluid flow 

problems in porous media and offers an effective alternative to conventional numerical 

methods. 

Keywords: Rayleigh–Ritz method; Multiphase nanofluid; Magnetohydrodynamics; Porous 

medium; Blood-based nanofluid; Higher-order Navier slip; Thermal radiation. 

1. Introduction 

Magnetohydrodynamic (MHD) nanofluid flow has attracted considerable research interest 

because of its applications in thermal engineering, biomedical systems, electronic cooling, and 

energy conversion technologies [6–8,12]. Nanofluids, introduced by Choi et al. [3], are 

engineered suspensions of nanoparticles in conventional base fluids that exhibit enhanced 
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thermal conductivity and improved heat transfer characteristics. These superior thermophysical 

properties have made nanofluids promising candidates for advanced cooling technologies and 

biomedical transport applications [3,12]. 

The interaction of electrically conducting nanofluids with external magnetic fields generates 

Lorentz forces that provide effective control over fluid motion and thermal transport, making 

MHD nanofluid models suitable for applications such as magnetic drug delivery, cancer 

hyperthermia, and microscale flow regulation [7,8]. Furthermore, higher-order Navier slip 

boundary conditions become essential for accurately describing fluid behavior near solid 

surfaces in micro- and nanoscale transport systems [4,7]. The presence of porous media, 

commonly modelled using the Brinkman formulation [2], and thermal radiation, represented 

through the Rosseland approximation [11], further complicate the governing transport 

equations. 

The coupled effects of magnetic fields, porous media, slip conditions, and thermal radiation 

produce highly nonlinear boundary value problems that generally require efficient analytical 

or semi-analytical solution techniques. In the present work, a modified constrained variational 

Rayleigh–Ritz method is developed to obtain semi-analytical solutions for nonlinear 

multiphase MHD nanofluid flow and heat transfer over a permeable stretching/shrinking 

surface embedded in a porous medium. The proposed approach transforms the governing 

equations into variational functionals and determines the unknown Ritz coefficients through 

constrained minimization, providing an accurate and computationally efficient alternative for 

nonlinear multiphase fluid flow problems. 

2. Literature Review 

The development of nanofluid technology by Choi et al. [3] initiated extensive research on 

enhanced heat transfer in nanoparticle suspensions. Tiwari and Das [12] demonstrated that 

nanoparticle volume fraction significantly improves thermal transport characteristics, 

establishing an important framework for subsequent nanofluid investigations. More recently, 

Maranna et al. [7] investigated non-Newtonian MHD nanofluid flow over a porous medium 

with Navier slip conditions and reported that magnetic field strength and slip parameters 

strongly influence the velocity and temperature distributions. 

Further studies have incorporated thermal radiation, viscous dissipation, and nonlinear slip 

effects into MHD nanofluid models. Khan et al. [4] analyzed nonlinear thermal stratification 

and higher-order slip effects on radiated nanofluid flow through porous media, while Mane et 

al. [6] examined thermal radiation and variable-viscosity effects on MHD nanofluid flow over 

an exponentially stretching sheet. These studies demonstrated that magnetic fields generally 

suppress fluid motion, whereas thermal radiation significantly enhances thermal boundary 

layer development. The porous medium resistance in such models is commonly represented 

using the Brinkman equation [2], and radiative heat transfer is incorporated through the 

Rosseland diffusion approximation [11]. 

Similarity transformations are widely employed to reduce the governing partial differential 

equations into coupled nonlinear ordinary differential equations before solution. Various 
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analytical, semi-analytical, and numerical approaches have been applied to these nonlinear 

boundary value problems, including Laplace transform methods [5], differential transformation 

methods [1,9,13,14], and numerical algorithms [10]. Although differential transformation 

methods provide accurate semi-analytical solutions for many nonlinear problems [1,13,14], 

most existing approaches rely on recursive formulations or numerical discretization. 

In contrast, the Rayleigh–Ritz variational method transforms the nonlinear boundary value 

problem into an optimization problem by minimizing suitably constructed variational 

functionals. Despite its extensive application in classical boundary value problems, its use in 

nonlinear MHD multiphase nanofluid flow with higher-order slip, porous medium effects, and 

thermal radiation remains limited. The present work addresses this gap by developing a 

modified constrained variational Rayleigh–Ritz formulation, in which the boundary conditions 

are incorporated directly into the variational functional to obtain accurate semi-analytical 

solutions for the coupled momentum and thermal transport equations. 

3. Problem Formulation and Mathematical Methods 

Consider two-dimensional laminar flow of incompressible viscous nanofluid across a porous 

stretching/shrinking surface. The coordinate system has the x-axis along the stretching surface 

and the y-axis perpendicular to it. A uniform magnetic field 𝐵0 is applied perpendicular to the 

fluid motion in the region 𝑦 > 0. The surface stretches/shrinks with velocity proportional to 

distance from the origin, with surface temperature maintained at 𝑇𝑤 and ambient temperature 

at 𝑇∞. 

