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Abstract 

We study the blow-up time of a semilinear parabolic problem with small diffusion and 

nonlinear memory. As the diffusion vanishes, the singular time is governed by a scalar 

memory equation. Under standard ellipticity, positivity and convexity assumptions, we prove 

convergence to this limiting time, with an 𝑂(𝜀) estimate in the null case and an 𝑂(𝜀1/3) 

estimate when the potential has a positive interior maximum. Radial computations with an 

adaptive implicit scheme illustrate the estimates. 
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1. Introduction 

Finite-time blow-up is one of the central singularity mechanisms in nonlinear parabolic 

equations. In this paper, blow-up means that the maximal existence time 𝑇 is finite and 

lim
𝑡→𝑇−

∥ 𝑢(⋅, 𝑡) ∥𝐿∞(𝛺)= +∞. 

We investigate this phenomenon for a semilinear parabolic problem in which the reaction is 

not instantaneous. The reaction is accumulated through the memory term 

∫ 𝑓
𝑡

0

(𝑢(𝑥, 𝑠)) 𝑑𝑠, 

so that the value of the solution at time 𝑡 depends on its whole previous history at the same 

spatial point. 

Let 𝛺 ⊂ ℝ𝑁 be a bounded domain with smooth boundary. For 𝜀 > 0, we consider 

𝑢𝑡(𝑥, 𝑡) = 𝜀𝐿𝑢(𝑥, 𝑡) + ∫ 𝑓
𝑡

0

(𝑢(𝑥, 𝑠)) 𝑑𝑠 + 𝑏(𝑥), 𝑥 ∈ 𝛺, 0 < 𝑡 < 𝑇,  (1) 

𝑢(𝑥, 𝑡) = 0, 𝑥 ∈ ∂𝛺, 0 < 𝑡 < 𝑇,  (2) 

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ 𝛺.  (3) 

Here 
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𝐿𝑢 = ∑
∂

∂𝑥𝑖

𝑁

𝑖,𝑗=1

(𝑎𝑖𝑗(𝑥)
∂𝑢

∂𝑥𝑗
) 

is uniformly elliptic and 𝑏 is a nonnegative spatial potential. The limiting memory equation 

associated with (1) is 

𝛼′(𝑡) = ∫ 𝑓
𝑡

0

(𝛼(𝑠)) 𝑑𝑠 + 𝑏0,  𝛼(0) = 𝑀,  (4) 

where 

𝑀 = max
𝛺
𝑢0,  𝑏0 = max

𝛺
𝑏. 

The purpose of this paper is to show that the blow-up time 𝑇𝜀 of (1)-(3) converges to the 

blow-up time 𝑇̃ of (4) as 𝜀 → 0+, and to give quantitative estimates for this convergence. 

The problem lies between several classical lines of work. In the small-diffusion setting, the 

blow-up time for instantaneous reactions was shown to converge to the corresponding scalar 

blow-up time [3]; the reduction relies on tools such as the first-eigenfunction method and 

maximum principles [6,9], within the broader theory of superlinear parabolic problems [10]. 

For nonlinear memory, Bellout [1] treated convolution sources of the form 

∫ 𝑚
𝑡

0

(𝑡 − 𝑠)𝑓(𝑢(𝑥, 𝑠)) 𝑑𝑠 

and obtained existence, uniqueness, finite-time blow-up, localization of the blow-up set and 

rate estimates. Memory effects also occur in viscoelastic heat equations, where blow-up can 

be proved through modified energy functionals and concavity arguments [4]. On the 

numerical side, discrete singular-time analysis for parabolic problems has been developed for 

extinction and quenching computations [2,7]. 

The present article is complementary to these results. It does not seek a general criterion for 

all memory kernels and does not study the localization of the blow-up set. Instead, it isolates 

the unit-kernel memory case and examines how the singular time changes when the diffusion 

is small. The limiting object is not the scalar equation associated with an instantaneous 

source; it is the second-order scalar equation obtained by differentiating (4). This feature 

changes both the formula for the limiting time and the way the parabolic estimates are 

derived. 

The analysis proceeds in three steps. First, the limiting memory equation is identified and its 

blow-up time is written explicitly as an integral. In the case 𝑀 = 𝑏0 = 0, the first Dirichlet 

eigenfunction gives the estimate 

0 ≤ 𝑇𝜀 − 𝑇̃ ≤
𝜀𝜆𝑇̃2

2
+ 𝑜(𝜀), 

where 𝜆 is the first Dirichlet eigenvalue associated with −𝐿. When the potential has a positive 

interior maximum, the argument is localized near the maximizing point and yields an 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

Received: 25 April 2025  2088 

𝑂(𝜀1/3) estimate. The final section tests the theory on a radial benchmark and verifies the 

stabilization of the computed blow-up time up to 𝐼 = 512. 

The paper is organized as follows. Section 2 gives the assumptions and the limiting memory 

time. Section 3 records positivity, continuation and monotonicity properties. Sections 4 and 5 

prove the 𝑂(𝜀) and 𝑂(𝜀1/3) blow-up-time estimates. Section 6 presents the numerical 

approximation and the benchmark computations. A short conclusion closes the paper. 

2. Assumptions and the limiting memory equation 

We use the following assumptions throughout the paper. 

(A1) The domain 𝛺 ⊂ ℝ𝑁 is bounded and has a 𝐶2 boundary. 

