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Abstract

The inverted pendulum is widely used in numerous applications, one of which is the control of
a rocket’s orientation during the launch phase. Control of an inverted pendulum presents a
significant degree of complexity due to its unstable, nonlinear and under-actuated
characteristics. This article presents design and comparative analyses of state and output
feedback techniques based on time and frequency requirements. The design techniques are the
linear quadratic controller (LQR) and the modified linear quadratic controller (LQRY).
Nonlinear and linear models of the inverted pendulum are presented. In addition, synthesis and
analysis models are presented, the gains tuning is detailed, and the respective linear analysis is
performed including their time responses, stability margins, and the closed-loop poles. Finally,
the designed control laws are subjected to nonlinear simulations for further comparisons,
considering trajectory tracking, disturbance, noise and control efforts.

Math. Subject Classification: 93 Axx

Key Words: Inverted pendulum, State feedback control, Output feedback control, Stability
margins, Linear, Nonlinear, Simulation

1. INTRODUCTION

Automatic control is of great importance in space vehicles, guided missiles, robotics and other
applications. It has also become an integral part of modern industrial and production processes.
With advances in theory and practice, different techniques (see Figure 1) have been developed
to improve system performance and thus increase productivity and quality [1].
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Figure 1 Control technique’s classification
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One attractive example for control engineering is the Inverted Pendulum (IP). This can be
considered as an under-actuated system, having a significant degree of complexity whose main
characteristic is its non-linearity. Therefore, over the last ten years various works with this
purpose have been published. The following provides a listing of some of these works.

. In 1998, [2] presented Robust adaptive sliding mode control using fuzzy modeling for
an inverted pendulum.

. In 2012, [3] provided Robust adaptive backstepping control of an inverted pendulum.
. In 2013, [4], presented Robust LQR controller design for stabilizing and trajectory of
inverted pendulum.

o In 2016 [5], provided Optimal PID controller design of an inverted pendulum dynamics:
A hybrid pole-placement.

o In 2017 [6] presented Mechatronic control model of an inverted pendulum.

. In 2018, [7], provided Advanced sliding model control techniques for inverted
pendulum: modeling and simulation.

. In 2020, mathematical aspects were presented by [8] in Transformation of the inverted
pendulum.

. In 2024, [9] proposed H. state feedback design based on LQR robust control for
inverted pendulum system.

o Also, in 2024, [10] published Control strategies for inverted pendulum: A comparative
analysis of linear, nonlinear and artificial intelligence approaches.

The challenge of controlling the IP is present around the world, whether for research or for
educational purposes [11].

This document aims to provide additional contributions to the state of the art of IP control.
Toward this objective, two approaches are presented: the first discusses state feedback using
the linear quadratic (LQR) technique, and the second, rarely published and implemented, the
modified LQR technique (LQRy) which considers the output feedback [12]. In the second
technique, the frequency- shaping approach can be taken a step further by extending the plant
to be controlled with frequency-shaping filters to penalize the outputs, in addition to other cost
factors in the performance index. Penalizing the output of such a filter in the performance index
associated with the plant increase can improve the performance response or at least compensate
for it. The frequency-shaping filter added transmission zeros (target zeros) at convenient
positions in the system, allowing the desired closed-loop poles to be manipulated. [13], [14],
[15]. To obtain these advantages, the LQRYy technique is used to produce the target zeros.

The design controllers are the LQR and the modified LQRy. Nonlinear and linear models of
the IP are presented, synthesis and analysis models are presented, gains are tuned, and the
corresponding linear analysis is performed with considerations of the time responses, stability
margins, and closed-loop poles positions based on time and frequency requirements. Finally,
the designed control laws are subjected to nonlinear simulations for further comparisons,
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considering trajectory tracking, rejection to disturbances, noise and stabilization tasks and
analyzing the applied control efforts.

