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Abstract 

This work investigates the linear control problem in which the matrix is singular of order two, 

a situation encountered in several scientific disciplines. The first part of this study examines 

the influence of the matrix on the system’s solution, showing how various characteristics of the 

matrix are directly reflected in the solution. The method proposed in this paper is new and 

distinct from those commonly found in the literature, as it is based on algebraic tools from 

matrix calculus. 
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1 Introduction 

Linear dynamical systems of the first order provide a fundamental framework for modeling a 

wide range of physical, engineering, and mechanical processes. The mathematical foundations 

of ordinary differential equations, together with the analysis and design of linear control 

systems and feedback strategies, have been extensively developed in classical textbooks[1, 2, 

4, 7, 8]. 

These works establish the theoretical basis for state-space modeling, solution techniques, and 

stability analysis of linear systems. Beyond the classical theory, linear systems have been 

studied from a more structural perspective, emphasizing the decomposition of dynamic and 

algebraic modes, as well as controllability and observability properties. Important contributions 

in this direction include the analysis of singular and descriptor systems[5], which naturally 

arise in constrained mechanical, electrical, and economic models[3]. 

These studies highlight the necessity of algebraic tools such as generalized inverses and matrix 

pencil theory. Optimal control theory provides a unifying framework for the analysis and 
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synthesis of control laws for linear and singular systems[9]. A comprehensive presentation 

covering theoretical foundations and a wide range of applications is given in the monograph 

by Tr´elat [6].This work serves as a fundamental reference for modern developments in optimal 

control and constrained dynamical systems[10]. 

In this work, we study a class of second-order linear systems with a singular matrix. By 

imposing certain conditions on the control and the input matrix, we show that the solutions can 

be sought in polynomial form of degree at most two. The characterization of the solution 

depends directly on the eigenvalue of the matrix A: when it is zero, the solution is a quadratic 

polynomial, whereas otherwise it is linear. This property reveals a simple structure of the 

dynamics and provides a direct alternative to standard analytical approaches. 

This approach provides a constructive and computationally efficient alternative for the analysis 

and control of singular systems with piece wise-defined inputs. 

This paper is organized into six sections. Section 1 presents the introduction and motivation of 

the study. Section 2 introduces the second-order optimal control problem under consideration. 

Section 3 analyzes the properties of the system matrix A and its effect on the solution. Section 

4 develops the algebraic formulation of the problem, studies the singular system matrix, and 

presents numerical examples. Section 5 is devoted to the resolution of the system under piece 

wise constant control inputs. Finally, Section 6 concludes the paper. 

2 Problem statement 

A state equation for a linear time-invariant system has the form 

 

( ) ( ) ( )

( )  0

0 0

0

'

,  t ,

X t AX t Bu t

x
X t t T

y

 = +


 
=  
 

 

 

 (1) 

In which X(t) ∈ Rn is the state vector, u(t) ∈ Rm the input vector and A,B,C are matrices having 

dimensions ,n n n m    ,n n n m  respectively. The state response is of the form [7, Identity 2.12 

p.62] 

( ) ( ) ( ) ( ) ( )0

0
0

T
A t t A t

X t e X t e Bu d


 
− −

= +   
 (2) 

We restrict our attention to the case n =2, m =1 and ( )u t u=  constant in interval  0, .t T  We 

consider 
a b

A
c d

 
=  
 

  singular, 
1

2

B
B

B

 
=  
 

  with ( )2 2

1 1 2 2 0cB d a B B bB+ − −    to assure the 

controllability of the system. The system (1) admits a unique solution ( )
( )

( )

x t
X t

y t

 
=  
 

  that 

satisfy ( ) 0

0

0

x
X t

y

 
=  
 

 and ( ) 1

1

x
X T

y

 
=  
 

 in the Interval  0 ,t T . The series expansion of the state 

response is  
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( )
0

n n

n
n

a
X t t

b

 
=   

 
 

In this work we are interested by the algebraic relationships between the coefficients aj and bj 

to characterize the polynomial state solution with a chosen command u. 