(A2) The coefficients 𝑎𝑖𝑗 ∈ 𝐶
1(𝛺) satisfy 𝑎𝑖𝑗 = 𝑎𝑗𝑖 and there exists 𝜈0 > 0 such that 

∑ 𝑎𝑖𝑗

𝑁

𝑖,𝑗=1

(𝑥)𝜉𝑖𝜉𝑗 ≥ 𝜈0|𝜉|
2, 𝑥 ∈ 𝛺, 𝜉 ∈ ℝ𝑁 . 

(A3) The source 𝑓 ∈ 𝐶1([0,∞)) is positive, nondecreasing and convex on [0,∞), and the 

integrals defining the limiting blow-up times below are finite. 

(A4) The initial datum 𝑢0 ∈ 𝐶
2(𝛺) satisfies 𝑢0 ≥ 0 in 𝛺 and 𝑢0 = 0 on ∂𝛺. The potential 

𝑏 ∈ 𝐶1(𝛺) satisfies 𝑏 ≥ 0 in 𝛺. 

(A5) There exists 𝑎 ∈ 𝛺 such that 

𝑢0(𝑎) = 𝑀 := max
𝛺
𝑢0,  𝑏(𝑎) = 𝑏0 : = max

𝛺
𝑏. 

For later use we set 

𝐹(𝑠) = ∫ 𝑓
𝑠

0

(𝜎) 𝑑𝜎,  𝑠 ≥ 0. 

Differentiating (4) gives 

𝛼″(𝑡) = 𝑓(𝛼(𝑡)),  𝛼(0) = 𝑀, 𝛼′(0) = 𝑏0. 

This second-order form gives the limiting blow-up time explicitly. The next proposition gives 

the scalar blow-up time that will be used as the reference time throughout the article. 

Proposition 2.1. Assume that 𝑓 ∈ 𝐶1([0,∞)) is positive and let 

𝐹(𝑠) = ∫ 𝑓
𝑠

0

(𝜎) 𝑑𝜎,  𝑠 ≥ 0. 

Let 𝛼 be the maximal solution of (4), where 𝑀 ≥ 0 and 𝑏0 ≥ 0. Then 𝛼 is increasing on its 

maximal interval of existence. Moreover, if 
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∫
𝑑𝜎

√𝑏0
2 + 2(𝐹(𝜎) − 𝐹(𝑀))

∞

𝑀

< ∞, 

then 𝛼 blows up in finite time and its blow-up time is given by 

𝑇̃ = ∫
𝑑𝜎

√𝑏0
2 + 2(𝐹(𝜎) − 𝐹(𝑀))

∞

𝑀

.  (5) 

In particular, when 𝑀 = 𝑏0 = 0, one has 

𝑇̃ =
1

√2
∫

𝑑𝜎

√𝐹(𝜎)

∞

0

.  (6) 

Proof. The memory equation may be differentiated with respect to time. Since 𝑓 ∈

𝐶1([0,∞)), the solution 𝛼 is of class 𝐶2 on its maximal interval of existence and satisfies 

𝛼″(𝑡) = 𝑓(𝛼(𝑡)),  𝛼(0) = 𝑀, 𝛼′(0) = 𝑏0. 

Because 𝑓 is positive on [0,∞), we have 𝛼″(𝑡) > 0 as long as the solution exists. Hence 𝛼′ is 

increasing. Since 𝛼′(0) = 𝑏0 ≥ 0, it follows that 𝛼′(𝑡) ≥ 𝑏0 ≥ 0 for all admissible 𝑡. 

Therefore 𝛼 is increasing. 

Multiplying the differential equation by 𝛼′(𝑡) gives 

𝛼″(𝑡)𝛼′(𝑡) = 𝑓(𝛼(𝑡))𝛼′(𝑡). 

Equivalently, 

𝑑

𝑑𝑡
(
1

2
(𝛼′(𝑡))

2
) =

𝑑

𝑑𝑡
𝐹(𝛼(𝑡)). 

Integration from 0 to 𝑡 yields 

(𝛼′(𝑡))
2
= 𝑏0

2 + 2(𝐹(𝛼(𝑡)) − 𝐹(𝑀)). 

Since 𝛼′(𝑡) ≥ 0, we obtain 

𝛼′(𝑡) = √𝑏0
2 + 2(𝐹(𝛼(𝑡)) − 𝐹(𝑀)). 

Separating variables gives 

𝑡 = ∫
𝑑𝜎

√𝑏0
2 + 2(𝐹(𝜎) − 𝐹(𝑀))

𝛼(𝑡)

𝑀

. 

If the integral over [𝑀,∞) is finite, the maximal time is finite, and letting 𝛼(𝑡) → ∞ gives 

(5). Formula (6) follows by taking 𝑀 = 𝑏0 = 0. 

Remark 2.2. For the numerical benchmark 𝑓(𝑠) = 𝑒𝑠 and 𝑀 = 𝑏0 = 0, one has 𝐹(𝑠) =

𝑒𝑠 − 1 and therefore 
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𝑇̃ =
1

√2
∫

𝑑𝜎

√𝑒𝜎 − 1

∞

0

=
𝜋

√2
≈ 2.221441469. 

This value is used in Section 6. 

3. Positivity and monotonicity 

The first result records the local solvability and the blow-up alternative needed later. 

