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Abstract 

Labeled graphs are becoming an increasingly useful family of mathematical models for a 

wide range of applications. A new graph labelling scheme is introduced in this paper. We 

define distance pattern segregated graphs as follows. A graph G is called a distance pattern 

segregated graph, if fM(u) is independent of the choice of 𝑢 ∈ 𝑀 and injective  when 

restricted to the set V-M. The set M is called the distance pattern segregated set for G. The 

least cardinality of the DPS set of a graph G is called the DPS number of G. 
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Introduction 

In the mathematical discipline of graph theory, a graph labeling is the assignment of labels, 

traditionally represented by integers, to the edges or vertices, or both, of a graph. Graph 

labeling was introduced in the late 1960 by A.Rosa [12] . Instead of a finite subset of set of 

integers, Acharya [1] associated an arbitrary non-empty set to the graphs, thereby laying the 

foundations for the set-valuations of graph. Labeled graphs are becoming an increasingly 

useful family of mathematical models for a wide range of applications such as coding, X-ray, 

crystallography, radar tracking, remote control, radio-astronomy, communication networks, 

network flow etc. For all terminology and notation in graph theory, not defined specifically in 

this paper, we refer the reader to Harary[9] . Unless mentioned otherwise, all the graphs 

considered in this paper are simple, self-loop-free and finite. 

Graph Labeling has wide applications in such as coding theory, radar, astronomy, circuit 

design, missile guidance, communication network addressing, x-ray crystallography, data 

base management [14] . Graph labelling can be used to solve issues in Mobile Adhoc 

Networks (MANETS) [6]. Connectivity, scalability, and routing can be analyzed using Graph 

models. Automatic routing of data in a network can also be achieved using graph labelling 

[6]. The work proposed in  [11] explore the role of labeling in expanding the utility of 

channel assignment process in communication networks. 

The rest of the paper is organized as follows. Section 2 describes Distance Pattern Segregated 

(DPS) graph in detail. Section 3 discusses various classes of DPS. 𝑀 − segregating matrix 

corresponding to a DPS graph is discussed in Section 4. The paper is concluded in Section 5. 
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Distance Pattern Segregated Graphs 

        Consider the family of graphs whose vertices are assigned the subsets of {0,1,2, … , 𝑑}, 

where 𝑑 is the diameter of the graph. We have to find a subfamily of these graphs in such a 

way that we can find a subset 𝑀 of the vertex set, such that the subsets assigning to the 

vertices in 𝑀 should be same, and the subsets assigning to the vertices in 𝑉 − 𝑀 should be 

different for all the vertices. 

       Acharya [15] define distance pattern segregated graphs as another version of distance-

pattern distinguishing graphs (or, a ‘DPD-set’) as follows: 

Definition 1.    A graph 𝐺 is called a distance pattern segregated (DPS) graph if 𝑓𝑀(𝑢) is 

independent of the choice of 𝑢 ∈ 𝑀 and injective when restricted to the set 𝑉 − 𝑀. The set 𝑀 

is called the distance pattern segregated set (DPS set) for 𝐺. 

Clearly,1 ≤ |𝑀| ≤ |𝑉(𝐺)|. 

Notation: Through out this paper, in all the figures, the vertices in the DPS sets are 

represented by white circles. 

 

                                 

                                         Figure 1 : A DPS Graph 

 

Classes of DPS graphs 

Lemma 1.  Complete graphs are DPS graphs. 

Proof. Let 𝑉(𝐾𝑛) = {𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛}. Choose 𝑀 = {𝑣2, 𝑣3, … , 𝑣𝑛}. Then, 𝑓𝑀(𝑣𝑖) = {0,1} 

for every 𝑖 = 2,3, … , 𝑛. Also, 𝑓𝑀(𝑣1) = {1}. Hence, 𝐾𝑛 is a DPS graph. ◻ 

 

Figure 2 : A Complete DPS Graph 
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Lemma 2.  𝐾1,𝑛 is a DPS graph. 

Proof. Let 𝐺 ≅ 𝐾1,𝑛 with 𝑉(𝐺) = {𝑢, 𝑣1, 𝑣2, … , 𝑣𝑛}; 𝑢 as the central vertex of 𝐺. Choose 𝑀 =

{𝑣1, 𝑣2, 𝑣3, … , 𝑣𝑛}. Then, 𝐺 is a DPS graph, for, 𝑓𝑀(𝑣𝑖) = {0,2} for every 𝑖 = 1,2, … , 𝑛 and 

𝑓𝑀(𝑢) = {1}. ◻ 

Lemma 3.  All cycles are DPS graphs. 