2. MATHEMATICAL MODELING

Figure 2 illustrates the IP mounted on a cart. This model emulates the attitude control of a
rocket during the launch phase (i.e., the objective of attitude control is to keep the rocket in the
desired orientation).

fp - —!ipﬂ

fe = —tey

Yy

Figure 2 Inverted pendulum

In Figure 2, five primary variables are observed:

o F —, the force applied to the cart;
. 6 —, the angular deviation of vertical position, in the clock- wise direction;
. y —, the distance of the cart from a point of origin whose positive direction corresponds

to that illustrated in Figure 2;
° fe — the friction of the car proportional to the speed (—ic ¥)
. f, — the drag of the IP proportional to angular speed (—1p8).

Other variables include: L the length of the rod, m mass of I[P and M is the mass of the cart
[11].
2.1. NONLINEAR MODEL

To determine the IP nonlinear model, it is necessary to evaluate the angular position (0, é) and
speed, the linear position and speed (v, ¥) and the forces acting on the pendulum, specifically,
the applied force F and the gravitational effects results from the mass m. Finally, the friction

force fc = pcy opposite to F and the drag fp, = 11,0 . The main equations used to develop the
OP nonlinear model are (Chen, 1998):

1 1 . 5 1 . 1 .
T= QMg)Q + §m(Lcos()9 +9)2+ §m(Lsin9«9)2 + gmL202 (1)

V =mgLcosh (2)
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L=T-V (3

where 7 is the kinetic energy and V is the potential energy. Using Lagrange,

(5) -5 =rowi @

dt \ dy y
d (0L B oL b (5
it % %—Np )

Performing operations
0(t) = z1(t),  0(t) =a2(t),  y(t) =a3(t),  9(t) = za(t)

The nonlinear model is derived using Mathematica™ [11]:

i‘l = T2,

3 ((m + M)(gLmsin(8(t)) — ,upé(t))) - (Lm cos(0(t))(F — pej + Lm sin(9)(t)92))

T2 = - L2m (—4(M +m) + 3mcos(8(t)?)) ’
S = Beos()yd(0) + L (8F + 3gmsin(28(1)) - SLmsin(0(0))*)
Ty = L (—=5m — 8M + 3mcos(20(t))) ©)

The design parameters of IP correspond to first model presented in Table 1.

Table 1 Inverted pendulum parameters

Model ‘ M [Kg] ‘ m [Kg] ‘ L [m] ‘ tp Adm | pe Adm

1 0.71 0.06 0.38 0.0 0.01
2 0.73 0.04 0.40 0.01 0.0
3 0.71 0.04 0.40 0.0 0.01
4 0.73 0.06 0.38 0.01 0.01

2.2. OPERATION CONDITION AND LINEAR MODEL

If the left side of Equation (3.6) is equal to zero (x = 0) , it is verified that 2 and 74 are zero.
However, the equilibrium points for require calculation. Calculation of is not required,
nevertheless, the cart’s initial position (z3 = 0) is choses as equilibrium. In other words, an
equilibrium point is [0 0 0 0]”. For this case, the design linear matrices 4. and B, are:

0 1 0 0 0
- 20.5426 0. 0 0.0272232 - —2.72232 7
Ae = 0 0 0 1 » Be= 0 M
—0.608276 0. 0 —0.0137931 1.37931

Remark 1. Different values for the pendulum parameters, as well as other operating points,
make it easier to obtain other linear models.

2.3. NOMINAL MODEL TRANSFER FUNCTIONS
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A review of the transfer function to be generated is necessary, in order to verify the presence
or absence of integrators. Nominal transfer functions are:

0(s) 2.722s + 3.213e¢ — 19

F(s) s34+ 0.01379s2 — 20.54s — 0.2668

0(s)  2.722s% +3.213e — 195 + 1.868¢ — 15

F(s) ~ s340.01379s2 — 20.54s — 0.2668

y(s)  —1.379s% — 1.225¢ — 155 + 26.68

F(s)  s*+0.01379s3 — 20.5452 — 0.2668s

y(s) —1.379s2 + 26.68 )
F(s) 53 +0.01379s2 — 20.54s — 0.2668

From Equations (8), the following conclusions can be obtained:
. These transfer functions do not consider any actuator model,
. As expected, the poles of all transfer functions are the same (see Table 2),

Table 2 Open loop poles

Model ‘ Open-loop poles

0.0000
1 -0.0130
+ 4.5320
o The linear position transfer function of the has an integrator (future controlled
variable)
J This integrator allows for the use states of output feedback without an additional

integrator [16].
3. LINEAR QUADRATIC REGULATOR

A typical statement for LQR can be summarized as [17].

