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Abstract

The objective of this research is to find and to study the largest graphs with given
maximum degree A and diameter D. In this paper we study the planar bipartite mixed graphs
(partially directed graphs that have both arcs and edges ) , we prove that the maximum
number of  vertices is n = 2D for A = 3, then we show that in the maximal planar bipartite
mixed graphs (graphs where every face is a rectangle) for D = 3, A = 3 (respectively D =4,
A=3) existand  the number of vertices is n =6 (respectively n =8)  Finally, we construct a
4i+248

P
degree A;=2""'+1 | for all natural numbers i and diameter D (calculated using the Breadth-
First-Search (BFS) method ).

maximum

family of maximal planar bipartite mixed graphs G; of order n; =

Keywords: Planar graphs, Mixed bipartite graphs, Maximal planar mixed bipartite graphs,
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1. Introduction

Let G = (V, E U A) be a bipartite mixed graph (partially directed graph), where E is the set
of edges (undirected), 4 is the set of arcs (directed), and V' is the set of vertices, with |V | = n
and |E| + |4]| = m.

The graph G is called a planar bipartite mixed graph if it can be drawn in the plane so that
its edges and arcs intersect only at their endpoints. It is called a maximal planar bipartite
mixed graph if, in addition, every face of the drawing is a rectangle (a 4-cycle). For a planar
bipartite mixed graph, Euler’s characteristic gives

VI=(El+ 1D +f=2,

where f is the number of faces. Since every face is a rectangle, each face is bounded by
exactly 4 edges or arcs, and each edge or arc belongs to exactly 2 faces, so

Af=2m, i.e. f=m/2
Substituting into Euler’s formula yields
|E|+|A|=2|V|—4 and  f=|V|-2 (1)

Let v be a vertex of G. Denote by r(v) the number of edges incident with v ( undirected
degree ), by z(v) the number of arcs incident with v ( directed degree ), and by

d (v) = r(v)+z(v) the total degree of v. We write A for the maximum degree of G. Moreover,
id(v) denotes the sum of the number of arcs incoming to v and the number of edges incident
with v, and od(v) denotes the sum of the number of arcs outgoing from v and the number of
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edges incident with v. A mixed graph is said to be regular if id(v) = od(v) for every vertex v.
The distance d(u,v) between two vertices u and v is the length of a shortest path connecting
them. The diameter of G is

D(G)=max d (u,v)
u,velr

The objective of this research is to find the largest possible number of vertices # in a graph
G with maximum degree A and diameter D. A comprehensive survey of this problem is given
by Miller and Sirdn [6]. Loz, Pérez-Rosés, and Pineda-Villavicencio [4] provide further
information about this problem for planar graphs. Seyffarth [9] studies the (A,D)-problem
with D =2 and A > 8 for maximal planar graphs (graphs where every face is a triangle); she
proved that " = [3A]+ 1 for A > 8. Hell and Seyffarth [5] extended this result to the larger
class of simple planar graphs. Yang, Lin, and Dai [12] solved the case A < 8 with diameter D
= 2 for both graph classes. Fellows, Hell, and Seyffarth [1, 2] proved that, in a planar graph,

the maximum number of vertices is 8A + 12 for diameter D = 3, and 3(2D + 1)(2AlP2+ 1) for
(D-1)

other values of D; they also proved the lower bounds n > EAD 1-0 (A 2 ) for odd D
D D

and n > ;AE -0 (AE) for even D. A lower bound for planar graphs of maximum degree A

> 6 and odd diameter D > 5 was found by Feria - Purén and Pineda-Villavicencio [3]:

A—12
2 AA 1D 2

=]

A—-24+9

For even diameter D = 2k, Tishchenko [10] obtained the lower bound
. 1Yk _
3AA — 1)k — 1 J .

2A —4

and proved that this is also the upper bound for A > 6(12k + 1). For more information on the
(A, D)- problem in planar graphs, see Nevo, Pineda-Villavicencio, and Wood [7] and Pineda
Villavicencio and Wood [8].

The maximal planar bipartite graphs with diameter D and maximum degree A are studied
by Dalf6, Huemer, and Salas [11], who showed that for D = 2 the maximum number of
vertices is n = A + 2, attained by the complete bipartite graph K> a; for the (A,3)-problem they
proved n =3A —11f Ais odd and n =3A — 2 if A is even. They also proved that the maximum
number of vertices is bounded above by 3(2D +1)(A—2)!??l, and gave a further upper bound
C(A —2)IP2I for A > D, where C is a large constant.

In this paper, we solve in Section 2 the problem in a planar bipartite mixed graph with
A= 3 and prove that n < 2D. In Section 3 we show that for A = 3, D = 3 (respectively D = 4)
the maximal planar bipartite mixed graph with n = 6 (respectively n = 8) exists and construct
it. In Section 4 we construct an infinite family of maximal planar bipartite mixed graphs G;
with number of vertices n;= (42 +8)/3, maximum degree A;= 2" +1 and diameter D( found
by the Breadth-First-Search (BFS) method) . Section 5 analyses the algorithm complexity,
and Section 6 summarises the results in a table.
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2. Planar Bipartite Mixed Graphs with Maximum Degree A=3

Proposition 2.1 The maximum number of vertices in a planar bipartite mixed graph with
maximum degree A = 3 and diameter D is n < 2D.

