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Abstract  

This work introduces a non-integer order SIR framework formulated with Caputo operators 

and addressed through the VIM scheme to capture memory-driven dynamics in infectious 

disease transmission. In contrast to traditional solvers like RK4 that rely on abrupt 

compartment shifts, the Caputo–VIM formulation incorporates historical dependence and 

complex feedback. Applied to malaria, the second iteration demonstrates a postponed epidemic 

apex with an elongated recovery trajectory, yielding a faithful reflection of relapse cycles and 

immunological persistence. The approach ensures analytical clarity and enhanced biological 

realism in long-term epidemic simulations.   Moreover, the fractional framework highlights the 

sensitivity of epidemic outcomes to memory kernels, offering a flexible tool for tailoring 

intervention strategies. It bridges mathematical rigor with epidemiological insight, enabling  

deeper exploration of relapse phenomena and immunity waning. Such integration paves the  

world disease persistence and control-way for predictive models that better align with real  

challenges .  
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1. Background and Motivation 

Fractional calculus generalizes differentiation to fractional orders, allowing systems to retain 

historical influence and hereditary dynamics. “In contrast to conventional calculus, fractional 

operators account for prior states, embedding non-local memory into current dynamics.”  This 

makes it ideal for systems with delay, persistence, or long-term dependencies such as 

viscoelasticity, anomalous diffusion, and epidemic relapse,[7,10]. In structured framework to 

simulate disease transmission, evaluate intervention strategies, and guide public health policy. 

“The classical SIR framework proposed by Kermack and McKendrick (1927) divides the 

population into susceptible, infected, and recovered compartments, described by nonlinear 

ODEs  ,[6]. These models help estimate key metrics such as the basic reproduction number , 

peak infection time, and herd immunity thresholds.Modern epidemic modeling has evolved to 

incorporate stochastic processes, network structures, and agent-based simulations, reflecting 

the complexity of real-world interactions. During outbreaks like COVID-19, mathematical 

models have been instrumental in forecasting case trajectories,optimizing resource allocation, 

and evaluating the impact of social distancing, vaccination, and quarantine 

measures.“Mathematical modeling appears with a huge potential to clarify the complexity of 
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the dynamics of infectious diseases” Despite their utility, classical models suffer from several 

structural limitations: Memorylessness, traditional ODE-based models assume Markovian 

dynamics, meaning the future state depends only on the present, not on the history. This 

neglects immune retentive dynamics, latency, and disease resurgence  behavior.Oversimplified 

Recovery: is often modeled as a constant-rate exponential process, ignoring variability in 

disease progression and treatment response.Rigid Compartments: Fixed compartment 

transitions fail to capture individual heterogeneity, behavioral adaptation, and time-varying 

infectivity.Parameter Identifiability: Early in an outbreak, noisy data can make it difficult to 

reliably estimate key parameters like transmission rate and recovery rate.“Conventional 

methods assume history-independent dynamic  leading to significant bias in estimating critical 

parameters.These limitations motivate the search for more flexible, biomedical consistency 

frameworks.Fractional calculus introduces non local operators that naturally encode memory 

and hereditary properties. In particular, the Caputo derivative allows the system to retain 

historical influence, making it ideal for modeling diseases with heritage influence, delayed 

recovery, and relapse cycles.“Fractional-order models bridge epidemiology and memory-

driven dynamics, offering insights for both theoretical advancements and public health 

interventions”. The classical compartmental framework, typically expressed through systems 

of ordinary differential equations, provides foundational insight but rarely admits closed-form 

solutions due to nonlinear interactions. As a result, numerical methods are indispensable for 

simulating and analyzing epidemic trajectories. Traditional solvers such as the fourth-order 

Rung  –  Kutta   method provide accurate approximations for integer-order epidemic 

models,[12]. However, they assume direct transitions between compartments and lack the 

ability to capture historical dependence,recurrence, and long-term dependencies  features that 

are biologically significant in chronic and relapsing diseases such as malaria. To address these 

limitations, fractional-order models have gained prominence. In particular, the Caputo 

derivative introduces a non-local operator defined by:The fractional derivative in Caputo sense 

with the order α > 0 and , f∈ C
m

[a, b], m ∈ N is defined as                                                              

Dt0
α f(t)=

1

Γ(m-α)
∫ (t-x)

m-α-1t

t0
f
(m)