%X = Ax(t)+ Buf(t)

y = Cx() )

where x(¢) € R™, u(t) € R™ and y(?) € R"™ are the sensed outputs. It is chosen that u(t) = Kpox(t),

where Kiq is a (nu*nx) or (nu % ny) matrix to be determined. This structure is illustrated in
Figure 3.

r +C"

Figure 3 State space control structure

In the regulator problem, the designer is interested in obtaining optimal time responses as well
as establishing stability of the closed- loop system. In this sense, performance criteria in the
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time domain need to be chosen. This should be achieved by selecting the control input u(t) to
minimize a quadratic cost or performance index as:

1

J = 5/0 (y"Qy +u'Ru)ar  (10)

Equation (10) corresponds to output feedback index (if'y is re- placed by x states and not only
outputs are considered), where, the weighting factors for the outputs (states) and manipulated
variables are Q € R™™ (or Q € R™™) and R € R™™. Also, Q is a positive semi-definite
symmetric matrix (> 0), and R is a positive definite symmetric matrix (> 0). Therefore, the
definiteness assumptions on Q and R guarantee that J is non-negative and leads to a sensible
minimization problem. The objective is minimizing the output energies with minimal control
energy. As mentioned, the cost function J can be presented in terms of x ' Qx instead of y' Qy.
Therefore, the notations are equivalent due y = Cx, then:

y'Qy = xTcTQcx (11)

thus, the expression CT QC represents the term xT Qx. It can be shown that LQ gain matrix
solution is KLQ = —R"'BT Prq, where PLQ is the solution of the following Riccati equation
[18], [15]:

ATPo+ProA +CTQC - PoBR'BTP.p = 0 (12)

In summary, using a quadratic cost function for linear systems, the Linear Quadratic Regulator
consists of computing a feedback gain matrix Krq that minimizes the cost function J.

When designing feedback control, the following need to be considered:

o Procedures for determining concurrent gain values of each of the feedback variables,
. Assurance that all roots are located in the left side of complex plane, i.e. ensure stability,
o Determination that the design provides allowance of directly multivariable control

systems, i.e. two or more manipulated variables.

Remark 2. The dimension of Krp will be greater than those mentioned above if an integrator
¢ is increased, i.e. in addition to the gains of the outputs and/or states, the integral gain ki will
be obtained.

4. DESIGN OF CONTROLLERS

The usual procedure to design is to evaluate two models:

o Synthesis model: the model applied to design gains, this contains low order models of
actuators and sensors,
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J Analysis model: the model applied to check the stability margins, closed-loop locations
and step response. It contains the control laws (complementary filters) and representative
models for delays, actuators, sensors and others.

Remark 3. The keys for a good control design are: good knowledge of the plant (model) and
careful selection of the controlled variables and the manipulated variables.

41. LOQR

This algorithm requires the state matrix 4. and the input matrix B. (no modifications are
necessary). the structure is presented in Figure 4.

System submitted to Riccati Equation

| |
Manipulated |  Controled
|

Variables Linear maodel | Variables
—_—— .
! included actuator(s) |
| e
[ 5(:(:1‘, :I : : |: '1_’) ]
| el
S o

Figure 4 Synthesis model LQR
The controlled variable is the car’s linear position y. The angular position @ is assumed to be
zero. The equations representing the actuator and sensors are given in [19]:

30
Sensors = b (13)
s+ 30 0.01s +1

Actuator =

Remark 4. State feedback control assumes that all outputs and/or states can be sensed or
estimated. The linear and angular speeds can be determined from sensed positions for the IP
problem.

4.2. LQRY

This algorithm works with added transmission zeros to controlled variables. Those zeros are
result of any model connected in series with the plant model. The extra appended zeros are
usually called target zeros. Using these, it is possible to manipulate the positions of desired
closed-loop poles. This structure is presented in the Figure 5.