Proposition 3.1. Assume (A1)-(A4). For each 𝜀 > 0, problem (1)-(3) admits a unique 

nonnegative classical solution on a maximal interval [0, 𝑇𝜀). Moreover, either 𝑇𝜀 = ∞, or 

lim
𝑡→𝑇𝜀

−
∥ 𝑢(⋅, 𝑡) ∥𝐿∞(𝛺)= +∞. 

Proof. We first prove local existence. Fix 𝑆 > 0 and 𝑅 > 0, and define 

𝑋𝑆,𝑅 = {𝑣 ∈ 𝐶(𝛺 × [0, 𝑆]): 0 ≤ 𝑣 ≤ 𝑅}. 

For 𝑣 ∈ 𝑋𝑆,𝑅, let 𝛷(𝑣) = 𝑤, where 𝑤 is the solution of the linear parabolic problem 

{
 

 𝑤𝑡 = 𝜀𝐿𝑤 +∫ 𝑓
𝑡

0

(𝑣(𝑥, 𝑠)) 𝑑𝑠 + 𝑏(𝑥), 𝑥 ∈ 𝛺, 0 < 𝑡 < 𝑆,

𝑤 = 0, 𝑥 ∈ ∂𝛺, 0 < 𝑡 < 𝑆,
𝑤(𝑥, 0) = 𝑢0(𝑥), 𝑥 ∈ 𝛺.

 

The standard theory of linear uniformly parabolic equations gives a unique classical solution 

𝑤 on 𝛺 × [0, 𝑆]; see, for example, Henry [5] and Pao [8]. 

Since 𝑣 ≥ 0, 𝑓(𝑣) ≥ 0, 𝑏 ≥ 0 and 𝑢0 ≥ 0, the maximum principle gives 𝑤 ≥ 0. Moreover, 

0 ≤ ∫ 𝑓
𝑡

0

(𝑣(𝑥, 𝑠)) 𝑑𝑠 ≤ 𝑆 max
0≤𝜉≤𝑅

𝑓(𝜉). 

The parabolic maximum estimate yields 

∥ 𝑤 ∥𝐿∞(𝛺×(0,𝑆))≤∥ 𝑢0 ∥𝐿∞(𝛺)+ 𝑆 (∥ 𝑏 ∥𝐿∞(𝛺)+ 𝑆 max
0≤𝜉≤𝑅

𝑓(𝜉)). 

Choosing 𝑅 > 2 ∥ 𝑢0 ∥𝐿∞(𝛺) and then 𝑆 > 0 sufficiently small, we obtain 0 ≤ 𝛷(𝑣) ≤ 𝑅; 

hence 𝛷 maps 𝑋𝑆,𝑅 into itself. 

Let 𝑣1, 𝑣2 ∈ 𝑋𝑆,𝑅 and set 𝑤𝑖 = 𝛷(𝑣𝑖). Then 𝑧 = 𝑤1 − 𝑤2 satisfies homogeneous boundary 

and initial conditions and 

𝑧𝑡 = 𝜀𝐿𝑧 + ∫ (𝑓(𝑣1(𝑥, 𝑠)) − 𝑓(𝑣2(𝑥, 𝑠)))
𝑡

0

 𝑑𝑠. 

Since 𝑓 is Lipschitz on [0, 𝑅], there is 𝐿𝑅 > 0 such that 

|𝑓(𝜉) − 𝑓(𝜂)| ≤ 𝐿𝑅|𝜉 − 𝜂|,  0 ≤ 𝜉, 𝜂 ≤ 𝑅. 

Another maximum estimate gives 
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∥ 𝑧 ∥𝐿∞(𝛺×(0,𝑆))≤ 𝑆
2𝐿𝑅 ∥ 𝑣1 − 𝑣2 ∥𝐿∞(𝛺×(0,𝑆)). 

Taking 𝑆 smaller if necessary so that 𝑆2𝐿𝑅 < 1, 𝛷 becomes a contraction. The Banach fixed 

point theorem gives a unique local solution. 

The same argument can be restarted from any time 𝑡0 < 𝑇𝜀. If 𝑇𝜀 < ∞ and 

sup
0<𝑡<𝑇𝜀

∥ 𝑢(⋅, 𝑡) ∥𝐿∞(𝛺)< ∞, 

then 𝑓(𝑢) and the memory term ∫ 𝑓
𝑡

0
(𝑢(𝑥, 𝑠)) 𝑑𝑠 remain bounded on 𝛺 × (0, 𝑇𝜀). Parabolic 

continuation then extends the solution beyond 𝑇𝜀, contradicting the maximality of 𝑇𝜀. Thus a 

finite maximal time can occur only through blow-up in the 𝐿∞ norm. 

The next lemma gives the time monotonicity required in the eigenfunction estimates. 

Lemma 3.2. Assume (A1)-(A4) and suppose that 

𝜀𝐿𝑢0(𝑥) + 𝑏(𝑥) ≥ 0,  𝑥 ∈ 𝛺. 

Then the solution of (1)-(3) satisfies 

𝑢𝑡(𝑥, 𝑡) ≥ 0,  𝑥 ∈ 𝛺, 0 < 𝑡 < 𝑇𝜀 . 

Proof. Since the solution is classical on every compact subinterval of [0, 𝑇𝜀), we may 

differentiate (1) with respect to 𝑡. Set 𝑤 = 𝑢𝑡. Then 

𝑤𝑡 = 𝜀𝐿𝑤 + 𝑓(𝑢),  𝑥 ∈ 𝛺, 0 < 𝑡 < 𝑇𝜀 . 