The flow is governed by conservation principles: 

Continuity Equation: 

∂𝑢

∂𝑥
+

∂𝑣

∂𝑦
= 0 (1)  

Momentum Equation: 

𝑢
∂𝑢

∂𝑥
+ 𝑣

∂𝑢

∂𝑦
= −

1

𝜌𝑓

∂𝑝

∂𝑥
+

𝜇𝑛𝑓

𝜌𝑛𝑓

∂2𝑢

∂𝑦2 −
𝜇𝑛𝑓

𝜌𝑛𝑓𝐾
𝑢 −

𝜎𝑛𝑓𝐵0
2

𝜌𝑛𝑓
𝑢 (2)  

Energy Equation with Thermal Radiation: 

𝑢
∂𝑇

∂𝑥
+ 𝑣

∂𝑇

∂𝑦
= 𝜒

∂2𝑇

∂𝑦2 −
1

(𝜌𝐶𝑝)𝑛𝑓

∂𝑞𝑟

∂𝑦
(3)  

where 𝑢, 𝑣 are velocity components in x and y directions; 𝜇𝑛𝑓 , 𝜌𝑛𝑓 are dynamic viscosity and 

density of nanofluid; 𝐾 is permeability; 𝜎𝑛𝑓 is electrical conductivity; 𝜒 is thermal diffusivity; 

𝑞𝑟 is radiative heat flux. 

Velocity Boundary Conditions (Navier’s first and second-order slip): 

𝑢(𝑥, 0) = 𝑑𝛼𝑥 + 𝜆1 (
∂𝑢

∂𝑦
)

𝑦=0
+ 𝜆2 (

∂2𝑢

∂𝑦2)
𝑦=0

,  𝑣 = 𝑉𝑐,  𝑢(𝑥, ∞) → 0 (4)  

Temperature Boundary Conditions (with thermal jump): 
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𝑇(𝑥, 0) = 𝑇𝑤,  𝑇 − 𝑇∞ = 𝜉 (
∂𝑇

∂𝑦
)

𝑦=0
,  𝑇(𝑥, ∞) = 𝑇∞ (5)  

where 𝑑  is stretching/shrinking parameter; 𝜆1 𝑎𝑛𝑑  𝜆2  are first and second-order slip 

coefficients; 𝑉𝑐 is mass transpiration factor; 𝜉 is temperature jump parameter. 

To reduce PDEs to ODEs, we employ similarity variables: 

𝜂 = √
𝛼

𝜈𝑓
𝑦,  𝑓(𝜂) such that 𝑢 = 𝛼𝑥

∂𝑓

∂𝜂
,  𝑣 = −√𝛼𝜈𝑓𝑓(𝜂)  

𝜃(𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
(6)  

The transformed equations become 

Momentum ODE: 

Γ1
∂3𝑓

∂𝜂3
+ Γ2 [𝑓(𝜂)

∂2𝑓

∂𝜂2
− (

∂𝑓

∂𝜂
)

2

] − (𝐾1Γ1 + 𝑀)
∂𝑓

∂𝜂
= 0 (7)  

Energy ODE (with Rosseland approximation): 

Γ3(1 + 𝑁𝑟)
∂2𝜃

∂𝜂2 + PrΓ4𝑓(𝜂)
∂𝜃

∂𝜂
= 0 (8)  

Transformed boundary conditions: 

𝑓(0) = 𝑉𝑐, (
∂𝑓

∂𝜂
)

𝜂=0

= 𝑑 + 𝜆1 (
∂2𝑓

∂𝜂2
)

𝜂=0

+ 𝜆2 (
∂3𝑓

∂𝜂3
)

𝜂=0

(9) 

𝜃(0) = 1 + 𝜉
∂𝜃

∂𝜂
|0, (

∂𝑓

∂𝜂
)

𝜂→∞

→ 0,  𝜃(𝜂 → ∞) → 0 (10) 

 

Where, 𝐾1 =
𝜇𝑓

𝜌𝑓𝛼𝐾
 (permeability), 𝑀 =

𝜎𝑛𝑓𝐵0
2

𝜌𝑓𝛼
 (Hartmann number), 𝑃𝑟 =

𝜇𝑓𝐶𝑝,𝑓

𝑘𝑓
 (Prandtl 

number),  

𝑁𝑟 =
16𝜎∗𝑇∞

3

3𝑘∗𝑘𝑓
 (Radiation parameter), 𝜆̃1 = 𝜆1√

𝛼

𝜈𝑓
 (Dimensionless 1st-order slip), 𝜆̃2 = 𝜆2

𝛼

𝜈𝑓
 

(Dimensionless 2nd-order slip) 

The effective properties are calculated using 

𝜇𝑛𝑓 =
𝜇𝑓

(1 − 𝜙)2.5  

𝜌𝑛𝑓 = [(1 − 𝜙) + 𝜙
𝜌𝑠

𝜌𝑓
] 𝜌𝑓   

𝜅𝑛𝑓 = 𝜅𝑓
𝜅𝑠+2𝜅𝑓−2𝜙(𝜅𝑓−𝜅𝑠)

𝜅𝑠+2𝜅𝑓+𝜙(𝜅𝑓−𝜅𝑠)
  

(𝜌𝐶𝑝)𝑛𝑓 = (1 − 𝜙)(𝜌𝐶𝑝)𝑓 + 𝜙(𝜌𝐶𝑝)𝑠    
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The dimensionless coefficients are 