 

Figure 3 : DPS Cycle 

Proof. Let 𝑉(𝐶𝑛) = {𝑣1, 𝑣2, … , 𝑣𝑛}. Choose 𝑀 = {𝑣1, 𝑣2, … , 𝑣𝑛}. Then, if 𝑛 is even, 𝑓𝑀(𝑣𝑖) =

{1,2, … ,
𝑛

2
}, for every 𝑣𝑖 ∈ 𝑀. Also, when 𝑛 is odd, 𝑓𝑀(𝑣𝑖) = {1,2, … ,

𝑛−1

2
}, for every 𝑣𝑖 ∈ 𝑀. 

Hence, 𝐶𝑛 is a DPS graph. ◻ 

Proposition 1.  Complete bipartite graph 𝐾𝑚,𝑛, 𝑚, 𝑛 ≥ 3 is a DPS graph. 

Proof. Let 𝐺 ≅ 𝐾𝑚,𝑛 be a complete bipartite graph and let 𝑈 and 𝑊 be the partition of 𝑉(𝐺), 

where |𝑈| = 𝑚 ≥ 3 and |𝑊| = 𝑛 ≥ 3. Let 𝑈 = {𝑢1, 𝑢2, … , 𝑢𝑚} and 𝑊 = {𝑣1, 𝑣2, … , 𝑣𝑛}. 

Choose 𝑀 = 𝑈 ∪ {𝑣2, 𝑣3, … , 𝑣𝑛}. Then, 𝑓𝑀(𝑣) = {0,1,2}, for every 𝑣 ∈ 𝑀 and 𝑓𝑀(𝑣1) =

{1,2}. Hence, 𝑓𝑀 is injective in 𝑉 − 𝑀 and identical in 𝑀. ◻ 

 

 

Figure 4 :A complete bipartite DPS graph 
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Remarks 1.  Let 𝐺 be a DPS graph. If 𝑒1 and 𝑒2 are the only two different eccentricities of a 

graph with 𝑒1 < 𝑒2, then 𝑉 − 𝑀 contains exactly one vertex of eccentricity 𝑒1 and one vertex 

of eccentricity 𝑒2. 

Remarks 2.  If the set 𝑓𝑀(𝑣) for 𝑣 ∈ 𝑀 contains an even entry, then the vertices in 𝑀 are 

independent. 

Remarks 3.  No two vertices in 𝑉 − 𝑀 have the same eccentricity. 

Theorem 1.  Every path 𝑃𝑛 on 𝑛 vertices admits a DPS set. 

                                     

                                                        Figure 5: A DPS path 

Proof. Let 𝑉(𝑃𝑛) = {𝑣1, 𝑣2, … , 𝑣𝑛}. Choose 𝑀 = {𝑣1}. Then, 𝑓𝑀(𝑣1) = {0}. Also, 𝑓𝑀(𝑣2) =

{1}, 𝑓𝑀(𝑣3) = {2}, … , 𝑓𝑀(𝑣𝑛) = {𝑛 − 1}. Hence, 𝑓𝑀 is injective in 𝑉 − 𝑀 and identical in 𝑀 

and thus, 𝑃𝑛 is a DPS graph. ◻ 

Remarks 4.  𝑀 = {𝑣1} is not the only DPS set for 𝑃𝑛. Also, 𝑀2 = {𝑣𝑛},𝑀3 = {𝑣1, 𝑣2},𝑀4 =

{𝑣𝑛, 𝑣𝑛−1},𝑀5 = {𝑣1, 𝑣3} and 𝑀6 = {𝑣𝑛−2, 𝑣𝑛} are DPS sets for 𝑃𝑛. Hence, there are six DPS 

sets for 𝑃𝑛. 

Remarks 5.  Consider a star 𝐾1,𝑛 with 𝑢 as its central vertex and 𝑣1, 𝑣2, … , 𝑣𝑛 are the pendant 

vertices, 𝑀 = {𝑣1, 𝑣2, … , 𝑣𝑛} and 𝑀𝑖 = 𝑀 − {𝑣𝑖},1 ≤ 𝑖 ≤ 𝑛 are DPS sets of 𝐾1,𝑛. Hence, 

there are 𝑛 + 1 DPS sets for 𝐾1,𝑛. 