System submitted to Riccati Equation

Manipulated Controled Output
Variables Linear model Variables Criteria
| included actuator(s)
! .
[ 5(.:.(.‘!, } : |: I } f(}", I')
i T

Figure 5 Synthesis model (target zeros appended to plant model)
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This technique modifies the typical LQR in order to express the system in a Riccati equation.
A convenient structure of target zeros appended to the system is the Proportional-Integral-
Derivative (PID) structure [20]. The transfer function of the PID using the damping { and
natural frequency w, parameters is:

52 —+ 2C(A]ns + wfl
S

(14)

flx, ) —

Here, it is verified that the parameters used for the generation of the target zeros are the desired

damping  and natural frequency w,, also, in some cases the second derivative can be included
[14].

4.3. GAINS TUNING

The requirements of the design are presented in Table 3.

Table 3 Requirements of time and frequency

Requirement ‘ Value
Overshoot <10 %
Setting time <9 [s]
Rise time < 5 [¢]
Damping ¢>04
Gain margin | > 6 [dB]

Phase margin | > 45 [°]

4.3.1. ALGORITMO LQR

The script used to calculate the LQR gains is presented in Listing 1 [21].
Listing 1 Gains calculation LQR

% Copyright (c) 2025 , Francisco J. Triveno Vargas
M=0.71;m=0.06; F=1.0; L=0.38; g=9.81; uc=0.01;
up = 0.0; modeINO1 ;

q=[1e-20.00.00.0;

0.0 1e-2 0.0 0.0;

12

0.0 0.0 2e -2 0.0;

0.00.00.0 Ie -1];

r=1e-2;

[K,S,e] = Iqr(Along ,Blong ,q,r);

The calculated gains are:

K — 0 0 y y (15)
32.0320 7.2481 1.4142 4.1412
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4.3.2. ALGORITMO LQRY

The synthesis model for the inverted pendulum is illustrated in Figure 6

System submitted to Riccati Equation

|
Controlled ' OQutput
|

Input Inverted pendulum Variables - Criteria
Linear model 20w + s
included actuator 1
| F=bect | Y ] - f(w,9)
Yy 1

Figure 6 Target zeros for inverted pendulum

Remark 5. The values of w and { are selected by considering the damping range [0, 1]. The
highest frequency of the IP (from the linear model) is 4.5328 [rad/s] (see Table 2) and can be
used as the first reference value (i.e. these are the design parameters).

The selected values of @ and C are 1 [rad/s] and 1. The effect of the target zero can be verified
evaluating the singular values plot (see Figure 7) [22].

Remark 6. The largest singular value, indicates the maximum amplification of a disturbance.
The smallest singular value, indicates the smallest gain (relates to how close the system is to
being singular).

- — - -Original
Zeros target added

Singular Values (dB)

102 10° 10?2
Frequency (rad/s)

Figure 7 Singular values for inverted pendulum
Listing 2 Gains calculation LQRy

% Copyright (c) 2025, Francisco J. Triveno Vargas
M=0.71;m=0.06; F=1.0; L=0.38; g=9.81; uc=0.01;

up = 0.0; modelNOT ;

% Zeros target

zeta =1.0; wn = 1.0; a = 50; Ky = 2* zeta *wn*a; Kydot = le -3*a;
% Synthesis model
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[Asyn ,Bsyn ,Csyn , Dsyn ] = linmod (’ diploInverSynthesis v2018 ’);
[nAO, nnAO ] = size ( Asyn );

diploInverSynthesisMod = ss (( Asyn - 1.e -6* eye(nA0 ,nA0)),Bsyn ,Csyn ,
Dsyn );

% Gains

Bmot = abs( Blong (4)); Q = 1e -3*(1/ Bmot )"2; R = 50;

[K,S,e] = Iqry ( diploInverSynthesisMod ,Q,R);

The gains are:

0 0 Y Y

(16)
18.4687 4.0979 0.3242 0.8602

Once the gains are obtained, the closed-loop poles for the design model are presented in

Table 4.
Table 4 Closed-loop poles model 1

Model ‘ Controller ‘

Closed-loop poles

-6.7224 + 0.0000i
LQR -0.4500 + 0.00001
1 -3.4305 £ 0.8394i
LQRy -4.5323 £+ 0.0029i
-0.4592 + 0.4585i1