3 Action of matrix A on the solution 

Since the eigenvalues of A are 0 and a d = +   then 
1n nA A −=  . The integration method 

permits to write the solution (2) under the form 

( ) ( ) ( )( )
2

'

2 0 0
3 !

j
j

j

X t P t AX t t t
j

 −



= + −  

Where : 

( ) ( ) ( ) ( ) ( ) ( ) ( )' ' 2 ' ' 2

2 0 0 0 0 0 0 0 0

1 1

2 2
P t X t t X t AX t t I At X t t AX t t= − + + − +  

is a polynomial at most of degree 2. In order to get explicitly P2 we need the algebraic 

interpretation of state equation (1) given by the following theorem 

Lemma 1. We have 

0 0 1 1 1 1 2, 2 ,aa bb a B u aa bb a+ = − + =   (3) 

0 0 1 2 1 1 2, 2 ,ca db b B u ca db b+ = − + =   (4) 

and   

1 1( 1) , ( 1) , 1n n n n n naa bb n a ca db n b n+ ++ = + + = +   (5) 

Proof. Since 

( )1 1

1
0 1

1 2

 1
n n n

n
n n

n

a a B ua b
t n a t

b b B uc d
+

 

    
= + +     

    
 

Then 

0 1 2 1 1 2 3

0 1 2 1 2 2 3

... 2 3 ...

... 2 3 ...

a a a a B u a aa b

b b b b B u b bc d

−    
=    

−    
 

and the desired result follows. □ 

For 2n  the recurrence relation conducts to n nda bb= . Consequently we have already proved 

the following theorem. 

Theorem 2. The polynomials solutions of the system (1) if there exist, are of the form 
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( )

( )
0

02 12
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01 '
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 =0                            

              0 and 0
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bb b
X t

aa
t if AX t

bb





     
+ +     

     
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(6)  

4 Case 0   

In this case the problem is sample to resolve, the following theorem gives the answer 

Theorem 3. The solution is 

( )
0 0

0 0

x x

y y

x v t v
X t t

y v t v

−   
= +   

−   
 

 

(7) 

with the command 

 

0 0
1

1

0 0

2

2

 B 0

 B 0

x

y

v ax by
if

B
u

v cx dy
if

B

− −



= 

− − 
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(8) 

 

according to the condition that  

( ) ( )1 0 0 2 0 00 and B B
x

y x

y

v
A v cx dy v ax by

v

 
= − − = − − 

 
 

(9) 

These algebraic formulations explain how to obtain the solution with appropriate command 

without using computational algorithm. Different cases are regrouped in the following table 1, 

and some numerical examples are illustrated in table 2. 

Table 1: Total number of clique partitions 

Case Condition u  

0, 0ac b d = =  ( ) ( )1 0 2 0 y xB v cx B v ax− = −  00

1 2

yx
v cxv ax

or
B B

−−
 

, 0, 0a b c d = =  ( )1 2 0 0y xB v B v ax by= − −  0 0

1 2

yx
vv ax by

or
B B

− −
 

0, 0a b c d = = =  ( )1 2 0y xB v B v ax= −  0

1 2

yx
vv ax

or
B B

−
 

, 0, 0c d a b = =  ( )1 0 0 2 y xB v cx dy B v− − =  0 0

1 2

yx
v cx dyv

or
B B

− −
 

, 0, 0b d a c = =  ( ) ( )1 0 2 0 y xB v dy B v by− = −  00

1 2

yx
v dyv by

or
B B

−−
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0, 0d a b c = = =  ( )1 0 2 y xB v dy B v− =  0

1 2

yx
v dyv

or
B B

−
 

0abcd   ( ) ( )1 0 0 2 0 0 y xB v cx dy B v ax by− − = − −  0 00 0

1 2

yx
v cx dyv ax by

or
B B

− −− −
 

 

Table 2: Numerical examples of case 0   

A 
 
 0 ,t T  u  

 1

2

B
B

B

 
=  
 

 ( )0X t  ( )X T  ( )X t  

1 0

2 0

 
 
 

  2,5  -3 
 1

16

9

 
 
  
 

 
3

4

 
 
 

 
3

6

 
 
 

 
3 0

8 2

3 3

t

   
   +
      
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1 0

0 0

 
 
 

  2,5  -3 
 1

1

9

 
 
 − 
 

 
3

4

 
 
 

 
3

5

 
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 

 
3 0

10 1

3 3

t

   
   +
      
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0 0

2 4

 
 
 

 
 0,5  

6

5
  1

1

2

 
 
 − 
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0

0

 
 
 

 
6

3

 
 
− 

 
6

5

3

5

t

 
 
 
 
− 
 

 

1 2

1 2

 
 
 

  2,5  -10 
 1

23

20

 
 
  
 

 
3

4

 
 
 

 
6

5

2

 
 
  
 

 
1

1
1

5
2

t

 
   +   −  

 

 

 

In this Table.Wen 0  ,we observe that the solution is a degree one polynomial. 