Theorem 2.  A graph 𝐺 is a DPS graph with |𝑀| = 1 if and only if 𝐺 is a path. 

Proof. When 𝐺 is a path with 𝑉(𝐺) = {𝑣1, 𝑣2, … , 𝑣𝑛}, from Theorem 1, |𝑀| = 1. 

Conversely, assume that 𝐺 is a DPS graph with |𝑀| = 1. We prove that 𝐺 is a path. Assume 

to the contrary that 𝐺 is not a path. Then, there exists a vertex 𝑣2 such that 𝑑𝑒𝑔(𝑣2) ≥ 3. Let 

the vertices adjacent to 𝑣2 be 𝑣1, 𝑦 and 𝑣3. Then, 𝑒(𝑣1) = 𝑒(𝑣𝑛) = 𝑒(𝑦). Now, suppose that 

𝑀 = {𝑦}. None of the pendant vertices of 𝐺 belong to 𝑀. Hence, 𝑀 contains more than one 

vertex if 𝐺 is not a path. Hence, 𝐺 is a path when |𝑀| = 1. ◻ 

Now to check whether self-centered graphs possess DPS set. 

Theorem 3.  Every self-centered graphs on 𝑛 vertices is a DPS graph. 

Proof. Let 𝐺 be a self-centered graph with 𝑉(𝐺) = {𝑣1, 𝑣2, … , 𝑣𝑛}. Choose 𝑀 =

{𝑣1, 𝑣2, … , 𝑣𝑛}. Then, 𝑓𝑀(𝑣𝑖) = {1,2, … , 𝑟}, for every 𝑣𝑖 ∈ 𝑀, where 𝑟 is the radius of 𝐺. 

Hence, 𝐺 is a DPS graph. ◻ 

The Lemma 1 and Lemma 3 can be used as a corollary to Theorem 3. 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026  

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

Received: 23 April 2026  2027 

Corollary 1.  If 𝐺 is a self-centered DPS graph, then 𝑚𝑎𝑥𝑓𝑀(𝑣) = 𝑑, where 𝑑 is the diameter 

of the graph. 

Theorem 4.  Let 𝐺 be a connected graph with 𝑉(𝐺) as its vertex set. Then, 𝑉(𝐺) is a DPS set 

if and only if 𝐺 is a self-centered graph. 

Proof. Suppose that 𝑀 = 𝑉(𝐺) is a DPS set. That is, 𝑓𝑀 is identical in all the vertices of 𝐺. 

So if 𝑑 is the diameter of 𝐺, 𝑓𝑀(𝑣) = {0,1,2, … , 𝑑} for every 𝑣 ∈ 𝑀. Hence, the diameter of 

every vertices should be 𝑑. Thus, 𝐺 is a self-centered graph. 

Conversely, suppose that 𝐺 is a self-centered graph. By taking 𝑀 = 𝑉(𝐺), 𝑓𝑀(𝑣) =

{0,1,2, … , 𝑑}, where 𝑑 is the diameter of 𝐺. Hence, 𝑉(𝐺) is a DPS set. ◻ 

Remarks 6.  For a self-centered graph with 𝑛 vertices, where 𝑛 is odd, there are exactly 𝑛 

DPS sets. 

Remarks 7.  A self-centered graph on even vertices have exactly one DPS set. 

Remarks 8.  A graph with exactly one full degree vertex need not be DPS. 

Proposition 2.  𝐵(𝑚, 𝑛),𝑚, 𝑛 ≥ 2 does not possess a DPS set. 

Proof. Let 𝐺 ≅ 𝐵(𝑚, 𝑛) be a graph with central vertices 𝑢 and 𝑣 with 𝑚 leaves are attached 

to 𝑢 and 𝑛 leaves are attached to 𝑣. Let {𝑢1, 𝑢2, … , 𝑢𝑚} be the vertices attached to 𝑢 and 

{𝑣1, 𝑣2, … , 𝑣𝑛} be the vertices attached to 𝑣. 

Case 1: When |𝑀| = 1, from Theorem 2, 𝐺 is a path, which is a contradiction. Then, the only 

possibility is |𝑀| ≥ 2. 

Case 2: |𝑀| = 2. 