The boundary condition (2) gives 𝑤 = 0 on ∂𝛺 × (0, 𝑇𝜀), and at 𝑡 = 0 the original equation 

gives 

𝑤(𝑥, 0) = 𝑢𝑡(𝑥, 0) = 𝜀𝐿𝑢0(𝑥) + 𝑏(𝑥) ≥ 0. 

By Proposition 3.1, 𝑢 ≥ 0, and therefore 𝑓(𝑢) ≥ 0. Hence 𝑤 solves a linear parabolic 

problem with nonnegative initial datum, nonnegative source term and homogeneous 

boundary condition. The maximum principle yields 𝑤 ≥ 0 in 𝛺 × (0, 𝑇𝜀), which proves the 

lemma. 

4. The null initial-potential case 

Let (𝜓, 𝜆) be the first Dirichlet eigenpair associated with −𝐿: 

−𝐿𝜓 = 𝜆𝜓 in 𝛺,  𝜓 = 0 on ∂𝛺,  𝜓 > 0 in 𝛺,  (7) 

with normalization 

∫𝜓
𝛺

(𝑥) 𝑑𝑥 = 1. 

We now treat the null initial-potential case. In this setting the first-eigenfunction method 

gives an explicit small-diffusion estimate. 

Theorem 4.1. Assume (A1)-(A4), 𝑢0 ≡ 0, 𝑏 ≡ 0 and 𝑓(0) > 0. Let 𝑇̃ be given by (6). If 
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0 < 𝜀 <
1

𝜆𝑇̃
, 

then the solution of (1)-(3) blows up in finite time and its blow-up time satisfies 

0 ≤ 𝑇𝜀 − 𝑇̃ ≤
𝜀𝜆𝑇̃2

2
+ 𝑜(𝜀),  𝜀 → 0+.  (8) 

More precisely, 

𝑇𝜀 ≤ −
1

𝜀𝜆
log(1 − 𝜀𝜆𝑇̃). 

Proof. Because 𝑢0 ≡ 0 and 𝑏 ≡ 0, Proposition 3.1 gives 𝑢 ≥ 0. Moreover, 𝜀𝐿𝑢0 + 𝑏 ≡ 0, 

and Lemma 3.2 gives 𝑢𝑡 ≥ 0 in 𝛺 × (0, 𝑇𝜀). Define the first-eigenfunction average 

𝑣(𝑡) = ∫𝑢
𝛺

(𝑥, 𝑡)𝜓(𝑥) 𝑑𝑥. 

Then 𝑣(0) = 0, 𝑣′(0) = 0 and 𝑣′(𝑡) ≥ 0. Differentiating twice and using the equation 

satisfied by 𝑢, we get 

𝑣″(𝑡) = 𝜀∫𝐿
𝛺

𝑢𝑡(𝑥, 𝑡)𝜓(𝑥) 𝑑𝑥 + ∫𝑓
𝛺

(𝑢(𝑥, 𝑡))𝜓(𝑥) 𝑑𝑥. 

By Green’s formula and (7), 

∫𝐿
𝛺

𝑢𝑡𝜓 𝑑𝑥 = ∫𝑢𝑡
𝛺

𝐿𝜓 𝑑𝑥 = −𝜆∫𝑢𝑡
𝛺

𝜓 𝑑𝑥 = −𝜆𝑣′(𝑡). 

Since 𝑓 is convex and 𝜓(𝑥) 𝑑𝑥 is a probability measure, Jensen’s inequality yields 

∫𝑓
𝛺

(𝑢(𝑥, 𝑡))𝜓(𝑥) 𝑑𝑥 ≥ 𝑓 (∫𝑢
𝛺

(𝑥, 𝑡)𝜓(𝑥) 𝑑𝑥) = 𝑓(𝑣(𝑡)). 

Thus 

𝑣″(𝑡) ≥ −𝜀𝜆𝑣′(𝑡) + 𝑓(𝑣(𝑡)).  (9) 

Set 𝑐 = 𝜀𝜆. Multiplying (9) by 2𝑒2𝑐𝑡𝑣′(𝑡) gives 

𝑑

𝑑𝑡
(𝑒2𝑐𝑡(𝑣′(𝑡))

2
) ≥ 2𝑒2𝑐𝑡

𝑑

𝑑𝑡
𝐹(𝑣(𝑡)). 

Integration from 0 to 𝑡 gives 

𝑒2𝑐𝑡(𝑣′(𝑡))
2
≥ 2∫ 𝑒2𝑐𝑠

𝑡

0

𝑑

𝑑𝑠
𝐹(𝑣(𝑠)) 𝑑𝑠. 

Since 𝑒2𝑐𝑠 ≥ 1 and 𝐹(𝑣(𝑡)) is nondecreasing, we infer 

𝑒2𝑐𝑡(𝑣′(𝑡))
2
≥ 2𝐹(𝑣(𝑡)), 

and hence 
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𝑣′(𝑡) ≥ 𝑒−𝑐𝑡√2𝐹(𝑣(𝑡)). 

Separating variables and integrating from 0 to 𝑡 < 𝑇𝜀 gives 

∫
𝑑𝜎

√2𝐹(𝜎)

𝑣(𝑡)

0

≥ ∫ 𝑒−𝑐𝑠
𝑡

0

 𝑑𝑠 =
1 − 𝑒−𝑐𝑡

𝑐
. 