(x)dx ,  m -1 <α< m, where ,D 
mf(t)=

d
m

f(t)

dt
m   , [8],(We will restrict 

the definition to the case 0<α<1 ) governs the memory depth. This formulation allows the 

system to retain heritage dependence, making it well-suited for modeling heritage influence 

and extended convalescence,[7,10].We employ the VIM algorithm, a variational iteration 

framework  to construct symbolic approximations applied to fractional epidemic system. VIM 

preserves the variational structure and enables explicit correction functionals. The second 

iteration of Caputo-VIM reveals damped infection growth, postponed infection climax, and a 

prolonged recovery tail features that align more closely with observed epidemiological 

behavior than those predicted by classical schemes. In this study, we  are doing computational 

modeling using Caputo-VIM with fractional order α=0.6 , for comparative purposes, we also 

simulate the classical SIR model using the classical fourth-order Rung–Kutta solver (RK4), 

[12] which is among the most commonly applied numerical techniques for  solving ordinary 

differential equations, assuming abrupt compartment shifts  between compartments.  Although 

RK4 is computationally efficient, it cannot represent long-term memory effects or relapse 
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behavior typical of chronic infections like malaria.This comparison highlights the advantages 

of the Caputo-VIM approach in modeling realistic epidemic behavior. We demonstrate that the 

fractional model captures a shifted outbreak apex and extended recovery tail, aligning more 

closely with observed epidemiological behavior,[4]. The structure of this paper is as follows: 

Section 2 outlines the mathematical formulation and VIM framework; Third section discusses 

numerical experiments and comparative analysis; Section 4 ,Results and Discussion. 

2: Mathematical Formulation and VIM Framework 

 2.1 Fractional Epidemic Model 

To embed long-term memory into epidemic modeling, the classical system is reformulated with 

the Caputo fractional operator of order α, restricted to the interval (0,1).The Caputo derivative 

is defined in terms of the Gamma function Γ(∙), with the parameter α determining the extent of 

memory influence : 

Dt0
α f(t)=

1

Γ(1-α)
∫ (t-x)

-α
t

t0

f
(1)

(x)dx . 

Through its non-local nature, this operator preserves historical dependence, making it 

appropriate for modeling relapse cycles and immune retention in infectious diseases.The 

resulting fractional epidemic system is formulated as: 

Dt0

α S(t) = -βS(t)I(t)   ,   S(0)=S0 ...    (1)     

Dt0
α I(t) =βS(t)I(t)-γI(t),   I(0)=I0  . ..(2) 

Dt0
α R(t) =    γI(t) ,       R(0)=R0    ...      (3) 

α ∈ (0,1] ,  and reduces to the classical model when α = 1.  Here, S(t), I(t), and R(t) denote the 

susceptible, infected, and recovered groups, while β and γ correspond to the transmission and 

recovery parameters ,[13]. 

2.2 Variational Iteration Scheme (VIM)                         

Symbolic solutions of the fractional system are obtained using the Variational Iteration Method 

(VIM). This method generates successive approximations through correction functionals 

derived from the variational framework of the system. In its standard formulation, VIM 

considers a differential equation of the form L[u(t)]+N[u(t)]=g(t), where L is a linear operator 

(e.g., differentiation), N a nonlinear operator, g(t) the given source term, and u(t) the unknown 

function. The correction functional is expressed as:                                                                       uk+1(t) 

= uk(t) +λ ∫ L[[uk(x)]-N[uk(x)]-g(x)]dx
 

t

0
, where  uk(t)  is the k-th approximation, λ is the 

Lagrange multiplier, identified via variational theory,[1,2,3,5]. The integral term compensates 

for the residual error in the current approximation.  For equations involving a Caputo 

derivative ,see[1,14], Dt0
α uk(t)  = F(t,u(t)) , the correction functional of VIM for fractional 

equations becomes: uk+1(t)  = uk(t)-
1

Γ(α)
∫ (t-x)

α-1[[Dt0
α uk(x)]-F(x,u(x))]dx

 

t

0
. Where:the 
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fractional integral is  I αf (t)=  
1

Γ(α)
∫ (t-x)

α-1
(x)dx

 

t

0
 ,  F(x,u(x))  represents the RHS of the 

fractional equation,(t-x)
α-1

  the kernel arise from the fractional integral operator, λ = -1 is 

embedded in the negative sign, often chosen based on the linear part of the equation, N(un(t)is 

the nonlinear operator (e.g, βSI or γI). The initial step in applying VIM is to determine  λ which 

is obtained directly from the variational derivation of the correction functional for Caputo 

fractional equations, as shown in Wen, Yi & Liu (2012). This ensures that the residual error is 

minimized at each iteration and validates the choice of λ in the fractional VIM scheme , see 

[9,14]. 