44. ANALYSIS MODEL

The analysis model illustrated in Figure 8, includes the IP linear models, the actuator model,
the sensors models and the designed control laws (see Figure 3). In the same Figure, the

break loop block for each of the variables is also provided.

thetaln thetaOut }»—»  —
- ~ (
té ta C v
e [ thetadotIn J thetadotOut J—» Sensor —_— Control
Models vIn ] +Out Dynamics Laws
lotIn ] [ ydotOut }—» —
4 4
|\ sysln —* sysOut
\
thetaln  f— s  thetaOut g
[ thetadotIn },—- Break -—-{ thetadotOut
) Loops -
p
vin b —{ vow )
ydotIn }—» —»| ydotOut
> —
actPosin —{_actPosOur J

r ~
Actuator F [ actPosin )
Model (- —

Figure 8 Break loop analysis model for inverted pendulum

S. LINEAR ANALYSIS RESULTS

Three additional models were included to analyze (see Table 1).
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Remark 7. The open-loop frequency responses are obtained by breaking the loop at the input
of each actuator or sensor (see Figure 8). The results are plotted in Nichols diagrams where
the required gain and phase margins are shown as exclusion zone (denoted by the red hexagon)
which must not be violated. The value on the horizontal axis from (-180,0) to (-135,0) is 45°,
and the value on the vertical axis from (-180,0) to (-180, -6) is 6 dB [23], [14], [24], [25].

51. LQR
Figure 9 provides the Nichol’s chart for # and 5. This chart demonstrates that the phase margin

of 6 is equal to or lower than 45°. However, the phase margin of y exceeds 45°. The gain
margins are greater than 6 [dB].

30 Model 1 line - Model 2 line -- Model 3 line : Model 4 line -. 30 Model 1 line - Model 2 line -- Model 3 line : Model 4 line -.
30 T T T T T 30U T T
0.3 rad/s 0.3 rad/s
20l e 1.0 rad/s 20 L e 1.0 rad/s
® 2.0 rad/s ® 2.0 rad/s
® 5.0 rad/s ® 5.0 rad/s
10 10
=) RS =)
Z2 2
= 0 e | e e e 7 e
< o]
-10 + -10
-20 -20
-30 : . -30 : '
-315 -270 -225 -180 -135 -90 -315 -270 -225 -180 -135 -90
Phase (degree) Phase (degree)
Nichol’s chart 6 Nichol’s chart 3

Figure 9 Stability margins of # and y LQR
In Figure 10 the Nichol’s charts for y and the actuator are shown. These substantiate that the
phase margin of y is greater than 45°. Conversely, the phase margin of actuator can be
observed not exceed 45°

30 Model 1 line - Model 2 line -- Model 3 line : Model 4 line -. 30 Model 1 line - Model 2 line -- Model 3 line : Model 4 line -.
E T T 30 ¢ T T

0.3 rad/s
e 1.0 rad/s
® 2.0 rad/s
® 5.0 rad/

20 20

10 F 10 F

Gain (dB)
Gain (dB)

-10 -10

0.3 rad/s
® |.0rad/

20 L 20 L
20 ® 2.0 rad/s 20
® 5.0 rad/s
-30 ik -30 : :
-315 =270 =225 -180 -135 -90 -315 =270 =225 -180 -135 -90
Phase (degree) Phase (degrees)
Nichol’s chart y Nichols’s chart actuator

Figure 10 Stability margins for y and actuator LQR
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The step response of y and associated closed-loop poles are show in Figure 11. The first plot
shows the response until the reference is reached with overshoot equal to zero %. It can also
be seen that the { of poles are greater than 0.5.

Closed-loop poles
7
6 L
—_ Damp 0.4
"o Damp 0.5
T 5F
(s}
&)
[
84l
2
>
<C 3t
P
©
£
Model 1 g 2r
----Model2 =
s Model 3 1
------- Model 4
-0.2 I ) I L 0 x x X
0 5 10 15 20 -7 -6 -5 -4 -3 -2 -1
Real Axis (seconds™)
Step response y Closed-loop poles all cases

Figure 11 Step response and closed-loop poles LQR

52. LQRY

In Figurel2, the Nichol’s charts for 6 and y are presented. From these it can be observed that
the phase margin of 8 does not exceed 45°. However, the phase margin of y remains greater
at 45°. The gain margin values of each are greater than 10 dB.