Subcase 1: When 𝑀 = {𝑢, 𝑣}, then 𝑓𝑀(𝑣𝑖) = 𝑓𝑀(𝑢𝑖) = {1,2}, which is a contradiction. 

Subcase 2: When 𝑀 = {𝑣𝑖 , 𝑣𝑗}, 𝑓𝑀 is identical in 𝑀 and 𝑓𝑀(𝑣) = {1}, 𝑓𝑀(𝑢) = {2}, 𝑓𝑀(𝑣𝑘) =

𝑓𝑀(𝑣𝑙) = {2}, for every 𝑣𝑘 , 𝑣𝑙 ∈ 𝑉 − 𝑀, which is a contradiction. Similar is the case when 

𝑀 = {𝑢𝑖, 𝑢𝑗}. 

Subcase 3: When 𝑀 = {𝑢, 𝑣𝑖}, then, 𝑓𝑀 is identical in 𝑀 and 𝑓𝑀(𝑣) = {1}, 𝑓𝑀(𝑣𝑗) =

𝑓𝑀(𝑣𝑘) = {2}, which is not possible. 

Subcase 4: When 𝑀 = {𝑢𝑖 , 𝑣𝑗}, then 𝑓𝑀 is identical in 𝑀 and 𝑓𝑀(𝑢) = 𝑓𝑀(𝑣) = {1,2}, which 

is also not possible. 

Case 3: |𝑀| = 𝑠, 𝑠 ≥ 3 

Subcase 1: When 𝑀 = {𝑣1, 𝑣2, … , 𝑣𝑠}, then 𝑓𝑀(𝑣𝑘) = {0,2}, hence 𝑓𝑀 is identical in 𝑀. Also, 

𝑓𝑀(𝑣) = {1}, 𝑓𝑀(𝑢) = {2}, 𝑓𝑀(𝑢1) = 𝑓𝑀(𝑢2) = ⋯ = 𝑓𝑀(𝑢𝑚) = {3}, which is a contradiction 

to the assumption of the injectivity of 𝑓𝑀 in 𝑉 − 𝑀. 

Subcase 2: When 𝑀 = {𝑢1, 𝑢2, … , 𝑢𝑠}, then 𝑓𝑀(𝑢𝑘) = {0,2}, hence 𝑓𝑀 is identical in 𝑀. Also, 

𝑓𝑀(𝑢) = {1}, 𝑓𝑀(𝑣) = {2}, 𝑓𝑀(𝑣1) = 𝑓𝑀(𝑣2) = ⋯ = 𝑓𝑀(𝑣𝑛) = {3}, which is a contradiction 

to the assumption of the injectivity of 𝑓𝑀 in 𝑉 − 𝑀. 

Subcase 3: When 𝑀 = {𝑢, 𝑣, 𝑢1, 𝑢2 … , 𝑢𝑗}, then 𝑓𝑀 is not identical in 𝑀. 

Hence, bistar does not possess a DPS set. ◻ 
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Theorem 5.  For any positive integer 𝑛, 𝑃𝑚 + 𝐾𝑛 is DPS if and only if 𝑚 ≤ 3.                                          

 

Figure 6 

 

Proof.  First we prove that when 𝑚 ≤ 3, 𝑃𝑚 + 𝐾𝑛 is DPS. 

When 𝑚 = 1, choose 𝑀 = 𝑉(𝐾𝑛). Then, 𝑓𝑀(𝑥) = {1} for 𝑥 ∈ 𝑉 − 𝑀 and 𝑓𝑀(𝑦) = {0,1} for 

every 𝑦 ∈ 𝐾𝑛. 

 

Figure 7 

Thus, 𝑃1 + 𝐾𝑛 is DPS for any 𝑛. 

When 𝑚 = 2, let 𝑉(𝑃2) = {𝑥, 𝑦}. Choose 𝑀 = 𝑉(𝐾𝑛) ∪ {𝑥}. Then, 𝑓𝑀(𝑣) = {0,1} for every 

𝑣 ∈ 𝑀 and 𝑓𝑀(𝑦) = {1}. 

Thus, 𝑃2 + 𝐾𝑛 is DPS for any 𝑛. 

When 𝑚 = 3, let 𝑉(𝑃𝑛) = {𝑣1, 𝑣2, 𝑣3}. Choose 𝑀 = 𝑉(𝐾𝑛) ∪ {𝑣1}. 