Proof. Let Ny, Ni,..., Np be the level decomposition of the vertices of the planar bipartite
mixed graph G with A = 3, rooted at an arbitrary vertex (see Figure 1). From the structure of

the spanning subgraph we have:
[No| =1, |Ni| <2, |N2| <2, ..... ,INp-1| £2,|Np| = 1.

Therefore, the total number of vertices satisfies

n=|No|+|Ni|+---+|Np_1|+|Np|<1+2+2+---+241=1+2(D—-1)+1=2D. O
N ——
D—-1

NO NO
N1
N1
N2
N2
N2 N3
ND-1 et
ND ND
Odd diameter Even diameter

Figure 1: A spanning subgraph of planar bipartite mixed graph with A =3 and diameter D.
3. Maximal Planar Bipartite Mixed Graphs with A=3

Proposition 3.1 The maximum number of vertices in a maximal planar bipartite mixed
graph with maximum degree A = 3 and diameter D =3 is n = 6.

Proof. Let N; (i = 0, 1, 2, 3) be the level decomposition of the vertices of the maximal planar
bipartite mixed graph G with A = 3. From the structure of the spanning subgraph (see Figure

1) we have:

[No| =1, [N/ <2, |N2<2, |N3| =1

Hence the maximum number of vertices is

n=|No| +|Ni| +|N2| +|N3| <1 +2+2+1=6. O

b e
o ¢—e—
e
Figure 2: A maximal planar bipartite mixed graph with A=3, D=3, and n = 6.

Example 3.2 The graph in Figure 2 is a maximal planar bipartite mixed graph with
diameter D = 3, maximum degree A = 3, and n = 6 vertices. Euler’s characteristic (1) is

satisfied:
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E|+]4|=2n—4=>8=2"-6—4, f=n—-2=4=6-2.V

Proposition 3.3 The maximum number of vertices in a maximal planar bipartite mixed
graph with maximum degree A = 3 and diameter D =4 isn = 8.

Proof. For any graph G with n vertices and maximum degree A, every edge or arc is counted
at most twice in the sum of degrees, so

2(1E| + |4|) <n.A (2)
Since G is a maximal planar bipartite mixed graph with A = 3, equation (1) gives
|E| + |A| = 2n — 4. Substituting into (2):
22n—4)<3n==4n—-8<3n==>n<8. 0

Figure 3: A maximal planar bipartite mixed graph with A =3, D =4, and n = 8 (the cube).

Example 3.4 The graph in Figure 3 is a maximal planar bipartite mixed graph because
Euler’s characteristic (1) is satisfied:

|E|+]4|=2n—4=>12=2-8—4, f=n—-2=6=8-2.V
Remark 3.5 A graph attaining the bound » = 8 with maximum degree A = 3 and diameter
D =4 is the cube (see Figure 3).

Remark 3.6 The bounds in Propositions 3.1 and 3.3 are both attained; the maximal planar
bipartite mixed graphs with n = 6 and n = 8 exist (see Examples 3.2 and 3.4).

4. Construction of an Infinite Family of Maximal Planar Bipartite Mixed Graphs

We now construct, for every natural number i, a maximal planar bipartite mixed graph G;
whose parameters satisfy the closed-form formulae stated in Propositions 4.1-4.5.

Base graph Go. Let Go be the cube graph (Figure 3), which is a maximal planar bipartite
mixed graph with

n=8, Ao=3, Fo=6 mo=12, Do=4.

Construction of G1. G is constructed from four copies of Gy as follows:

1. Take four disjoint copies of G, : G, GZ, G&, Gg
2. Define

1
G =|J Gt

k=1
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where consecutive copies share exactly one arc:

GEnGEt ={onearc}, k=123 and G} n G} = {one arc}

Construction of G; for i > 2. Given Gi-1, the graph G, is constructed as follows:

1. Take four disjoint copies of G;_; : G4, G-, G4, G,
2. Define

1
Gi = U Gy

k=1 ,

where consecutive copies share exactly one edge:

GE,NGI! ={oneedge}, k=123 and G!,NnGL, = {oneedge}

The four recurrence relations governing the parameters are:

ni=4n;.;— 8§,
Ai=2Ai1— 1,
Fi=4F; -2,

m;= 4m,--1— 4,

Figure 4 illustrates G1, which is a maximal planar bipartite mixed graph with A;= 5, D1=4,

and n; = 24.