Table 3: different systems of 0 =  

 

 

 

 

 

 

5 case λ=0 

The case where the trace of A is 0 = gives rise to several specific configurations,which we 

will detail below. 

5.1 Relationships between A,B and u 

Letting ad bc = −  then 0=  and we rearrange the equations (3), (4) and (5) as systems in the 

Table 3. 

Discriminant System 

0 =  0 0 1 1

0 0 1 2

aa bb a B u

ca db b B u

+ = −


+ = −
 

0 =  1 1 2

1 1 2

2

2

aa bb a

ca db b

+ =


+ =
 

0 =  2 2

2 2

0

0

aa bb

ca db

+ =


+ =
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Theorem 4. The relationship between A, B, u and the coefficient ai,bk and u is given by the 

following equalities 

( )1 2 1 22dB bB u a a− = −  (10) 

2 2da bb=  (11) 

2 0a =   (12) 

Proof. The multiplication of equations in the first system respectively by d and b permits to 

obtain 
1 1 1 2( ) ( )d a B u b b B u− = −   and

1 2 1 1( )dB bB u da bb− = −  .But
1 2 12bb a aa= −   then 

1 2 1 2 1( ) 2dB bB u da a aa− = − +  and the relation (10) follows. The multiplication of equations in the 

second system, respectively by d and b let us to get the relation(11). Replacing 
2 2  bb by da in the 

first equation of the last system to deduce relation (12). □ 

Letting *

0T T t= +  and the velocities 1 0

0

x

x x
v

T t

−
=

−
 and 1 0

0

y

y y
v

T t

−
=

−
  

The coefficients ja  and jb  of a solution satisfy the following properties 

* *

1 2 1 2, ,x ya v a T b v b T= − = −  (13) 

2 2

0 0 1 0 2 0 0 0 1 0 2 0,  a x a t a t b x b t b t= − − = − −  (14) 

( )*

22 x yT a av bv+ = +  (15) 

and  

( ) ( )*

22 x yT bb d av bv+ = +  (16) 

In what follows we compute P2 according to different states ofA. According to the value of λ 

we distingue four cases of the matrix A. 

5.2 Differente case of A 

5.2.1 case 0 and 0a c d b= = =   

To assure the controllability of the system(1),we assume that B2 different of zero as required by 

condition ( )2 2

1 1 2 2 0cB d a B B bB+ − −   

 Theorem 5. In the case 0 and 0a c d b= = =   and 
2 0B  . 

For the point X(T) there exist the control 

2 yB u v=  (17) 

and b must equal 1. Thereafter 

*0 1 0 0 1

1 2

0 1 0 1

1

2

x x y T t y
B T B

y y y y

 − −
= − + 

− − 
 

(18) 
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 such the trajectory relating X(t0) to X(T) is 

( )

*

0 0 0

2

0 0 1 0 0 1

0 1 0 1

11
( ) 1

22
,2

0

x yx y

y

y y y

v v Tx v t v Tt
v

X t t t
y T t y y T t y

v v v
y y y y

   −− +    
   = + +
 −   −   − − +     − −    

 

where : 1 0

0

x

x x
v

T t

−
=

−
 1 0

0

y

y y
v

T t

−
=

−
  and *

0T T t= +  

In [4, p.5,exam 1-11], the author treats the example 

( ) ( )'
0 1 0

0 0 1
X t X t u

   
= +   
   

 

1y
u

T
=   and 

( )
1

2

1

0

2

0

y

X t t tTy

T

   
   = +
      
   

 
 

(19) 

the equation of the trajectory is 

2

12

T
x y

y
=  

(20) 

5.2.2 case 0, 0a b d c= = =    

 Theorem 6. In the case 0, 0a b d c= = =   and
1 0B  . 

For the point ( )X T  there exist the control 

1

1
xu v

B
=  

(21) 

and 

* 0
2 0 1

1
( )

2

y

x x

v x
B cT c ct B

v v
= − − +  (22) 

 such the associated trajectory relates
0( )X t  to ( )X T  is 

0 0
2

* 2 *

0 0 0 0

0

( ) 1 1 1 1

2 2 2 2

x x

y x x y x x

x v t v

X t t t
y v t cv T t cv t v cv T cv

−     
     = + +
     − + − −     
     

. 