The left-hand side is bounded above by 𝑇̃. Therefore 

1 − 𝑒−𝑐𝑡

𝑐
≤ 𝑇̃,  0 < 𝑡 < 𝑇𝜀 . 

Since 𝑐𝑇̃ < 1, we obtain 

𝑇𝜀 ≤ −
1

𝑐
log(1 − 𝑐𝑇̃) = −

1

𝜀𝜆
log(1 − 𝜀𝜆𝑇̃). 

The Taylor expansion of the logarithm gives 

−
1

𝜀𝜆
log(1 − 𝜀𝜆𝑇̃) = 𝑇̃ +

𝜀𝜆𝑇̃2

2
+ 𝑜(𝜀). 

This proves the desired upper estimate. 

It remains to prove the lower bound. Let 𝛼 be the solution of (4) with 𝑀 = 𝑏0 = 0 and set 

𝑧(𝑥, 𝑡) = 𝛼(𝑡). Since 𝐿𝑧 = 0, 

𝑧𝑡 − 𝜀𝐿𝑧 − ∫ 𝑓
𝑡

0

(𝑧(𝑥, 𝑠)) 𝑑𝑠 = 0 in 𝛺 × (0, 𝑇̃). 

Moreover, 𝑧(𝑥, 0) = 𝑢0(𝑥) = 0 and 𝑧(𝑥, 𝑡) = 𝛼(𝑡) ≥ 0 = 𝑢(𝑥, 𝑡) on ∂𝛺 × (0, 𝑇̃). The 

comparison principle for the memory problem gives 

𝑢(𝑥, 𝑡) ≤ 𝑧(𝑥, 𝑡) = 𝛼(𝑡),  0 < 𝑡 < min{𝑇𝜀 , 𝑇̃}. 

If 𝑇𝜀 < 𝑇̃, then 𝛼(𝑇𝜀) is finite, whereas ∥ 𝑢(⋅, 𝑡) ∥𝐿∞(𝛺)→ ∞ as 𝑡 → 𝑇𝜀
−. This contradiction 

implies 𝑇𝜀 ≥ 𝑇̃. Combining both estimates gives (8). 

Remark 4.2. The proof reduces the parabolic memory problem to the scalar inequality (9). 

This is a Kaplan-type reduction, but the limiting scalar dynamics are second order after 

differentiation because the reaction is accumulated through memory. 

5. Localized estimate when the potential maximum is positive 

We next treat the case where the potential has a positive interior maximum. The proof uses a 

first eigenfunction localized near the common maximizing point of 𝑢0 and 𝑏. 

Assume in this section that 

𝑏0 > 0,  𝜀𝐿𝑢0 + 𝑏 ≥ 0 in 𝛺.  (10) 

Let 𝐾 > 0 be such that 
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|𝑢0(𝑥) − 𝑢0(𝑦)| + |𝑏(𝑥) − 𝑏(𝑦)| ≤ 𝐾|𝑥 − 𝑦|,  𝑥, 𝑦 ∈ 𝛺.  (11) 

For 𝛿 > 0 with 𝐵(𝑎, 𝛿) ⋐ 𝛺, let (𝜙𝛿 , 𝜆𝛿) be the first Dirichlet eigenpair of −𝐿 in 𝐵(𝑎, 𝛿): 

−𝐿𝜙𝛿 = 𝜆𝛿𝜙𝛿 ,  𝜙𝛿 = 0 on ∂𝐵(𝑎, 𝛿),  𝜙𝛿 > 0, 

with 

∫ 𝜙𝛿
𝐵(𝑎,𝛿)

(𝑥) 𝑑𝑥 = 1. 

There exists a constant 𝐷 > 0, depending only on the ellipticity constants, the coefficient 

bounds and 𝑁, such that 

𝜆𝛿 ≤
𝐷

𝛿2
.  (12) 

The localized eigenfunction estimate gives the following upper bound for the delay induced 

by diffusion. 

Theorem 5.1. Assume (A1)-(A5), (10) and (11). Let 𝑇̃ be given by (5). Set 

𝐵 = 1 + 𝐷𝐾2𝑀 

and 

𝐴 = 𝐷𝐾2

(

 
2

𝑏0
+∫

𝑑𝜎

√(𝑏0/2)2 + 2(𝐹(𝜎) − 𝐹(𝑀))

∞

𝑀

)

 . 

If 

0 < 𝜀 < min {1, (
𝑏0
2𝐵
)
3

, 𝐴−3, (𝐾 dist(𝑎, ∂𝛺))3}, 

then the solution of (1)-(3) blows up in finite time and 

0 ≤ 𝑇𝜀 − 𝑇̃ ≤ (
𝐴2

2𝐷𝐾2
+
2

𝑏0
+
2𝐵𝑇̃

𝑏0
2 ) 𝜀

1/3 + 𝑜(𝜀1/3).  (13) 

Proof. We first use the monotonicity. By Lemma 3.2, condition (10) gives 𝑢𝑡 ≥ 0 in 𝛺 ×

(0, 𝑇𝜀). Differentiating (1) with respect to time gives 

𝑢𝑡𝑡 = 𝜀𝐿𝑢𝑡 + 𝑓(𝑢). 