Γ1 =
𝜇𝑛𝑓

𝜇𝑓
, Γ2 =

𝜌𝑛𝑓

𝜌𝑓
, Γ3 =

𝜅𝑛𝑓

𝜅𝑓
, Γ4 =

(𝜌𝐶𝑝)𝑛𝑓

(𝜌𝐶𝑝)𝑓
 

 

Table 1: Base Fluid and Nanoparticle Properties 

Material Density (𝑘𝑔/𝑚³) 
Thermal Conductivity ( 𝑊/

𝑚𝐾) 
Specific Heat (𝐽/𝑘𝑔𝐾) 

Blood 1033 0.492 3594 

Silver 10500 429 235 

Copper 8933 401 385 

 

Numerical Methodology 

The transformed nonlinear boundary layer equations governing the velocity and temperature 

fields, given by Eqs. (7) - (10), are solved approximately using the Rayleigh–Ritz variational 

method. The method converts the higher-order boundary value problem into a system of 

algebraic equations by minimizing suitable energy functionals. 

Rayleigh–Ritz Formulation 

Consider the momentum equation 

𝛤1𝑓‴ + 𝛤2(𝑓𝑓″ − (𝑓′)2) − (𝐾1𝛤1 + 𝑀)𝑓′ = 0 (11) 

subject to the boundary conditions 

𝑓(0) = 𝑉𝑐,  𝑓′(0) = 𝑑 + 𝜆1𝑓″(0) + 𝜆2𝑓‴(0), 𝑓′(𝜂 → ∞) → 0. (12) 

The above equation is associated with the functional 

𝐽𝑓 = ∫ [
𝛤1

2
(𝑓″)2 −

𝛤2

2
𝑓(𝑓′)2 +

(𝐾1𝛤1 + 𝑀)

2
(𝑓′)2]

∞

0

𝑑𝜂 (13) 

whose stationary condition yields the governing momentum equation. 

Similarly, the energy equation 

𝛤3(1 + 𝑁𝑟)𝜃″ + 𝑃𝑟 𝛤4𝑓𝜃′ = 0 (14) 

Similarly, the thermal slip boundary condition 

𝜃(0) = 1 + 𝜉𝜃′(0) (15) 

is represented by the functional 

𝐽𝜃 = ∫ [
𝛤3(1 + 𝑁𝑟)

2
(𝜃′)2 +

𝑃𝑟 𝛤4

2
𝑓𝜃2]

∞

0

𝑑𝜂. (16) 
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Solution for momentum equation 

Choose trail function as 

𝑓(𝜂) = 𝑉𝑐 + 𝑎1(1 − 𝑒−𝜂) + 𝑎2(1 − 𝑒−𝜂)2 (17) 

 where 𝑎1, 𝑎2,are unknown constants to be determined. 

𝑓 = 𝐴0 − 𝐴1𝑒−𝜂 + 𝑎2𝑒−2𝜂 (18) 

Where 𝐴0 = 𝑉𝑐 + 𝑎1 + 𝑎2,  𝐴1 = 𝑎1 + 2𝑎2 

(𝑓′)2 = 𝐴1
2𝑒−2𝜂 − 4𝐴1𝑎2𝑒−3𝜂 + 4𝑎2

2𝑒−4𝜂 (19) 

(𝑓″)2 = 𝐴1
2𝑒−2𝜂 − 8𝐴1𝑎2𝑒−3𝜂 + 16𝑎2

2𝑒−4𝜂 (20) 

𝑓(𝑓′)2 = 𝐴0𝐴1
2𝑒−2𝜂 + (−4𝐴0𝐴1𝑎2 − 𝐴1

3)𝑒−3𝜂 + (4𝐴0𝑎2
2 + 5𝐴1

2𝑎2)𝑒−4𝜂 + (−8𝐴1𝑎2
2)𝑒−5𝜂

+4𝑎2
3𝑒−6𝜂 (21)

 

Now substitute all of above values and coefficients completely in terms of 𝑎1, 𝑎2 in equation 

(13) solution will be obtained of the form 

𝐽𝑓 = ∫ [𝐶2𝑒−2𝜂 + 𝐶3𝑒−3𝜂 + 𝐶4𝑒−4𝜂 + 𝐶5𝑒−5𝜂 + 𝐶6𝑒−6𝜂]
∞

0

𝑑𝜂 (22) 

Where coefficients  

𝛬 = 𝐾1𝛤1 + 𝑀 

𝐶2 =
𝛤1+𝛬

2
(𝑎1

2 + 4𝑎1𝑎2 + 4𝑎2
2) −

𝛤2

2
(𝑎1

3 + 5𝑎1
2𝑎2 + 8𝑎1𝑎2

2 + 4𝑎2
3) 

𝐶3 =
𝛤1

2
(−8𝑎1𝑎2 − 16𝑎2

2) +
𝛤2

2
(𝑎1

3 + 10𝑎1
2𝑎2 + 24𝑎1𝑎2

2 + 16𝑎2
3) +

𝛬

2
(−4𝑎1𝑎2 − 8𝑎2

2) 