Figure 4: The graph Gi: a maximal planar bipartite mixed graph with A=35, D=4, and n =24

3)
“4)
)
(6)

Algorithm : Construction of the maximal planar bipartite mixed graph G;

Input: A non-negative integer i

Output: Maximal planar bipartite mixed graph G; with n; vertices and maximum degree A;
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Initialisation

1:

22n<— 8 A3, F—6;m« 12

G «— Gy

Recursive construction

3:
4:
S:
6:
7:
&:
9:

10:

11

12

13:
14:
15:
16:
17:

18:
19:
20:
21:
22:
23:
24:
25:
26:
27:

fork=1toido

if k=1 then
forj=1to4do

G Copy(Go)
end for

forj=1to 3 do

G¥ N GE « {one arc}
end for
:Gg N G} « {one arc}
DGl U}Ll G({
else if k> 2 then
forj=1to4do

@1 < Copy(Gi.1)

end for

forj=1to 3 do

G,{_l N G,ifll « {one edge}

end for

Gri_, N Gi_, « {one arc}
G — U?:1 61{—1

end if

n<«—4n—38
A—2A-1

F—4F -2
m«—4m—4

end for

Output
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28: return G with parameters n, A, F, m

Proposition 4.1 The number of vertices of G; is
4i+2 +8

3
foralli € N.

Proof. The recurrence is n;= 4ni-1— 8 with nop= 8. Iterating:

n; =

n; = /li'H,[) — 8(’1T:_1 + "17‘_2 4+ 4+ 4+ 1)

— 4.8 — 8 £-1
B 3

244" —8-4"48 16-4'+8 41?48

3 3 3
Proposition 4.2 The maximum degree of G;j is
A=2""+1
foralli € N.
Proof. The recurrence is Ai= 2Ai-1— 1 with Ao= 3. Iterating:
A =20 — (27" 2724 +241)
=3.2' -2 +1=2.2"+1=2" 41

Proposition 4.3 The number of faces of G;j is

. 4i+‘2+2
3
foralli €N.

Proof. The recurrence is ;= 4Fi-; — 2 with Fo = 6. Iterating:
Fi=4F-24" 4472 4+ 44 +1)

—41.6-2 £-1
N 3

_18-47—2-4'42  16-4'42 47242
- : e

Proposition 4.4 The number of edges and arcs of Gi s
2472 4 4

3
foralli € N.

m; =

Proof. The recurrence is m; = 4m—; — 4 with mo = 12. Iterating:
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m; = 4'mg — 4(41_1 - 482 I 1)

: 41 —1
=412 -4 —
C36-4'—4-4'44  32-47+4 247244
3 3 3 O

Proposition 4.5 For all i € N, the graph Giis a maximal planar bipartite mixed graph.

Proof. By construction, G; is planar (four planar graphs joined by shared arcs or edges in a

planar embedding) and bipartite (each copy Gi_1is bipartite, and the shared arcs or edges
connect vertices from different colour classes). Euler’s characteristic (1) is preserved at each

step:
2(471t2 4 8 2472 416 —12 2412 4y
2n.i—4=g—4: + = - i =m;
3 3 3
4-i+‘2 8 4?l+‘2 _a 4?1+‘2 )
m—?:—+ — 2= +3 6: i = F;.
3 3 3 k)

Every face remains a rectangle at each iteration, so Giis a maximal planar bipartite mixed
graph. U
5. Algorithm Complexity

4k+24g . 2.4K+2 44
vertices and m,, =

At iteration £, the graph Gy has n;, = edges and arcs.

3
Building Gy from Gy-1 requires:

» creating four disjoint copies of Gi-1: cost O(ni-1+ my-1), * identifying 4 shared arcs between
consecutive copies: costO(1).

The total computational cost over all i iterations is therefore
i i1
T(i) = O(ng—1+mg_1) =0 (Z 4“2) =04 = O(ny)
k=1 k=0 .
Hence Algorithm 1 runs in linear time with respect to the size n; of the output graph G..

The space complexity is also O(n;), since we store at most four copies of the previous graph
simultaneously.

6. Summary of Results

Table 1 gives the values of the parameters for the first few graphs familly.

RN i L NPT I D P ik d P L hik s
0 8 3 6 12
1 24 5 22 11
2 83 9 36 172
3 344 17 342 634
e 1368 33 1366 2732
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Tablel:Parameters of the graphs G; fori=0,1,2,3,4.
Remark 6.1 The graphs in Figures 3 is regular of degree 3 (the cube) in agreement with

Proposition 3.3.

Remark 6.2 To compute the diameter of the graph G; (i € N), we use the Breadth-First
Search (BFS) method which is an algorithm used in graph theory to explore or traverse a
graph level by level (see figure 1).

7. Conclusion

In this paper, we have proved the existence of a planar bipartite mixed graph with maximum
degree A = 3, diameter D, and maximum number of vertices n = 2D (Proposition 2.1). For D
=3 and D = 4, we have shown that maximal planar bipartite mixed graphs attaining » = 6 and
n = 8, respectively, do exist and constructed explicit examples.

We have then given Algorithm 1 to construct an infinite family of maximal planar bipartite
mixed graphs G; with
4i+‘2 + 8
3
A =21+ 1,

n; —

running in time and space O(n;).

A natural perspective is to extend these constructions to larger classes: in particular, to build
maximal planar bipartite mixed graphs for arbitrary given diameter D and maximum degree
A, and to determine whether the bounds #; are tight within those classes.
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