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Abstract

This work investigates the linear control problem in which the matrix is singular of order two,
a situation encountered in several scientific disciplines. The first part of this study examines
the influence of the matrix on the system’s solution, showing how various characteristics of the
matrix are directly reflected in the solution. The method proposed in this paper is new and
distinct from those commonly found in the literature, as it is based on algebraic tools from
matrix calculus.
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1 Introduction

Linear dynamical systems of the first order provide a fundamental framework for modeling a
wide range of physical, engineering, and mechanical processes. The mathematical foundations
of ordinary differential equations, together with the analysis and design of linear control
systems and feedback strategies, have been extensively developed in classical textbooks[ 1, 2,
4,7, 8].

These works establish the theoretical basis for state-space modeling, solution techniques, and
stability analysis of linear systems. Beyond the classical theory, linear systems have been
studied from a more structural perspective, emphasizing the decomposition of dynamic and
algebraic modes, as well as controllability and observability properties. Important contributions
in this direction include the analysis of singular and descriptor systems[5], which naturally
arise in constrained mechanical, electrical, and economic models[3].

These studies highlight the necessity of algebraic tools such as generalized inverses and matrix
pencil theory. Optimal control theory provides a unifying framework for the analysis and
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synthesis of control laws for linear and singular systems[9]. A comprehensive presentation
covering theoretical foundations and a wide range of applications is given in the monograph
by Tr’elat [6].This work serves as a fundamental reference for modern developments in optimal
control and constrained dynamical systems[10].

In this work, we study a class of second-order linear systems with a singular matrix. By
imposing certain conditions on the control and the input matrix, we show that the solutions can
be sought in polynomial form of degree at most two. The characterization of the solution
depends directly on the eigenvalue of the matrix 4: when it is zero, the solution is a quadratic
polynomial, whereas otherwise it is linear. This property reveals a simple structure of the
dynamics and provides a direct alternative to standard analytical approaches.

This approach provides a constructive and computationally efficient alternative for the analysis
and control of singular systems with piece wise-defined inputs.

This paper is organized into six sections. Section 1 presents the introduction and motivation of
the study. Section 2 introduces the second-order optimal control problem under consideration.
Section 3 analyzes the properties of the system matrix A and its effect on the solution. Section
4 develops the algebraic formulation of the problem, studies the singular system matrix, and
presents numerical examples. Section 5 is devoted to the resolution of the system under piece
wise constant control inputs. Finally, Section 6 concludes the paper.

2 Problem statement
A state equation for a linear time-invariant system has the form

X'(t)=AX (t)+Bu(t)

X(to):(xoj, te[t,T] ()

Yo

In which X(7) € R" is the state vector, u(f) € R” the input vector and 4,B,C are matrices having
dimensions nxn,nxm nxn,nxmrespectively. The state response is of the form [7, Identity 2.12
p.62]

X(£)=" X (1,)+ ] Bu(z ) @

0

We restrict our attention to the case n =2, m =1 and u(¢)=u constant in interval [£,,T]. We

2

. a b . B] . 2 2
consider 4= J singular, B = B with ¢B} +(d—a)BB,—bB; #0 to assure the
c

X\t
controllability of the system. The system (1) admits a unique solution X (t):[ ( )] that

»(1)
satisfy X (¢,)= (xo] and X (T) = [xl ) in the Interval [7,,7']. The series expansion of the state
Yo N

response is
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X(1)= Z()[th

In this work we are interested by the algebraic relationships between the coefficients a; and b;
to characterize the polynomial state solution with a chosen command .

3 Action of matrix 4 on the solution

Since the eigenvalues of 4 are 0 and A=a+d then 4" =A1""A . The integration method
permits to write the solution (2) under the form
A j

X()= R0+ 5 ErAY (1)(e-1)

Pz(t):X(zo)—to)('(to)+%zsl)('(z0)t§+(1—Ato)X'(zo)t+%AX'(to)t2

is a polynomial at most of degree 2. In order to get explicitly P> we need the algebraic
interpretation of state equation (1) given by the following theorem

Lemma 1. We have

aa, +bb, = a, — Bu,aa, +bb, =2a,, 3)
ca, +db, = b, — B,u,ca, +db, =2b,, 4)
and

aa,+bb, =(n+1a,, ,ca,+db, =(n+1b, ,n=1 (5)

n+l2 n+l2

Proof. Since

a b 5 a, o a,Bu +Z( )a, "
= n a
¢ d)n0 bn bleu n>1 i

Then

a bifay a a, ..\ (a—Bu 2a, 3a, ..
¢ d)\b, b b, ..) \b—Bu 2b, 3b ..
and the desired result follows. O

For n > 2 the recurrence relation conducts to da, = bb,. Consequently we have already proved

the following theorem.