5.2.3 case 0abc   

Theorem 7. In the case 0, 0abc =   and 
1 2dB bB , the values of 

ia  and 
ib  are 

* 2

2 1 2 0 0 1 0 2 0, ,
2

y x

x

bv av
a a v a T a x a t a t

+
= = − = − −  
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and 

* 22

2 1 2 0 0 1 0 2 0, , .y

aa
b b v b T b y b t b t

b
= − = − = − −  

Finally we have 1 0 0

1 2

1 0 0

a aa bb
B B

b ca ab

− −
=

− +
 and 2

2 1

2a
u

bB aB
=

+
 

Table 4: Numerical examples of case 0 =  

A 
 
 0 ,t T  u 

1

2

B
B

B

 
=  
 

 ( )0X t  ( )X T  ( )X t  

0 1

0 0

 
 
 

  0,1  1 
1

2

 
 
 

 
0

1

 
 
− 

 
1

1

 
 
 

 2
0 0 1

 [5]
1 2 0

t t
     

+ +     
−     

 

 

0 0

4 0

 
 
 

 
 1,3  

 

1

2
 

 

1

9

 
 
− 

 

 

1

1

 
 
− 

 

 

2

2

 
 
 

 

2

1 1

02 2
 [6]

1 5 1

2 2

t t

   
     

+ +     
     −   
   

 

 

4 8

2 4

− 
 

− 
 
 1, 4  

19

3
 

33

19

1

 
 
  
 

 
 

2

2

 
 
 

 

 

5

5

 
 
 

 

2

53 10
37

3 3
 [5]3

29 5
7

3 3

t t

   
− −     

     + +
      − −    

   

 

 

Table 4 highlights the impact of the eigenvalue on the form of the solution ( )X t  We observe 

that the solution is a quadratic polynomial when 0 = . 

6 Systems with piece wise command 

For each index i N , we consider the time interval  1,i i iI T T +=  during which a constant piece 

wise command 
iu u=  is applied. The resulting state response ( )X t , denoted ( ) ( )iX t  on

iI , takes 

the quadratic form: 

( ) ( ) ( )

( ) 21 2

( ) ( ) ( )

0 1 2

( )
i i i

i à

i i i

a a a
X t t t

b b b

     
= + +     

    
 

with the initial condition at the node 
IT  given by .. ( ) ( )

ii

i

i

x
X T

y

 
=  
 

 

To ensure the global continuity of both the state ( )X t  and its velocity ( )X t  over the union of 

intervals
1

n

n i
i

I I
=

= , we impose the 

matching conditions ( ) ( 1)

1 1( ) ( )i i

i iX T X T+

+ +=  and ( ) ( 1)

1 1( ) ( ) ( ) ( )i i

i iX T X T+

+ +
 = .These requirements lead 

to the following algebraic 

constraints on the coefficients: 
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( 1) ( ) ( 1) ( ) ( 1) ( ) ( 1) ( )

0 0 1 1 1 1 1 2 2 1

1
( ) 2( ) 0

2

i i i i i i i i

i ia a a a T a a a a T+ + + +

+ +− + − = − + − =  

and 

( 1) ( ) ( 1) ( ) ( 1) ( ) ( 1) ( )

0 0 1 1 1 1 1 2 2 1

1
( ) 2( ) 0

2

i i i i i i i i

i ib b b b T b b b b T+ + + +

+ +− + − = − + − =  

Based on the differences ( 1) ( )

0 0

i ia a+ −  and ( 1) ( )

0 0

i ib b+ −  , we distinguish four distinct cases. In the 

following analysis, we focus on the specific case where ( ) ( )( 1) ( 1)

0 0 0 0 0
i ii ia a b b+ +− = − = , considering the 

matrix 
0 1

0 0
A

 
=  
 

 .This configuration implies that ( ) ( ) ( )( 1) 
i iX t X t+=   for every  i n  . By 

applying Theorem 5, we deduce the following relations for the control parameters: 

( ) ( ) ( ) ( )1 1

2 2 1,  
i i i i

i y i yB u v B u v
+ +

+= =  

( ) ( )*1 1 1

1 2

1 1

1

2

i ii i i i i i

i

i i i i

x x y T T y
B T B

y y y y

+ + +

+ +

 − −
= − + 

− − 
 

yielding the explicit expression for the state trajectory: 

( ) ( )

( )

( ) ( )

( )

( )*0 1
1 2

1 1

1

1
1 1

2
2( ) 2

0

i i
i i ix i y i i

x y i y

ii i i i i
y y

i i

x v T v T T
v v T v

X t t t
y T T y

v v
y y

+
+

+ +

+

 
 − +    −    = + +   −    −     − 

. 