We now localize the Kaplan average. Put 

𝛿 =
𝜀1/3

𝐾
.  (14) 

The smallness condition on 𝜀 ensures that 𝐵(𝑎, 𝛿) ⋐ 𝛺. By (11), for every 𝑥 ∈ 𝐵(𝑎, 𝛿), 

𝑢0(𝑥) ≥ 𝑀 − 𝜀1/3,  𝑏(𝑥) ≥ 𝑏0 − 𝜀
1/3. 
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Define 

𝑣(𝑡) = ∫ 𝑢
𝐵(𝑎,𝛿)

(𝑥, 𝑡)𝜙𝛿(𝑥) 𝑑𝑥. 

Since 𝑢𝑡 ≥ 0, we have 𝑣′(𝑡) ≥ 0. Differentiating twice, using the equation for 𝑢𝑡, Green’s 

formula and the sign of the boundary term obtained from the Hopf lemma, we get 

𝑣″(𝑡) ≥ −𝜀𝜆𝛿𝑣′(𝑡) + ∫ 𝑓
𝐵(𝑎,𝛿)

(𝑢(𝑥, 𝑡))𝜙𝛿(𝑥) 𝑑𝑥. 

By Jensen’s inequality, 

∫ 𝑓
𝐵(𝑎,𝛿)

(𝑢(𝑥, 𝑡))𝜙𝛿(𝑥) 𝑑𝑥 ≥ 𝑓(𝑣(𝑡)). 

Using (12) and (14), we obtain 

𝑣″(𝑡) ≥ −𝐷𝐾2𝜀1/3𝑣′(𝑡) + 𝑓(𝑣(𝑡)).  (15) 

We next estimate the initial velocity of 𝑣. Green’s formula, the sign of the boundary term and 

(12) give 

∫ 𝐿
𝐵(𝑎,𝛿)

𝑢0𝜙𝛿  𝑑𝑥 ≥ −𝜆𝛿∫ 𝑢0
𝐵(𝑎,𝛿)

𝜙𝛿  𝑑𝑥 ≥ −𝜆𝛿𝑀. 

Therefore 

𝑣′(0) = ∫ (𝜀𝐿𝑢0 + 𝑏)
𝐵(𝑎,𝛿)

𝜙𝛿  𝑑𝑥 ≥ 𝑏0 − 𝜀
1/3 − 𝜀𝜆𝛿𝑀 ≥ 𝑏0 − 𝐵𝜀

1/3. 

For the admissible values of 𝜀, 𝑣′(0) ≥ 𝑏0/2 > 0. 

Multiplying (15) by 2𝑒2𝐷𝐾
2𝜀1/3𝑡𝑣′(𝑡) and integrating as in Theorem 4.1, we obtain 

𝑒2𝐷𝐾
2𝜀1/3𝑡(𝑣′(𝑡))

2
≥ (𝑣′(0))

2
+ 2(𝐹(𝑣(𝑡)) − 𝐹(𝑣(0))). 

It follows that 

𝑣′(𝑡) ≥ 𝑒−𝐷𝐾
2𝜀1/3𝑡√(𝑏0 − 𝐵𝜀1/3)2 + 2(𝐹(𝑣(𝑡)) − 𝐹(𝑣(0))). 

After separation of variables and integration up to 𝑇𝜀, we find 

1 − 𝑒−𝐷𝐾
2𝜀1/3𝑇𝜀

𝐷𝐾2𝜀1/3
≤ 𝐼𝜀 , 

where 

𝐼𝜀 = ∫
𝑑𝜎

√(𝑏0 − 𝐵𝜀1/3)2 + 2(𝐹(𝜎) − 𝐹(𝑣(0)))

∞

𝑣(0)

. 

Consequently, 
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𝑇𝜀 ≤ −
1

𝐷𝐾2𝜀1/3
log(1 − 𝐷𝐾2𝜀1/3𝐼𝜀). 

The definition of 𝐴 gives 𝐷𝐾2𝐼𝜀 ≤ 𝐴 for 𝜀 small. Expanding the logarithm yields 

𝑇𝜀 ≤ 𝐼𝜀 +
𝐴2

2𝐷𝐾2
𝜀1/3 + 𝑜(𝜀1/3). 

Since 𝑣(0) ≥ 𝑀 − 𝜀1/3 and 𝑏0 − 𝐵𝜀
1/3 ≥ 𝑏0/2, a direct comparison of the integrals gives 

𝐼𝜀 ≤ 𝑇̃ + (
2

𝑏0
+
2𝐵𝑇̃

𝑏0
2 ) 𝜀

1/3 + 𝑜(𝜀1/3). 

Combining the last two estimates gives the upper bound (13). 

For the lower bound, let 𝛼 solve (4) and set 𝑦(𝑥, 𝑡) = 𝛼(𝑡). Since 𝐿𝑦 = 0 and 𝑏(𝑥) ≤ 𝑏0, 

𝑦𝑡 − 𝜀𝐿𝑦 − ∫ 𝑓
𝑡

0

(𝑦(𝑥, 𝑠)) 𝑑𝑠 − 𝑏(𝑥) = 𝑏0 − 𝑏(𝑥) ≥ 0. 

Moreover, 𝑦(𝑥, 0) = 𝑀 ≥ 𝑢0(𝑥) and 𝑦 ≥ 0 on the boundary. The comparison principle gives 

𝑢(𝑥, 𝑡) ≤ 𝑦(𝑥, 𝑡) for 0 < 𝑡 < min{𝑇𝜀 , 𝑇̃}. If 𝑇𝜀 < 𝑇̃, then 𝑦 remains finite at 𝑇𝜀, whereas 𝑢 

blows up there. Hence 𝑇𝜀 ≥ 𝑇̃, and the proof is complete. 