Model 1 line - }'Iudgl 2 line -- Model 3 line : Model 4 line Model 1 line - Model 2 line -- Model 3 line : Model 4 line

30

30
03 ra 03ra
an L e |.0ra an L e |.0ra
20 e 20ra 20 ®20ra
e 50ra ® 50ra
10 10
) )
2 2
= 0 - 0
'z ‘=
Q ]
-10 -10
-20 -20
/
-30 : L -30 '
-315 -270 -225 -180 -135 -90 -315 -270 =225 -180 -135 -90
Phase (degree) Phase (degree)
Nichol’s chart 6 Nichol’s chart 3

Figure 12 Stability margins of 6 and y LQRYy
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Figure 13 provides the Nichol’s chart for y and actuator. Here it can be observed that the
phase margin of y is greater than 45°, however, the actuator phase margin is approximately

45°
30 Model 1 line - Model 2 line -- Model 3 line : Model 4 lir 30 Model 1 line - Model 2 line -- Model 3 line : Model 4 lir
03r
e 10r
20 20
®20r
.5\\. ®50r
10 - 10+
) )
=z =z
= 0 - = DOF———— e AL
= =
) )
-10 -10
031
an L e [ Or a0 L
20 201 20
® 5071
-30 - -30 -
=315 =270 -225 -180 -135 -90 =315 =270 =225 -180 -135 -90
Phase (degree) Phase (degrees)
Nichol’s chart y Nichol’s chart actuator

Figure 13 Stability margins of y and actuator LQRYy
In Figure 14, the step response of y and the closed-loop poles are presented. The first plot
indicates that the step response has an overshoot that is less than 10%. The graphs also
indicate that the C of closed-loop poles are greater than 0.5.

1.2r Closed-loop poles
7 -
6 L
—_ Damp 0.4
i Damp 0.5
S5+
c
3
(0]
b4
@
>
< 3l
Py
o
c
-
Model 1| &
----Model2| —
o Model 3 1r
——————— Model 4
0 x b3S =
-0.2 0 5 10 15 7 -6 5 -4 3 2 -1
Real Axis (seconds™)
Step response y Closed-loop poles all cases

Figure 14 Step response and closed-loop poles LQRy
Examining the four models analyzed, the gain margin in each is greater than the required 6 dB
(this is true for both controllers designed). Meanwhile, the gain margins, while greater than
45° in most cases, this is not the case for the angular position and the actuator. Nevertheless,
the results comply with the established requirements.
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1.1. NUMERICAL COMPARISON

Sometimes, visual inspection is inadequate; in this situation, numerical data are presented to

establish a better comparison between both techniques. Table 5 provides the time
characteristics for all models. The overshoot for each is less than 10%; the settling times are
slightly exceeded, but are acceptable, and the main differences are in the rise time, where the

LQRy prevails.

Table 5 Time characteristics comparison

Model | Controller | Rise time [s] | Settling time [s] | Overshoot %

LQR 4.97 9.37 0.00
1 LQRy 3.39 9.80 4.21
LQR 4.78 9.18 0.00
2 LQRy 2.99 9.42 6.35
LQR 1.07 9.35 0.00
3 LQRy 3.40 9.97 4.51
LQR 1.95 9.43 0.00
4 LQRy 3.23 9.24 3.93

Table 6 presents the frequency characteristics derived from the two techniques. In terms of
stability margins, the two techniques are very similar. The phase margins of the LQR are

slightly larger than the LQRYy, which results in additional delay in the response.

Table 6 Frequency characteristics comparison

Model | Controller | Phase margin [°] | Gain margin [dB]

LQR 78.19 19.73
1 LQRy 63.53 17.23
LQR e 16.89
2 LQRy 60.61 14.20
LQR 78.10 19.72
3 LQRy 63.20 17.34
LQR 78.20 17.79
4 LQRy 63.33 15.23

6 NONLINEAR SIMULATIONS

Four cases were simulated; the initial condition is [0.1 0 0.1 0] T.