𝐶4 = 8𝛤1𝑎2
2 −

𝛤2

2
𝑎1

2𝑎2 − 6𝛤2𝑎1𝑎2
2 − 12𝛤2𝑎2

3 + 2𝛬𝑎2
2 

𝐶5 = 4𝛤2𝑎1𝑎2
2 + 8𝛤2𝑎2

3 

𝐶6 = −2𝛤2𝑎2
3 

Use Rayleigh ritz function ∫ 𝑒−𝑛𝜂∞

0
𝑑𝜂 =

1

𝑛
 in equation (22) 

𝐽𝑓 =
𝐶2

2
+

𝐶3

3
+

𝐶4

4
+

𝐶5

5
+

𝐶6

6
(23) 
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𝐽𝑓 =  
1

4
[𝛤1(𝑎1

2 + 4𝑎1𝑎2 + 4𝑎2
2) − 𝛤2(4𝑎1

3 + 5𝑎1
2𝑎2 + 8𝑎1𝑎2

2 + 4𝑎2
3) + 𝛬(𝑎1

2)]

+
1

3
[−4𝛤1𝑎1𝑎2 − 8𝛤1𝑎2

2 + 2𝛤2𝑎1
3 + 5𝛤2𝑎1

2𝑎2 + 12𝛤2𝑎1𝑎2
2 + 8𝛤2𝑎2

3 − 2𝛬𝑎1𝑎2 − 4𝛬𝑎2
2]

+
1

48
[𝛤1𝑎2

2 − 𝛤2𝑎1
2𝑎2 − 6𝛤2𝑎1𝑎2

2 − 12𝛤2𝑎2
3 + 2𝛬𝑎2

2]

+
15

4
𝛤2𝑎1𝑎2

2 +
8

4
𝛤2𝑎2

3 −
1

3
𝛤2𝑎2

3.

      (24) 

Ritz condition: 
𝑑𝐽𝑓

𝑑𝑎1
= 0 

𝐹1(𝑎1, 𝑎2) =
1

2
(𝛤1 + 𝛬)𝑎1 + (𝛤1 + 𝛬)𝑎2 −

𝛤2

4
(3𝑎1

2 + 10𝑎1𝑎2 + 8𝑎2
2)

+
1

3
[−4𝛤1𝑎2 +

3

2
𝛤2𝑎1

2 + 10𝛤2𝑎1𝑎2 + 12𝛤2𝑎2
2 − 2𝛬𝑎2]

+
1

4
(−𝛤2𝑎1𝑎2 − 6𝛤2𝑎2

2) +
4

5
𝛤2𝑎2

2 = 0 (25)

 

Ritz condition: 
𝑑𝐽𝑓

𝑑𝑎2
= 0 

𝐹2(𝑎1, 𝑎2) = (𝛤1 + 𝛬)𝑎1 + 2(𝛤1 + 𝛬)𝑎2

−
𝛤2

4
(5𝑎1

2 + 16𝑎1𝑎2 + 12𝑎2
2)

+
1

3
[−4𝛤1𝑎1 − 16𝛤1𝑎2 + 5𝛤2𝑎1

2

+24𝛤2𝑎1𝑎2 + 24𝛤2𝑎2
2 − 2𝛬𝑎1 − 8𝛬𝑎2]

+
1

4
[16𝛤1𝑎2 −

𝛤2

2
𝑎1

2 − 12𝛤2𝑎1𝑎2

−36𝛤2𝑎2
2 + 4𝛬𝑎2]

+
1

5
(8𝛤2𝑎1𝑎2 + 24𝛤2𝑎2

2) − 𝛤2𝑎2
2 = 0

(26) 

Solve 𝐹1(𝑎1, 𝑎2) = 0 ,  𝐹2(𝑎1, 𝑎2) = 0  and boundary condition  

(1 + 𝜆1 − 𝜆2)𝑎1 − (2𝜆1 − 6𝜆2)𝑎2 = 𝑑  together  

The resulting quadratic equation in 𝑎2 becomes 

𝐴𝑎2
2 + 𝐵𝑎2 + 𝐶 = 0 (27) 

where 

𝐴 = 𝛤2 [
37

20
+

37(2𝜆1 − 6𝜆2)

12(1 + 𝜆1 − 𝜆2)
] (28) 

𝐵 = −
𝛤1

3
+

𝐾1𝛤1 + 𝑀

3
+

7𝛤2𝑑

12(1 + 𝜆1 − 𝜆2)
(29) 

𝐶 =
(𝛤1 + 𝐾1𝛤1 + 𝑀)𝑑

2(1 + 𝜆1 − 𝜆2)
−

𝛤2𝑑2

4(1 + 𝜆1 − 𝜆2)2
(30) 
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Solving it for equation (27) gives the solution  

𝑎2 =
− [−

𝛤1

3 +
𝐾1𝛤1 + 𝑀

3 +
7𝛤2𝑑

12(1 + 𝜆1 − 𝜆2)
] ± √𝛥

2𝛤2 [
37
20 +

37(2𝜆1 − 6𝜆2)
12(1 + 𝜆1 − 𝜆2)

]

(31) 

where 

𝛥 = [−
𝛤1

3
+

𝐾1𝛤1 + 𝑀

3
+

7𝛤2𝑑

12(1 + 𝜆1 − 𝜆2)
]

2

−4 [𝛤2 (
37

20
+

37(2𝜆1 − 6𝜆2)

12(1 + 𝜆1 − 𝜆2)
)]

× [
(𝛤1 + 𝐾1𝛤1 + 𝑀)𝑑

2(1 + 𝜆1 − 𝜆2)
−

𝛤2𝑑2

4(1 + 𝜆1 − 𝜆2)2
]

(32) 

Finally substitute value in  

𝑎1 =
𝑑 + (2𝜆1 − 6𝜆2)𝑎2

1 + 𝜆1 − 𝜆2

(33) 

Thus the Rayleigh–Ritz approximate momentum solution is 

𝑓(𝜂) = 𝑉𝑐 + 𝑎1(1 − 𝑒−𝜂) + 𝑎2(1 − 𝑒−𝜂)2 (34) 

with 𝑎1, 𝑎2 given explicitly above.  