Remark 5.2. The choice 𝛿 = 𝜀1/3/𝐾 balances the local loss 𝐾𝛿 in the lower bounds for 𝑢0 

and 𝑏 with the spectral cost 𝜀𝜆𝛿 ≃ 𝜀𝛿
−2. This balance explains the order 𝜀1/3 in (13). 

6. Numerical approximation and benchmark computations 

The numerical tests are designed to confirm the small-diffusion behavior proved in the 

previous sections. We consider the radially symmetric benchmark in the unit disk of ℝ2, with 

𝑏 ≡ 0,  𝑢0 ≡ 0,  𝑓(𝑠) = 𝑒
𝑠 . 

Introducing 

𝑣(𝑟, 𝑡) = ∫ 𝑒𝑢(𝑟,𝑠)
𝑡

0

 𝑑𝑠, 

the memory problem can be written as the local-in-time system 

𝑢𝑡 = 𝜀 (𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟) + 𝑣,  0 < 𝑟 < 1, 0 < 𝑡 < 𝑇, 

𝑣𝑡 = 𝑒𝑢,  0 < 𝑟 < 1, 0 < 𝑡 < 𝑇, 

with 

𝑢𝑟(0, 𝑡) = 0,  𝑢(1, 𝑡) = 0,  𝑢(𝑟, 0) = 𝑣(𝑟, 0) = 0. 

For this benchmark, Remark 2.2 gives 

𝑇̃ =
𝜋

√2
≈ 2.221441469079. 
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Let 𝐼 ≥ 2, ℎ = 1/𝐼 and 𝑟𝑖 = 𝑖ℎ, 0 ≤ 𝑖 ≤ 𝐼. The boundary value 𝑈𝐼
𝑛 = 0 is imposed directly. 

The treatment of the origin follows from the identity 

lim
𝑟→0

(𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟) = 2𝑢𝑟𝑟(0, 𝑡), 

valid for smooth radial functions satisfying 𝑢𝑟(0, 𝑡) = 0. The even extension at the origin 

gives the second-order approximation 

(𝑢𝑟𝑟 +
1

𝑟
𝑢𝑟) (0, 𝑡) ≃ 4

𝑈1(𝑡) − 𝑈0(𝑡)

ℎ2
. 

For 1 ≤ 𝑖 ≤ 𝐼 − 1 we use 

(𝐿ℎ𝑈)𝑖 =
𝑈𝑖+1 − 2𝑈𝑖 + 𝑈𝑖−1

ℎ2
+
1

𝑟𝑖

𝑈𝑖+1 − 𝑈𝑖−1
2ℎ

. 

The semidiscrete system is therefore 

𝑈0′(𝑡) = 4𝜀
𝑈1(𝑡) − 𝑈0(𝑡)

ℎ2
+ 𝑉0(𝑡),  (16) 

𝑈𝑖′(𝑡) = 𝜀(𝐿ℎ𝑈(𝑡))𝑖 + 𝑉𝑖
(𝑡),  1 ≤ 𝑖 ≤ 𝐼 − 1, 

𝑉𝑖′(𝑡) = 𝑒
𝑈𝑖(𝑡),  0 ≤ 𝑖 ≤ 𝐼 − 1.  (17) 

The system (16)-(17) is integrated by an implicit adaptive scheme. The memory variable is 

updated by 

𝑉𝑖
𝑛+1 − 𝑉𝑖

𝑛

𝛥𝑡𝑛
= 𝑒𝑈𝑖

𝑛
,  0 ≤ 𝑖 ≤ 𝐼 − 1, 

while the diffusion part is treated implicitly: 

𝑈0
𝑛+1 − 𝑈0

𝑛

𝛥𝑡𝑛
= 4𝜀

𝑈1
𝑛+1 −𝑈0

𝑛+1

ℎ2
+ 𝑉0

𝑛+1, 

𝑈𝑖
𝑛+1 − 𝑈𝑖

𝑛

𝛥𝑡𝑛
= 𝜀(𝐿ℎ𝑈

𝑛+1)𝑖 + 𝑉𝑖
𝑛+1,  1 ≤ 𝑖 ≤ 𝐼 − 1, 

with 𝑈𝐼
𝑛+1 = 0. The time step is chosen according to the growth scale of the limiting memory 

equation: 

𝛥𝑡𝑛 = min {5 × 10−3,
5 × 10−5

√1 + exp(∥ 𝑈𝑛 ∥∞)
} .  (18) 

The denominator in (18) is essential: the time step decreases as ∥ 𝑈𝑛 ∥∞ grows. This prevents 

a loss of resolution near blow-up and stabilizes the computation of the singular time. 

The computation is stopped when 

∥ 𝑈𝑛 ∥∞≥ 30. 
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The remaining part of the singular time is corrected by the asymptotic tail of the limiting 

memory equation. Since, for 𝑓(𝑠) = 𝑒𝑠, 

𝛼′(𝑡) = √2(𝑒𝛼(𝑡) − 1), 

we use 

𝑇ℎ = 𝑡𝑛 + √2 arcsin(𝑒
−∥𝑈𝑛∥∞/2).  (19) 

For large ∥ 𝑈𝑛 ∥∞, the correction (19) is equivalent to √2𝑒−∥𝑈
𝑛∥∞/2, but the arcsine form is 

more accurate at the finite stopping level used in the computations. 