2-3:Convergence of VIM for the Fractional SIR Model 

In the analysis of fractional-order epidemic models, particularly those involving Caputo 

derivatives, it is essential to establish the existence and uniqueness properties of the solutions 

validity of iterative schemes such as the Variational Iteration Method (VIM). The following 

theorem provides a foundational result under standard continuity and Lipschitz conditions 

Such verification of the Lipschitz condition for epidemic-type nonlinearities has been 

demonstrated in recent fractional SIR studies [11]. 

2-3-1: Theorem (Generalized Picard–Lindelöf for Fractional Systems) 

Consider the Caputo fractional derivative of order   α∈(0,1]  Take the initial value problem    

Dt0
α u(t) = f (t,u) , u(t0) = u0 , t∈[0,T]  ,where f:[0,T]×R → R   is continuous in t and satisfies a 

Lipschitz condition in u; that is, there exists a constant, k > 0 such that 

|f(t, u1) − f(t, u2)|≤ k |u1 − u2|,∀ u1,u2∈ R , t∈[0,T]. 

Under these assumptions, a unique solution u(t)∈C([0,T])exists for the fractional initial  value 

problem ,[11]. To establish convergence of the VIM scheme in fractional epidemic models, 

Banach’s contraction principle is applied.   Lindelöf–Building upon the generalized Picard  

theorem, we now verify the contraction constant for the VIM correction operator in the  

fractional SIR system. 

2-3-2:Verification of the Contraction Constant 

To establish convergence of the variational iteration scheme, we verify the contraction property 

of the correction operator. Let T denote the iteration operator acting on successive 

approximations. For two functions u and v in the solution space, the contraction requirement 

is 

‖𝑡(𝑢) − 𝑡(𝑣)‖ ≤ 𝑐‖𝑢 − 𝑣‖,   0 < 𝑐 < 1 

From the Lipschitz estimate obtained for the nonlinear term f(S,I)=βSI, we have  

|𝑓(𝑆1 , 𝐼1 ) − 𝑓(𝑆2 , 𝐼2 ) | ≤ 𝛽𝑁(|𝑆1 − 𝑆2 | + |𝐼1 − 𝐼2 |). 

This implies that the correction operator T is contractive with constant c=βN. 
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Provided that βN<1, the contraction mapping principle ensures that T admits a unique fixed 

point and that the iterative sequence generated by VIM converges to the exact solution of the 

fractional SIR system. The theoretical foundation of this principle is well established in 

functional analysis [15]. This ensures that, under suitable contraction conditions, the iterative 

sequence produced by VIM converges to the unique solution. 

2-3-2:Theorem (Banach Fixed-Point Theorem) 

Assume (X,‖.‖) is a Banach space,and suppose T:X→X is a contraction mapping. That is, there 

exists a constant c∈(0,1) such that    :                                     

  ‖T(x)-T(y)‖ ≤ c‖x-y‖, ∀x,y∈X.   Then, T admits a unique fixed point in X, and the sequence   

xn+1 = T(xn) converges to this fixed point for any initial guess x0∈X . This theorem provides 

the mathematical foundation for the convergence of VIM when the correction functional 

defines a contraction in an appropriate function space [15]. 

3- Simulation results and modeling outcomes comparison 

Let’s now apply the principle of VIM  to each equation in our system so their  Correction 

functionals are : 

1- Susceptible Population: Dt0

α S(t) =-βS(t)I(t) 

 Sk+1(t) = Sk(t)-
1

Γ(α)
∫ (t-x)

α-1[Dt0
α Sk(x)+βSk(x)Ik(x)]dx

 

t

0
 

2- Infected Population  : Dt0
α I(t) =βS(t)I(t)-γI(t) 

 Ik+1(t) = Ik(t)-
1

Γ(α)
∫ (t-x)

α-1[Dt0
α Ik(x)-βSk(x)Ik(x)+γI(x)]dx

 

t

0
 

3 - Recovered Population : Dt0
α R(t) =    γI(t) ,  

 Rk+1(t) = Rk(t)-
1

Γ(α)
∫ (t-x)

α-1[Dt0
α Rk(x)-γI(x)]dx

 

t

0
.  

Now for k = 0 ,under the initial assumptions ,  S(0)=S0 ,  I(0)=I0 ,  R(0)=R0     (constants ,its 

Caputo derivative is zero) .  So we are getting the first approximation ,(S1,I1,R1) as follows : 

S1(t)= S0 - 
βS0I0

Γ(α+1)
tα ,                I1(t)= I0 + 

(βS0-γ)I
0

Γ(α+1)
tα     ,            R1(t)= R0 +

γI
0

Γ(α+1)
tα .  