                        

Figure 8 
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Then, 𝑓𝑀(𝑣) = {0,1} for every 𝑣 ∈ 𝑀. Also, 𝑓𝑀(𝑣2) = {1} and 𝑓𝑀(𝑣3) = {1,2}. Hence, 𝑃3 +

𝐾𝑛 is DPS for any 𝑛. 

To prove the converse, it is enough to prove that 𝑃𝑚 + 𝐾𝑛 is not a DPS graph for 𝑚 ≥ 4. Let 

𝑉(𝑃𝑚) = {𝑣1, 𝑣2, … , 𝑣𝑚},𝑚 ≥ 4 and 𝑉(𝐾𝑛) = {𝑢1, 𝑢2, … , 𝑢𝑛}. 

Case 1: When 𝑀 = 𝑉(𝐾𝑛). 

Then, 𝑓𝑀(𝑢) = {0,1}, for every 𝑢 ∈ 𝑉(𝐾𝑛) and 

𝑓𝑀(𝑣) = {1} for every 𝑣 ∈ 𝑉 − 𝑀, which contradicts the injectivity of 𝑓𝑀 in 𝑉 − 𝑀. 

Case 2: When 𝑀 = 𝑉(𝐾𝑛)⋃{𝑣1, 𝑣2, … , 𝑣𝑘},  1 ≤ 𝑘 ≤ 𝑚 − 1. 

Then, 𝑓𝑀(𝑥) = {0,1} for every 𝑥 ∈ 𝑀; 

𝑓𝑀(𝑣2) = {1} and 

𝑓𝑀(𝑣3) = 𝑓𝑀(𝑣4) = ⋯ = 𝑓𝑀(𝑣𝑚) = {1,2}, which is a contradiction. 

Case 3: When 𝑀 = 𝑉(𝐾𝑛)⋃{𝑣1, 𝑣2, … , 𝑣𝑚}. 

Then, 𝑓𝑀(𝑥) = {0,1} for every 𝑥 ∈ 𝐾𝑛 and 

𝑓𝑀(𝑦) = {0,1,2}, for every 𝑦 ∈ 𝑃𝑚, which is a contradiction to the assumption that 𝑓𝑀 is 

uniform in 𝑀. 

Hence, 𝑃𝑚 + 𝐾𝑛 is not DPS for 𝑚 ≥ 4. ◻ 

Proposition 3.  𝑃𝑛 + 𝐾𝑚 admits DPS set for any 𝑚 and 𝑛. 

Proof. In 𝑃𝑚 + 𝐾𝑛, every vertex is of eccentricity two. Hence, by Theorem 3, 𝑃𝑛 + 𝐾𝑛 is a 

DPS set. ◻ 

Proposition 4.  𝑃𝑛 + 𝑃𝑚 is a DPS graph for 𝑚, 𝑛 ≥ 4. 

Proof. Let 𝑉(𝑃𝑛) = {𝑢1, 𝑢2, … , 𝑢𝑛} and 𝑉(𝑃𝑚) = {𝑣1, 𝑣2, … , 𝑣𝑚}. Choose 𝑀 = 𝑉(𝑃𝑛) ∪

{𝑣1, 𝑣2, … , 𝑣𝑚−1}. Then, 𝑓𝑀(𝑢) = {0,1,2} for every 𝑢 ∈ 𝑀 and 𝑓𝑀(𝑣𝑛) = {1,2}. Hence, 𝑃𝑛 +

𝑃𝑚 is DPS for 𝑚, 𝑛 ≥ 4. ◻ 

                                       

Figure 9: P4 + P5 
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Figure 10: P3 + P4 

 

Remarks 9.  𝑃2 + 𝑃3 and 𝑃3 + 𝑃4 is not DPS. 

Proposition 5.  Wheel graph is a DPS graph. 

 

Figure 11 : 

Proof. Let 𝐺 ≅ 𝐾1 + 𝐶𝑛 be a wheel graph with 𝑉(𝐺) = {𝑢, 𝑣1, 𝑣2, … , 𝑣𝑛} and 𝑢 be the central 

vertex. Choose 𝑀 = {𝑣1, 𝑣2, … , 𝑣𝑛}. Then, 𝑓𝑀(𝑣𝑖) = {0,1,2} and 𝑓𝑀(𝑢) = {1}. Hence, 𝑓𝑀 is 

injective in 𝑉 − 𝑀 and identical in 𝑀. ◻ 

Theorem 6.  A graph with a full degree vertex with atmost one pendant vertex and degree (≥

2) of all other vertex is same, is DPS. 