The observed spatial order is computed by the Richardson formula 

𝑠𝐼 =
log(|𝑇𝐼/2 − 𝑇𝐼|/|𝑇𝐼 − 𝑇2𝐼|)

log2
.  (20) 

The quantity in (20) measures the spatial convergence of the computed blow-up time. It is not 

a time-integration order. 

The three tables below report the computations for several mesh sizes, from 𝐼 = 16 to 𝐼 =

512. The symbol “-” is used when the Richardson quotient is not meaningful or when the 

differences are below tolerance. 

Table 1. Radial computation for 𝜀 = 10−1. 

𝐼 𝑇ℎ |𝑇ℎ − 𝑇̃| 𝑠𝐼  

16 2.314026857 9.25853884 × 10−2 - 

32 2.313489364 9.20478952 × 10−2 2.14 

64 2.313367436 9.19259666 × 10−2 2.14 

128 2.313339817 9.18983480 × 10−2 2.14 

256 2.313333541 9.18920723 × 10−2 2.13 

512 2.313332107 9.18906382 × 10−2 - 

Table 1 shows the behavior for the largest diffusion parameter. The computed blow-up time 

stabilizes as the mesh is refined from 𝐼 = 16 to 𝐼 = 512. The values remain clearly above 

𝑇̃ = 𝜋/√2, which is expected since 𝜀 = 10−1 is not yet very small. The observed orders, 

close to two, confirm the spatial consistency of the radial discretization. 

Table 2. Radial computation for 𝜀 = 10−2. 

𝐼 𝑇ℎ |𝑇ℎ − 𝑇̃| 𝑠𝐼  

16 2.221442060 5.90514668 × 10−7 - 

32 2.221441602 1.33024371 × 10−7 2.86 

64 2.221441539 7.00263656 × 10−8 2.27 

128 2.221441526 5.69653780 × 10−8 2.07 
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𝐼 𝑇ℎ |𝑇ℎ − 𝑇̃| 𝑠𝐼  

256 2.221441523 5.38442710 × 10−8 2.00 

512 2.221441522 5.30653117 × 10−8 - 

Table 2 corresponds to a smaller diffusion parameter. The computed times are now very close 

to 𝑇̃; at the finest mesh, 𝑇512 = 2.221441522. This supports the convergence 𝑇𝜀 → 𝑇̃ as 𝜀 →

0+. The values remain slightly above the limiting time, in agreement with Theorem 4.1. 

Table 3. Radial computation for 𝜀 = 10−3. 

𝐼 𝑇ℎ |𝑇ℎ − 𝑇̃| 𝑠𝐼  

16 2.221441469 5.41 × 10−10 - 

32 2.221441469 5.40 × 10−10 - 

64 2.221441469 5.25 × 10−10 - 

128 2.221441469 5.23 × 10−10 - 

256 2.221441469 5.23 × 10−10 - 

512 2.221441469 5.23 × 10−10 - 

For 𝜀 = 10−3, Table 3 shows that the numerical blow-up times coincide with 𝑇̃ at the 

displayed precision. The Richardson order is not reported because the mesh differences are 

below the numerical tolerance. This table therefore confirms the limiting memory behavior in 

the very small diffusion regime. 

Tables 1-3 confirm the theoretical picture. For fixed 𝜀, the computed blow-up time stabilizes 

under mesh refinement. As 𝜀 decreases, it approaches the limiting memory time 𝑇̃ = 𝜋/√2, 

in agreement with the small-diffusion estimates proved above. The decreasing time step (18) 

and the tail correction (19) are essential for resolving the final growth stage. 

 

Figure 1. Numerical verification of the small-diffusion behavior. Panel (a) shows that 

the computed blow-up time stabilizes under mesh refinement and approaches 𝑻̃ =

𝝅/√𝟐 as 𝜺 decreases. Panel (b) confirms the expected second-order spatial behavior 

whenever the mesh differences remain above the numerical tolerance. Colors are 

combined with distinct markers and line styles so that the figure remains readable in 

grayscale printing. 
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Overall, Figure 1 supports the lower bound 𝑇𝜀 ≥ 𝑇̃ and the small-diffusion estimates proved 

above. The absence of an order curve for 𝜀 = 10−3 simply reflects mesh differences below 

the stopping tolerance. 

Conclusion 

We have studied blow-up-time estimates for a semilinear parabolic problem with nonlinear 

memory and small diffusion. The main point is that the limiting equation retains the memory 

term; after differentiation, the singular time is governed by a second-order scalar equation. 

The first-eigenfunction method gives an 𝑂(𝜀) estimate in the null initial-potential case. When 

the potential has a positive interior maximum, localization around the maximizing point and 

the balance between localization and spectral cost yield an 𝑂(𝜀1/3) estimate. 

The numerical part uses the appropriate radial discretization at the origin and an adaptive 

time step that decreases near blow-up. With these choices, the tables and figures support the 

convergence of the numerical blow-up time toward the limiting memory time. 

Natural continuations are now clear. The most immediate one is to treat general nonnegative 

memory kernels 𝑚(𝑡 − 𝑠) in the direction of Bellout’s framework. A second direction is to 

combine the small-diffusion time estimate with energy methods for viscoelastic memory 

terms. A third, more numerical, direction is to prove convergence of adaptive numerical 

blow-up times for the schemes used here. 
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