For energy function 𝜽(𝜼) 

Recall the energy functional: 

𝐽𝜃 = ∫ [
𝛤3(1 + 𝑁𝑟)

2
(𝜃′)2 +

𝑃𝑟𝛤4

2
𝑓𝜃2]

∞

0

𝑑𝜂 (35) 

Choose the trail function as  

𝜃 = 𝑏1𝑒−𝜂 + 𝑏2𝑒−2𝜂 (36) 

𝜃′ = −𝑏1𝑒−𝜂 − 2𝑏2𝑒−2𝜂 (37) 

(𝜃′)2 = 𝑏1
2𝑒−2𝜂 + 4𝑏1𝑏2𝑒−3𝜂 + 4𝑏2

2𝑒−4𝜂 (38) 

𝜃2 = 𝑏1
2𝑒−2𝜂 + 2𝑏1𝑏2𝑒−3𝜂 + 𝑏2

2𝑒−4𝜂 (39) 

Thus       

 

𝛤3(1 + 𝑁𝑟)

2
(𝜃′)2 ==

𝛤3(1 + 𝑁𝑟)𝑏1
2

2
𝑒−2𝜂 + 2𝛤3(1 + 𝑁𝑟)𝑏1𝑏2𝑒−3𝜂 + 2𝛤3(1 + 𝑁𝑟)𝑏2

2𝑒−4𝜂(40) 

Substitute to Velocity: 𝐹0 = 𝑉𝑐 + 𝑎1 + 𝑎2,   𝐹1 = 𝑎1 + 2𝑎2 

𝑓 = 𝑉𝑐 + 𝑎1 + 𝑎2 − (𝑎1 + 2𝑎2)𝑒−𝜂 + 𝑎2𝑒−2𝜂 
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𝑓 = 𝐹0 − 𝐹1𝑒−𝜂 + 𝑎2𝑒−2𝜂 

𝑓𝜃2 = 𝐹0𝑏1
2𝑒−2𝜂 + (2𝐹0𝑏1𝑏2 − 𝐹1𝑏1

2)𝑒−3𝜂 + (𝐹0𝑏2
2 − 2𝐹1𝑏1𝑏2 + 𝑎2𝑏1

2)𝑒−4𝜂

+(−𝐹1𝑏2
2 + 2𝑎2𝑏1𝑏2)𝑒−5𝜂 + 𝑎2𝑏2

2𝑒−6𝜂 (41)
 

Substitute above value into equation (16) solution is obtained of the form 

𝐽𝜃 = ∫ [𝑇2𝑒−2𝜂 + 𝑇3𝑒−3𝜂 + 𝑇4𝑒−4𝜂 + 𝑇5𝑒−5𝜂 + 𝑇6𝑒−6𝜂]
∞

0

𝑑𝜂 (42) 

Where the coefficients  

𝑇2 =
𝛤3(1+𝑁𝑟)𝑏1

2

2
+

𝑃𝑟𝛤4

2
𝐹0𝑏1

2 =
𝑏1

2

2
[𝛤3(1 + 𝑁𝑟) + 𝑃𝑟𝛤4𝐹0] 

𝑇3 = 2𝛤3(1 + 𝑁𝑟)𝑏1𝑏2 +
𝑃𝑟𝛤4

2
(2𝐹0𝑏1𝑏2 − 𝐹1𝑏1

2) 

𝑇4 = 2𝛤3(1 + 𝑁𝑟)𝑏2
2 +

𝑃𝑟𝛤4

2
(𝐹0𝑏2

2 − 2𝐹1𝑏1𝑏2 + 𝑎2𝑏1
2) 

𝑇5 =
𝑃𝑟𝛤4

2
(−𝐹1𝑏2

2 + 2𝑎2𝑏1𝑏2) 

𝑇6 =
𝑃𝑟𝛤4

2
𝑎2𝑏2

2 

Using  ∫ 𝑒−𝑛𝜂∞

0
𝑑𝜂 =

1

𝑛
 

𝐽𝜃 =
𝑇2

2
+

𝑇3

3
+

𝑇4

4
+

𝑇5

5
+

𝑇6

6
(43) 

 

𝐽𝜃 =
1

4
[𝛤3(1 + 𝑁𝑟) + 𝑃𝑟𝛤4𝐹0]𝑏1

2

+
1

3
[2𝛤3(1 + 𝑁𝑟)𝑏1𝑏2

+
𝑃𝑟𝛤4

2
(2𝐹0𝑏1𝑏2 − 𝐹1𝑏1

2)]