. Consequently, the following fundamental properties are satisfied:  

( ) ( )1i i

y yv v
+

=  (23) 

( ) ( ) ( )1 ( )

2

1

2

i i i

x x y i iv v v T T
+

+− = −  (24) 

and 

( ) ( ) ( )1

2 2 1

i i i

i i yB u B u v
+

+= =  (25) 

and 

1 1 1 2 1 2

1 2 1

i i i i i i i i

i i i i

y T T y y T T y

T T T T

+ + + + + +

+ + +

− −
=

− −
 

(26) 

Thus, the general form of the trajectory is given by: 

( )

( )

( ) ( )

( )

( )
0(0)

0 0 * 00 0 1 0
1 2

00 1 0 1 0

0 1

1
1 1

2
2( ) 2

0

x y
x y y

y y

x v T v TT
v v T v

X t t t
y T T y

v v
y y

 
 − +    −    = + +   −    −     − 

 

In the particular case where 
0 0  0x y= = and

0  0T = , the expression simplifies significantly: 
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1

1 1

1 2

1

1

1

1

2
2( )

0

x
y y

T
TX t t t

y

T

 
−   

  = +
    

   
 

. 

Furthermore, if we assume uniform time steps ,iT i=  ( )X t  reduces to: 

( ) ( )

( )

( )0 1 0 1 0 21 0

0
1 0

1 1

( ) 2 2

0

x x x y y y y
X t t t

y
y y

   
− − − −     = + +         −   

 

which leads to the following recurrence relations:  

1 2 1 1 22  ,    2i i i i i i i ix x x y y y y y+ + + + +− − = − + = − , 

and determines the input distribution vector components:

( ) ( )
( ) ( )11

1 2

1 1

11
2 1

2

i ii ii i

i i i i

y i iyx x
B i B

y y y y

++

+ +

+ − −
= − + + 

− − 
 

with the command consistency ( ) ( )1

2 2 1 1

i i

i u i iB u B u y y
+

+ += = − .Observing 

that 
2 1 1 1 0 ··· ,i i i iy y y y y y+ + +− = − = = −  it follows that

1 2 0 12 i i ix x x y y+ +− − = −  , which implies

2 1 1 0 1j j j jx x y y x x+ + +− = − + − . This confirms that ( )jy  and ( )1j jx x −−  are arithmetic sequences with 

a common difference related to ( )1 0 .y y−  Specifically: 

( )0 1 0jy y j y y= + −  and ( )( )1 1 0 1 0  1 .j jx x x x j y y−− = − + − −  

Finally, the vector B  and the command u  are expressed as: 

( ) ( )1 0 1 0 0

1 2

1 0 1 0

( ) 1
( (2 1) )

2

i ix x j y y y
B i B

y y y y

− + −
= − + −

− −
, 

( 1) ( 1)1 0 1 0 0

1 2

1 0 1 0

( 1)( ) 1
( (2 3) )

2

i ix x j y y y
B i B

y y y y

+ +− + + −
= − + −

− −
 

under the condition ( ) ( 1)

2 2 1 1 0

i i

i iB u B u y y+

+= = −  .Note that the simplification 
1 0( 1)i iiy y i y+ − + = −

remains consistent throughout these substitutions. 

Example 8. Let the time interval be fixed as  0,6 and the matrix 

0 1

0 0
A

 
=  
 

 

.We consider the second-order linear control system 

( ) ( ) ( ) ( )X t AX t B t u t = +  

We define the partition 
iT i= , for

0
0,.....,5. (0)

0
i X

 
= =  

 
  and

1
(1)

1
X

 
=  
 
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For the command is defined as a piece wise constant function by
1

( )
1

u t
i

=
+

 and The input matrix 

( )B t  is also piece wise constant and given by
1

( ) 2

1

i

B t

i

+ 
 =
  + 

 

Then, the corresponding state trajectory of the system is explicitly given by 

2

1 1

( ) 2 2

1 0

X t t t

   
   = +
      
   

,  0,6t . 

  

Fig.1 : 2

1 1

( ) 2 2

1 0

X t t t

   
   = +
      
   

 Fig.2 : 
1 1 8

2

x
y

−  +
=  

1

8
x

−
  

Fig 1 shows the evolution of the solution ( )X t  with piece wise constant controls on each sub 

interval. 

Fig 2 shows the trajectory in the ( , )x y plane and illustrates that this method. 

7 Conclusion 

In this work, we developed an algebraic method for the systematic resolution of second-order 

linear dynamic systems with a singular matrix. We demonstrated that the state trajectory is 

explicitly determined as a polynomial of degree less than or equal to 2, with a characterization 

that depends directly on the matrix eigenvalues. This approach avoids integral computations 

and extends naturally to the case of piece-wise systems. 
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