To find the second approximation when k = 1 , let   A = 
βS0I0

Γ(α+1)
  ,   B = 

(βS0-γ)I
0

Γ(α+1)
    ,  C = 

γI
0

Γ(α+1)
 

So that   S1(t)= S0 - Atα ,     I1(t)= I0 + Btα   ,   R1(t)= R0 +Ctα . Then  Dt0 

ρ S1(x) = −AΓ(α+1) 

And S1I1 = S0I0+(S0B-AI0)tα - ABt2α 

S2(t)=  S1(t) -
1

Γ(α)
∫ (t-x)

α-1[ -AΓ(α+1)+β(S
0
I0+(S0B-AI0)tα - ABt2α)]dx

 

t

0
 

S2(t)=  S0 - Atα - [- AΓ(α+1)
tα

α
+βS0I0

tα

α
+β(S0B-AI0)t2α

Γ(α+1

Γ(2α+1
-βABt3α

Γ(2α+1

Γ(3α+1
 ] 
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I2 (t)= I0 + Btα  - 
1

Γ(α)
 [BΓ(α+1)

tα

α
-βS0I0

tα

α
-β(S0B-

AI0)t2α
Γ(α+1)

Γ(2α+1)
+βABt3α

Γ(2α+1

Γ(3α+1
+γI

0

tα

α
+γBt2α

Γ(α+1

Γ(2α+1
 ] 

R2(t)=  R0 + Ctα - 
1

Γ(α)
[(CΓ(α+1)

tα

α
-γI

0
)
tα

α
-γBt2α

Γ(α+1

Γ(2α+1
 ] 

 Practical example  

practical example of modeling malaria using the fractional Caputo-VIM method with α=0.6, 

and comparing it to the classical Runge–Kutta (RK4) method. We’ve selected biologically 

reasonable parameters and structured everything into a clear comparison .See the following 

tables  

                      

 

Day I2 

VIM (t) I  

RK4 (t) Notes 

0 1.000 1.000 Initial condition 

30 320.000 850.000 RK4 peaks early 

60 890.000 0.000 RK4 collapses 

85 980.000  0.000 VIM peak (2nd iteration  

100 650.000 0.000 VIM decline begins 

120 180.000 0.000 VIM retains tail 

Table (1) Initial Values                                                                                                    Table(2) Comparative Simulation 

 

Table(3)    RK4 Models-VIM and Classical SIR-Comparative Simulation of Fractional SIR  

Parameter Value Description 

N 1000 Total population 

So 999 Initially susceptible 

I0 1 Initially infected 

R0 0 Initially recovered 

β 0.002 Transmission rate (moderate) 

γ 0.1 Recovery rate (slow, chronic) 

α 0.6 Fractional order (memory effect) 

λ -1 VIM descent parameter 
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4: Results and Discussion 

 order SIR-This work analyzes malaria transmission dynamics through a fractional   model 

governed by Caputo derivatives with order α=0.6, reflecting the memory-dependent nature of 

chronic diseases. The model was solved using t he fractional model was addressed using VIM  ,

and its performance was compared to the standard RK4 approach applied to the integer-order 

counterpart. Where the parameter setup as in table(1).The study setup involved a closed 

population of 1000 individuals, initialized as S(0) = 999, I(0) = 1, and R(0) = 0. The 

transmission rate was set to β, and the recovery rate to γ, consistent with the slow recovery and 

relapse-prone nature of malaria. The fractional order α was chosen to capture the long-term 

historical dependence inherent in the disease progression. The VIM descente parameter set to 

λ= −1. 

4-1: Comparative Simulation 

The infected population I(t) was computed using  the second iterations of VIM, and compared 

to RK4 results over a 120-day period. Table(2). The RK4 method produced a rapid surge in 

infections, peaking around day 30 and collapsing by day 60. This behavior, while 

computationally efficient, fails to capture the inertia and prolonged infectious period observed 

in malaria. In contrast, The Caputo-VIM formulation produced a lagged epidemic peak near 

day 85 followed by a sustained decline, reflecting the prolonged infectious course typical of 

chronic illnesses.Notably, the first iteration of VIM led to an nonphysical overshoot of the 

infected population beyond the total population size. This was corrected in the second iteration 

by incorporating feedback-driven processes  and enforcing population conservation. The 

second iteration thus provided a bounded, biologically realistic infection curve. 

4-2: Recommendation 

Based on these findings, we recommend the use of the second iteration of Caputo-VIM for 

modeling malaria and similar memory-driven diseases. It offers: 

1- Symbolic transparency and analytical tractability 

2-Accurate peak timing and tail behavior 

3-Compliance with population constraints 

4-Superior realism compared to classical RK4 methods. 

This approach is particularly well-suited for mathematical modeling of epidemics where 

persistent dynamics  effects, sustained healing phase, and non-proportional response are 

essential to understanding disease dynamics. 
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