+
1

4
[2𝛤3(1 + 𝑁𝑟)𝑏2

2

+
𝑃𝑟𝛤4

2
(𝐹0𝑏2

2 − 2𝐹1𝑏1𝑏2 + 𝑎2𝑏1
2)]

+
1

10
𝑃𝑟𝛤4(−𝐹1𝑏2

2 + 2𝑎2𝑏1𝑏2)

+
1

12
𝑃𝑟𝛤4𝑎2𝑏2

2

(44) 

This is the fully integrated thermal Rayleigh–Ritz functional 𝐽𝜃(𝑏1, 𝑏2). The Ritz equations for 

temperature are obtained from 

∂𝐽𝜃

∂𝑏1
= 0,  

∂𝐽𝜃

∂𝑏2
= 0 (45) 
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Starting from the integrated thermal functional 

𝐽𝜃 = 𝛼1𝑏1
2 + 𝛼2𝑏1𝑏2 + 𝛼3𝑏2

2 (46) 

The Rayleigh–Ritz minimization gives two homogeneous equations in 𝑏1 and 𝑏2: 

𝐴11𝑏1 + 𝐴12𝑏2 = 0,   𝐴21𝑏1 + 𝐴22𝑏2 = 0, 

where 

𝐴11 =
𝛤3(1+𝑁𝑟)

2
+

𝑃𝑟𝛤4𝐹0

2
−

𝑃𝑟𝛤4𝐹1

3
+

𝑃𝑟𝛤4𝑎2

4
,  

𝐴12 =
2

3
𝛤3(1 + 𝑁𝑟) +

1

3
𝑃𝑟𝛤4𝐹0 −

1

4
𝑃𝑟𝛤4𝐹1 +

1

5
𝑃𝑟𝛤4𝑎2, = 𝐴21, 

 𝐴22 = 𝛤3(1 + 𝑁𝑟) +
1

4
𝑃𝑟𝛤4𝐹0 −

1

5
𝑃𝑟𝛤4𝐹1 +

1

6
𝑃𝑟𝛤4𝑎2. 

Solve 𝐴11𝑏1 + 𝐴12𝑏2 = 0,  𝐴12𝑏1 + 𝐴22𝑏2 = 0, together with wall thermal boundary 

condition (1 + 𝜉)𝑏1 + (1 + 2𝜉)𝑏2 = 1. 

We get   

𝑏2 =
𝐴11

(1 + 2𝜉)𝐴11 − (1 + 𝜉)𝐴12

(47) 

𝑏1 = −
𝐴12

(1 + 2𝜉)𝐴11 − (1 + 𝜉)𝐴12

(48) 

Where Coefficients  

𝐴11 =
𝛤3(1+𝑁𝑟)

2
+

𝑃𝑟𝛤4(𝑉𝑐+𝑎1+𝑎2)

2
−

𝑃𝑟𝛤4(𝑎1+2𝑎2)

3
+

𝑃𝑟𝛤4𝑎2

4
  

𝐴12 =
2

3
𝛤3(1 + 𝑁𝑟) +

1

3
𝑃𝑟𝛤4(𝑉𝑐 + 𝑎1 + 𝑎2) −

1

4
𝑃𝑟𝛤4(𝑎1 + 2𝑎2) +

1

5
𝑃𝑟𝛤4𝑎2 

Thus the Rayleigh–Ritz approximate velocity solution is 

𝜃(𝜂) = 𝑏1 𝑒−𝜂 + 𝑏2 𝑒−2𝜂 (49) 

with 𝑏1, 𝑏2 given explicitly above.  

Using the parameters 

𝐾1 = 0.1,  𝑑 = 1.0  𝜆1 = 0.5, 𝜆2 = 0.05, 𝑉𝑐 = 1.0  𝛤1 = 1.1307, 𝛤2 = 1.9165 

and varying magnetic parameter 𝑀 = 1,2,3,4,5 

For physical interpretation, usually the real part for momentum coefficient is considered and 

plotted 

Re[𝑓(𝜂)] = 1 + Re(𝑎1)(1 − 𝑒−𝜂) + Re(𝑎2)(1 − 𝑒−𝜂)2 (50) 

Table 2: value of momentum trial coefficient 𝒂𝟏, 𝒂𝟐 for  

Silver-Blood Nanofluid and Copper-Blood Nanofluid 
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 Silver-Blood Nano fluid Copper-Blood Nano fluid 

𝑀 𝑎1 𝑎2 𝑎1 𝑎2 

1 0.66079002372536

6 

-

0.059792093711742

2 

0.66080908097546

9 

-

0.059752617979385

2 

2 0.64821473875032

1 

-

0.085840898302906

9 

0.64715284023732

7 

-

0.088040545222680

2 

3 0.63563945377527

6 

-

0.111889702894072 

0.63349659949918

4 

-

0.116328472465975 

4 0.62306416880023

1 

-

0.137938507485236 

0.61984035876104

2 

-

0.144616399709270 

5 0.61048888382518

6 

-

0.163987312076401 

0.60618411802290

0 

-

0.172904326952565 

 

 

Figure 1: Velocity Profile varying M 

Figure 1 illustrates that the velocity profile decreases with increasing magnetic parameter 𝑀. 