Theorem 2. The polynomials solutions of the system (1) if there exist, are of the form
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a, 2 a, a, £ 120 (6)
) v

a, a, £ 7 :
(bI]H{bj if A#0and AX'(,)=0

0

X(t)=

4 Case 10

In this case the problem is sample to resolve, the following theorem gives the answer

Theorem 3. The solution is

xO_vxtO vx
X(1)= I + § t
0 =Wl v (7N

with the command

v, —ax, —by,

if B,#0
u=l B (8)
—cx,—d
L% w;) 20 i B, #0

2

according to the condition that

9
A(IXJ:O andBl(vy—cxo—dyo):Bz(vx—axO—byO) )

y

These algebraic formulations explain how to obtain the solution with appropriate command
without using computational algorithm. Different cases are regrouped in the following table 1,
and some numerical examples are illustrated in table 2.

Table 1: Total number of clique partitions

Case Condition u
ac#0,b=d =0 Bl(vy—cxo) =B, (v, —ax,) v, —ax, OrVy—Cxo
Bl BZ
a,b#0,c=d=0 Blvy:Bz(vX—axo—byo) v, —ax, —by, ori
BI BZ
a#0,b=c=d=0 By, =B, (v, —ax,) vmaxy Yy
Bl 2
c,d#0,a=b=0 Bl(vy—cxo—dyo) =B,v, iorv}’_cx‘)_dy‘]
Bl BZ
b,d#0,a=c=0 Bl(vy_dy()) =B, (v, ~by,) Vx_bJ’oorvy_dyO
B, B
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d;tO,a:b:c:O Bl(vy—dyo) :Bzvx Lor\)"r—dyo
Bl BZ
abed #0 B, (vy —cxy — dyo) =B, (v, —ax,—by,) v, —ax, —by, op Ly %0~ dy,
B B,

Table 2: Numerical examples of case 1-0

A ) (] ) ke xw
G1=1 RN
9 3 3
kb ) B [
9 3 3

R TR I SO )

2 !

5
b3 ) [2) )

In this Table.Wen A # 0 ,we observe that the solution is a degree one polynomial.

Table 3: different systems of A=0

Discriminant | System
A=0 aa, +bb, =a, — Bu
ca,+dby=b —Bu
A=0 aa, +bb, =2a,
ca, +db, =2b,
A=0 aa, +bb, =0
ca,+db, =0

5 case /=0

The case where the trace of 4 is A=0gives rise to several specific configurations,which we
will detail below.

5.1 Relationships between 4,B and u

Letting A=ad-bc then A=0 and we rearrange the equations (3), (4) and (5) as systems in the
Table 3.
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Theorem 4. The relationship between A, B, u and the coefficient a;bi and u is given by the
following equalities

(dB, —bB, )u = Aa, —2a, (10)
da, = bb, (11)
Aa, =0 (12)

Proof. The multiplication of equations in the first system respectively by d and b permits to
obtain  d(a,—Bu)=b(b,—Bu) and  (dB, —bB)u=da, —bb, .But  bb =2a,—aa,  then
(dB, —bB,)u = da, —2a, +aa, and the relation (10) follows. The multiplication of equations in the
second system, respectively by d and b let us to get the relation(11). Replacing &b, by da, in the
first equation of the last system to deduce relation (12). O

=N
=

Letting 7" =T +¢, and the velocities v, = L;CO andv, = ;
o R

The coefficients a, andb, of a solution satisfy the following properties

a,=v,—a, T b =v, —bT", (13)

a, =X, —at, —at,, b, =x, —bt, —b,t; (14)

(2+AT")a, =av, +bv, (15)
and

(2+AT")bb, =d(av, +bv,) (16)

In what follows we compute P; according to different states of4. According to the value of 4
we distingue four cases of the matrix 4.