J To verify the step response, the linear position y changes from 0 to 2 in the second 5.

Figure 15 present the response of € and y. As expected, it is verified that after 5 seconds y
follows the step reference while, 6 consider the step change as disturbance and after remains

1n zero.
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Figure 15 Step response of linear and angular positions

Figure 16 illustrate the results for speed § and the control effort. It is verified that each of the
variables consider the step change as disturbance, after it, they return to steady state. Related

to the rise time, both techniques are similar, in terms of overshoot, the LQRy technique presents
a small overshoot compared with LQR.

0.7 T

06+

05¢F

0.4

0.3

0.2 H!

0.1 H

Linear speed [m/s]

0t

—LQR
- - --LQRy

01V,

0.2

03 L I L 1 L

0 5 10 15 20 25
Time [s]

Linear speed response

30 35

—VLOQR
----LOQRy

Torque [Nm]

-3 1 I 1 | L 1 L
0 5 10 15 20 25 30 35
Time [s]

Control effort magnitude

Figure 16 Step response of linear speed and torque

To verify the tracking response, non-zero references are simulated for y.

Figure 17 shows changes in the angle 0 (verifies that after the reference change, the angle
reverts to zero as expected) and the cart position y changes it values according to reference.
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Figure 17 Tracking response for linear angular positions

Figure 18 illustrates the speed § and the control effort. As in the previous simulation, it verifies
that after changes in the reference, the speed y’ returns to zero. In the case of F (output from
actuator), the transient also is verified and then, the steady state regime close to zero. The torque
value is lightly greater for LQR compared with LQRy.
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Figure 18 Tracking response for linear speed and torque
° This is also a case of stabilization, but in addition, at the 25th second, a disturbance of

magnitude 0.1 is introduced to verify the response of both techniques.
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Figure 19 plots the results for 4 and y. In both cases, it is verified that after the disturbance the

steady state regime is achieve.
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Figure 19 Disturbance’s response of linear and angular positions

Figure 20 presents the results for § and the control effort F. It is verified the transient regime
(i.e. after disturbance) and after both reach the steady state regime. Also, it can be verified that
control effort is less than the saturation value and in the case of LQR is slightly higher than

LQRy.
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Figure 20 Disturbance’s response of linear speed and torque
. For the last case, noise in the speed y~ signal is added. The task simulated is a tracking

task presented in the second case.
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Figure 21 shows the results for 6 and y when noise is included. It is verified that noise does not
degrade both signals as expected.
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Figure 21 Linear and angular positions with noise

Finally, Figure 22 presents the results for y and control effort when noise is included. It is
verified that the effect of noise on y is similar for both techniques. However, for the control
effort the technique most sensitive to noise is the LQR technique, which presents a greater
value of noise compared with LQRy.
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Figure 22 Linear speed and torque responses with noise

7. CONCLUSIONS
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Nonlinear and linear models of the IP were presented, derived using Mathematica™. Different
linear models can be obtained by modifying the IP parameters or using different operating
conditions. Three additional models were generated for further analysis. The simple LQR
technique and the LQRYy having the addition of target zeros were presented. The synthesis and
analysis models were introduced considering time and frequency requirements. The gains of
both techniques were tuning using Matlab-Simulink®. Three additional linear models were
analyzed, where the phase and gain margins, step responses, and closed-loop poles were
verified and evaluated according to the specified requirements. Finally, nonlinear simulations
were performed considering a trajectory task, disturbance rejections, stabilization response,
noise attenuation and control efforts. The inverted pendulum problem presented herein allows
each of the steps of the adopted methodology to be illustrated. Regarding the results, first, IP
stabilization was reached; the response to a disturbance was satisfactory and the same was
controlled appropriately. Good results were obtained in the reference tracking task and, when
noise was introduced into the speed sensor, the response of both techniques was similar;
However, a greater magnitude of noise was observed in the LQR technique. In summary, the
linear and nonlinear responses are within the objectives of this work concur, provide quality
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