The applied transverse magnetic field generates a Lorentz force opposite to the fluid motion, 

which increases the resistive force acting on the electrically conducting blood-based nanofluid. 

Consequently, the momentum boundary layer becomes thinner and the fluid velocity decreases. 

Copper-blood nanofluid exhibits a slightly higher velocity than silver-blood nanofluid because 

of differences in their effective thermophysical properties. This behaviour is consistent with 

the analytical results reported by Maranna et al. (2023). 

The derivative momentum profile is 

𝑓′(𝜂) = 𝑎1𝑒−𝜂 + 2𝑎2(1 − 𝑒−𝜂)𝑒−𝜂 (51) 
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Figure 2: Tangential Velocity Profile varying M 

The momentum gradient decreases monotonically with increasing magnetic parameter. As the 

magnetic field strength increases, the Lorentz force suppresses fluid acceleration, thereby 

reducing the velocity gradient throughout the boundary layer. The rapid decay of 𝑓′(𝜂) 

confirms stronger momentum damping under higher magnetic field intensity, which agrees 

with the physical observations presented in the reference study. 

 

Figure 3: An impact of first order Navier slip 𝝀𝟏on transverse velocity 
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Figure 4: An impact of first order Navier slip 𝝀𝟏on tangential velocity profile. 

Figure 3 and 4 demonstrates the influence of the first-order Navier slip parameter on the 

velocity distribution. As the first-order slip parameter increases, the fluid velocity decreases 

near the stretching surface. 

An increase in the slip parameter weakens the interaction between the stretching wall and the 

adjacent fluid layer. Because less momentum is transferred from the wall to the fluid, the fluid 

particles move more slowly, leading to a reduction in the velocity boundary-layer thickness. 

The present Rayleigh–Ritz solution exhibits the same qualitative behaviour reported in the 

reference analytical solution, confirming the physical validity of the proposed variational 

formulation.  

 

Figure 5: An impact of slip 𝝀𝟐 on velocity profile for stretching surface. 

 

 

Figure 6: An impact of slip 𝝀𝟏 on velocity profile for stretching surface. 
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Figures 5 and 6 illustrate the effects of the first- and second-order Navier slip parameters on 

the velocity profile. It is observed that increasing either slip parameter reduces the fluid velocity 

and decreases the momentum boundary-layer thickness. This behavior occurs because larger 

slip weakens the momentum transfer between the stretching surface and the adjacent fluid, 

resulting in reduced wall shear and lower fluid acceleration. The second-order slip further 

accounts for rarefaction effects near the wall, producing an additional reduction in the velocity 

field. These trends are consistent with the analytical results reported by Maranna et al. (2023), 

thereby validating the physical accuracy of the proposed Rayleigh–Ritz formulation. 

 

Figure 7: An impact of Vc on velocity profile stretching case. 

An increase in the wall suction parameter reduces the velocity boundary layer because suction 

continuously removes low-momentum fluid from the surface, thereby stabilizing the flow. 

Conversely, wall injection supplies additional fluid into the boundary layer, increasing its 

thickness and enhancing the velocity distribution. These observations agree well with the 

physical interpretation reported by Maranna et al. (2023). 

 

Figure 8: An impact of 𝑽𝒄 on tangential velocity profile for stretching case. 

The momentum gradient increases near the wall with stronger suction because the boundary 

layer becomes thinner, producing a steeper velocity gradient. In contrast, injection thickens the 
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boundary layer and reduces the wall momentum gradient. This behavior reflects the direct 

influence of wall transpiration on momentum transport. 

Consider following parameters 

𝛤3 = 1.0812,  𝛤4 = 0.9164,  𝑃𝑟 = 21,  𝑁𝑟 = 1,  𝜉 = 0.5 𝑉𝑐 = 1 

and varying magnetic parameter 𝑀 = 1,2,3,4,5 

Table 3: Value of Velocity trial coefficient 𝒃𝟏, 𝒃𝟐 for  

Silver-Blood Nanofluid and Copper-Blood Nanofluid 

 

 Silver-Blood Nano fluid Copper-Blood Nano fluid 

𝑀 𝑏1 𝑏2 𝑏1 𝑏2 

1 -0.731448172926565 1.04858612969492 -0.711601097120349 1.03370082284026 

2 -0.731448172926565 1.04858612969492 -0.711601097120349 1.03370082284026 

3 -0.731448172926565 1.04858612969492 -0.711601097120349 1.03370082284026 

4 -0.731448172926565 1.04858612969492 -0.711601097120349 1.03370082284026 

5 -0.731448172926565 1.04858612969492 -0.711601097120349 1.03370082284026 

 

 

Figure 9: Effect of Magnetic Parameter 𝑴 on Temperature Profile. 

The temperature profile increases as the magnetic parameter increases. The magnetic field 

converts part of the kinetic energy into thermal energy through enhanced resistive effects, 

resulting in a thicker thermal boundary layer. Owing to its higher thermal conductivity, the 

silver-blood nanofluid exhibits slightly higher temperature than the copper-blood nanofluid. 

These trends are in excellent agreement with the published analytical solution.  
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Figure 10: An impact of inverse Darcy number (porosity) on temperature distribution 

θ(η). 