5.2 Differente case of 4
5.2.1case a=c=d=0andb=0

To assure the controllability of the system(1),we assume that B> different of zero as required by
condition ¢B; +(d —a)BB, —bB; #0

Theorem 5. In the case a=c=d=0andb=0 and B, #0.

For the point X(T) there exist the control

Bu=v, (17)

and b must equal 1. Thereafter

B :[x()_xl _lT*+yoT_toyl)B (18)
1 2
Yo—n 2 Yo =N

Received: 20 Aug 2025 2135



International Journal of Applied Mathematics

Volume 39 No. 1s, 2026
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
such the trajectory relating X(to) to X(T) is

*

1 1

X, — V.1, +EvyTt0 (v, —EV},T ) lv

X(1)= . + I t+ 27|,
_Yo oM, (_yo Oy‘]v},+vy 0

y

Yo =N Yo =N

X, — X, -
where : v, =" Ow:% Yo
S T-t, Tt

and T" =T +t,

In [4, p.5,exam 1-11], the author treats the example

oy Yo

u=2 and
T
0} (xn
X(t): w |+ 2r r
7) Lo (19)
the equation of the trajectory is
_ T (20)
T 2y, g

5.2.2case a=b=d=0,c#0
Theorem 6. In the case a=b=d=0,c+0 and B, #0.

For the point x(1) there exist the control

"y iv_ (21)
B, ¥
and
B, = (i LBy ct,)B, (22)
v A%

X X

such the associated trajectory relates X(t,) to X(T) is

Xy — V.2, v, 0
X(@)= 1 .1 + 1 Ll .
YoVl t ECVXT t —Ecvxt(f v, —ECVXT Ecvx

5.2.3 case abc#0
Theorem 7. In the case 2=0,abc#0 and dB, +bB,, the values of o and b, are

bv, +av,
2

_ _ T* _ 2
a, = s =V, — @yl a4y =X, —aly —
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and

b, :_%,bl =v, —b,T" b, = y, —bt, ~b,12.

. —aa, —bb 2
Finally we have B, =—%% "2 g qnd y = —=%
b, —ca, +ab, bB, +ab,

Table 4: Numerical examples of case 1=0

A [7:T]

T

[o OJ [1.3]
40

<

=)

Il
—
> W
N

X (1) x(1) 1X(1)

|- -

— —
|- N =
\O —
N

Table 4 highlights the impact of the eigenvalue on the form of the solution Xx(r) We observe

that the solution is a quadratic polynomial when 1=0.
6 Systems with piece wise command

For each indexie N, we consider the time interval 7, =[7.7,,] during which a constant piece
wise command « =u, is applied. The resulting state response X(¢), denoted X (¢) on1,, takes

the quadratic form:
_ a® a® a®
XO@) = [bg”}r[b;”]“{bg”}z
with the initial condition at the node 7, given by .. X“(T)) = [x’}
Vi
To ensure the global continuity of both the state X(¢) and its velocity X’(¢) over the union of
intervals 7, = ), , we impose the
i=1
matching conditions X“(7,,)=Xx""(7,,) and (X")(T,,)=(X"")(T,,) .These requirements lead
to the following algebraic

constraints on the coefficients:
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a(()m) _a(():) _'_E(al(m) _al(’))];H _ al(,+1) _al(z) +2(a§z+1) _a;,))z;ﬂ -0
and

bét+1) _b(()l) +5(b1(’+1) _bl(l))T;+l :bl(t+1) _bl(t) +2(b§l+1) _bél) )T;+1 — 0

Based on the differences o)™ -4’ and 5" -b", we distinguish four distinct cases. In the

following analysis, we focus on the specific case where o/ —a!) = b*" —b) =0, considering the
. 0 1 . . . . ; .
matrix A= (O OJ .This configuration implies that x"(r) = x“"(s) for every ic[n]. By

applying Theorem 5, we deduce the following relations for the control parameters:

Bé[)u[ _ VE,[)’ Bgﬂ)um — VSH)
B](i) _ ( Xi —Xin _lz* " Y Ty JBS')
Vi=Vin 2 Vi~ Vin

yielding the explicit expression for the state trajectory:

i BN
Xo — V,(r )T: +Ev§’)];+]7; v(_i) —lv(i)T* lv(i)
XO=" ,r 1y 2 e 2 e
iyt T4 Vin (f i
_—v},) V(v) 0
Yi=YVin ,

. Consequently, the following fundamental properties are satisfied:

v(vi) _ vﬁ[m) (23)
o L) 24
and
BYu, = By, =) (25)
and
yz];ﬂ _T;yHl — yi+17;+2 _]—;+1yi+2 (26)
T;H _T; 7;+2 _T;H

Thus, the general form of the trajectory is given by:

1
x, =T, + EV,(VO)T] L (yo_Lyor) (1

X(@)= T N S IS P
_yoTl _Toyl V(O) 0) 0

\%
Yo =N

2

y y

In the particular case where x, =y, = 0and7, = 0, the expression simplifies significantly:
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x 1
= RN Vi
! 2 2
X() t+| 2T |t
= 0
T,

Furthermore, if we assume uniform time steps 7, =i, X (¢) reduces to:
%), |G =5) =300, [ 30n-3)

X(t) — 0 + 1 0 2 1 0 f+ 2 1 0 t2
Yo ()4 Yo ) 0

which leads to the following recurrence relations:

2%, =X X0 = —ViatVo V= 2V~ Voo

and determines the input distribution vector components:
. X, Ai+1) =iy, ,
BY :(x, Xy —l(2i+1)+ yi(i+D) =iy, ]Bg,)
Vi= Vi 2 Vi~ Vin

i+1)

with the command consistency B\u, = B/"u,,, =y, —y,.Observing

u+l
that y.,-v. =».,-». = =y -y, it follows that 2x  -x-x,,=y,-» , which implies
X, =X, =¥ =¥, +x,, —x;. This confirms that ( yj) and (xj —xj_l) are arithmetic sequences with

J+2

a common difference related to (y,—y,). Specifically:
y/=y0+j(y1_yo) and X, =X, =X —X + (]_ 1)()’1_)/0)'

Finally, the vector 5 and the command are expressed as:

. —x,+ j(y, — i
Bl(z) _ (xl Xy + (v = ¥,) _1(21.4_1)_ Yo )B;') ,
=N 2 =N

Bl(i+l) _ (xl — X%+ (DO —») —l(2i+3)— Yo )B;M)
N =W 2 N =N

under the condition By, = B{""u,, =y -y, .Note that the simplification iy, —y.(i+1)=-y,

remains consistent throughout these substitutions.

Example 8. Let the time interval be fixed as [0,6] and the matrix

s o

.We consider the second-order linear control system

X'(t) = AX () + B(O)u(t)

Received: 20 Aug 2025 2139



International Journal of Applied Mathematics

Volume 39 No. 1s, 2026

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)
For the command is defined as a piece wise constant function by u(t) = Ll and The input matrix
1+
i+l
B(t) is also piece wise constant and given by B(t)=| 2
i+1

Then, the corresponding state trajectory of the system is explicitly given by

1
X(t)[i]w{ }z,te[Oﬁ].
1

u=1/4
B=(24)

S N

21,6}

u=1/3
B=(3/2,3)

H

Fig 1 shows the evolution of the solution X(¢) with piece wise constant controls on each sub

=i
i B=(12)
B8=(1/2,1)

: } —1++/1+8x -1
Flgl X(t)[ Jtz F1g2 Yy =— x>—

—_ N | =
S N

interval.

Fig 2 shows the trajectory in the (x,y)plane and illustrates that this method.

7 Conclusion

In this work, we developed an algebraic method for the systematic resolution of second-order
linear dynamic systems with a singular matrix. We demonstrated that the state trajectory is
explicitly determined as a polynomial of degree less than or equal to 2, with a characterization
that depends directly on the matrix eigenvalues. This approach avoids integral computations
and extends naturally to the case of piece-wise systems.
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