The results demonstrate that porous-medium permeability can be used as an effective control 

parameter for regulating heat transfer in MHD blood-based nanofluid systems. Higher porous 

resistance promotes thermal energy retention, which is beneficial in biomedical thermal 

therapies and porous heat-transfer devices. 

 

Figure 11: An impact of first order slip factor 𝝀𝟏 on temperature profile θ(η). 

 

These results indicate that the first-order slip parameter serves as an effective mechanism for 

controlling surface heat transfer. Increasing wall slip reduces thermal energy accumulation near 

the surface, making it useful for optimizing heat-transfer performance in biomedical 

microfluidic systems and porous thermal devices. 
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Figure 12: An impact of 𝑵𝒓 on temperature distribution 𝜽(𝜼). 

 

Figure 12 shows that the temperature profile increases with increasing radiation parameter Nr. 

Higher thermal radiation supplies additional heat to the fluid, resulting in a thicker thermal 

boundary layer and enhanced temperature distribution. This trend agrees with the analytical 

findings of Maranna et al. (2023), validating the proposed Rayleigh–Ritz solution. 

4. Conclusion 

This paper presented a modified constrained Rayleigh–Ritz variational method for solving the 

nonlinear magnetohydrodynamic flow and heat transfer of blood-based silver and copper 

nanofluids over a permeable stretching/shrinking surface embedded in a porous medium. The 

governing nonlinear partial differential equations were transformed into similarity ordinary 

differential equations and subsequently formulated as variational functionals for the 

momentum and thermal fields. Appropriate exponential trial functions satisfying the essential 

boundary conditions were introduced, while the higher-order slip and thermal jump conditions 

were incorporated through constraint elimination. 

Unlike the exact analytical approach based on the Laplace transform and generalized 

incomplete Gamma functions reported by Maranna et al. (2023), the present method converts 

the governing problem into a small nonlinear algebraic system for the Ritz coefficients, thereby 

significantly simplifying the solution procedure without sacrificing physical accuracy. The 

proposed formulation yields smooth semi-analytical solutions for both velocity and 

temperature distributions while retaining the effects of magnetic field, porous medium 

permeability, wall transpiration, higher-order slip, thermal radiation and nanoparticle 

properties. 
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The numerical investigations indicate that: 

• Increasing the magnetic parameter suppresses the fluid velocity because of the Lorentz 

force while increasing the thermal boundary layer thickness. 

• Higher-order Navier slip considerably alters the momentum boundary layer and reduces 

wall shear. 

• Thermal radiation enhances the temperature distribution throughout the boundary layer. 

• Mass suction decreases both velocity and thermal boundary-layer thickness, whereas 

injection produces the opposite behaviour. 

• Silver-blood nanofluid exhibits comparatively higher temperature distributions due to 

its superior thermal conductivity, whereas copper-blood nanofluid generally produces slightly 

higher velocity profiles. 

The proposed Rayleigh–Ritz formulation provides an efficient, stable and computationally 

inexpensive alternative to exact analytical and fully numerical methods. Because the solution 

is obtained through algebraic minimization rather than mesh discretization, the method is 

particularly attractive for nonlinear coupled transport problems encountered in porous media, 

biomedical engineering and thermal sciences. 

The accuracy of the proposed constrained Rayleigh–Ritz method was validated by comparing 

its predicted velocity and temperature distributions with the analytical solutions reported by 

Maranna et al. (2023), who solved the same governing equations using the Laplace transform 

and generalized incomplete Gamma function. Both studies employ identical governing 

equations, similarity transformations, thermophysical properties, and boundary conditions for 

blood-based silver and copper nanofluids.  

For identical parameter values 

𝑃𝑟 = 21 𝐾1 = 0.1 𝑉𝑐 = 1  𝑑 = 1  𝜆1 = 0.5 𝜆2 = 0.05

 𝑁𝑟 = 1  𝜉 = 0.5 𝑀 = 1 − 5 

the Rayleigh–Ritz velocity profiles exhibit the same qualitative behavior as the analytical 

solutions: 

• velocity decreases with increasing magnetic parameter, 

• thermal boundary layer increases under stronger magnetic field, 

• silver-blood and copper-blood nanofluids exhibit similar relative trends, 

• suction reduces both velocity and temperature fields, 

• radiation enhances temperature distribution. 

Furthermore, the Ritz coefficients obtained through variational minimization generate smooth 

exponentially decaying profiles that satisfy the far-field boundary conditions and accurately 

reproduce the physical trends reported in the literature. 



International Journal of Applied Mathematics 

Volume 38 No. 11s, 2025  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version 

 

Received: Aug 12 2025   3656 

The agreement between the present semi-analytical results and the published analytical solution 

confirms the correctness of the proposed variational formulation. Minor quantitative deviations 

are expected because the present study employs a two-parameter exponential Ritz 

approximation rather than the exact generalized Gamma-function solution. Nevertheless, the 

observed discrepancies remain small and can be further reduced by enriching the Ritz 

approximation with additional basis functions. 

Overall, the comparison demonstrates that the constrained Rayleigh–Ritz method provides a 

reliable and computationally efficient alternative for solving nonlinear coupled MHD nanofluid 

boundary-layer problems. 
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