Proof. Let 𝐺 be a graph with a vertex of full degree, say, 𝑢. Then, 𝑒(𝑢) = 1. Let 𝑢1, 𝑢2, … , 𝑢𝑛 

be the other vertices in 𝐺 with 𝑢𝑛, a pendant vertex and 𝑑𝑒𝑔(𝑢1) = 𝑑𝑒𝑔(𝑢2) = ⋯ =

𝑑𝑒𝑔(𝑢𝑛−1). Choose 𝑀 = {𝑢1, 𝑢2, … , 𝑢𝑛−1}. Then, 𝑓𝑀(𝑢𝑖) = {0,1,2} for every 𝑢𝑖 ∈ 𝑀. Also, 

𝑓𝑀(𝑢) = {1} and 𝑓𝑀(𝑢𝑛) = {2}. Hence, 𝑀 is a DPS set. ◻ 

Consider the case of a caterpillar; a pendant edge 𝑒𝑗 = 𝑣𝑗𝑢𝑗  is attached to a vertex 𝑣𝑗  of the 

path 𝑃𝑛, with 𝑉(𝑃𝑛) = {𝑣1, 𝑣2, … , 𝑣𝑗 , … , 𝑣𝑛} where 2 ≤ 𝑗 ≤ 𝑛 − 1. Then, there are exactly 

three pendant vertices. Among them at least one of them belongs to 𝑀. 
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Figure 12  

 

Case 1: 𝑀 = {𝑣1} 

Then, 𝑓𝑀(𝑣𝑗) = {𝑗 − 1}, 𝑓𝑀(𝑢𝑗) = {𝑗}, 𝑓𝑀(𝑣𝑗+1) = {𝑗}, which is a contradiction to the 

injectivity of 𝑓𝑀 in 𝑉 − 𝑀. Similar is the case when 𝑀 = {𝑣𝑛}. 

Case 2: 𝑀 = {𝑢𝑗} 

Then, 𝑓𝑀(𝑣𝑗) = {1}, 𝑓𝑀(𝑣𝑗−1) = {2} = 𝑓𝑀(𝑣𝑗+1), which is again a contradiction. 

Case 3: Let 𝑀 consists of two vertices such that one a pendant vertex and other an internal 

vertex. 

Let 𝑀 = {𝑣1, 𝑣2}. Then, 𝑓𝑀(𝑢𝑗) = 𝑓𝑀(𝑣𝑗+1) = {𝑗, 𝑗 − 1}, which is a contradiction. 

Case 4: Let 𝑀 consists of any two pendant vertices. 

Let 𝑀 = {𝑣1, 𝑢𝑗}. Then, 𝑓𝑀(𝑣𝑗) = {1, 𝑗 − 1} = 𝑓𝑀(𝑣2), which is a contradiction. 

Other than the above two cases, we do not get an 𝑀 which is identical. Hence, we have the 

Theorem 7. 

Theorem 7.  A caterpillar possess a DPS set if and only if a pendant edge is attached to the 

vertex 𝑣2 or 𝑣𝑛−1 of the path 𝑃𝑛 with 𝑉(𝑃𝑛) = {𝑣1, 𝑣2, … , 𝑣𝑛}. 

Theorem 8.  Unicyclic graph 𝐺 admits DPS set if and only if 𝐺 is isomorphic to a cycle 𝐶𝑛, 

with a path 𝑃𝑚, 𝑚 ≥ 1 is attached at exactly one of its vertex. 

                                    

                                                           Figure 13 
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Proof. Let 𝐺 be a unicyclic graph with 𝑉(𝐶𝑛) = {𝑣1, 𝑣2, … , 𝑣𝑛} and 𝑉(𝑃𝑚) = {𝑢1, 𝑢2, … , 𝑢𝑚}, 

with 𝑣𝑖 = 𝑢1, for some 𝑖. Choose 𝑀 = 𝑉(𝐶𝑛). Then 𝑓𝑀 is identical in 𝑀. Also when 𝑛 is 

even, 

𝑓𝑀 (u2) = {1, 2, …. 
𝑛

2
+ 1}, 𝑓𝑀 (u3)  = {2, 3,…. 

𝑛

2
+ 2}, …… ,  𝑓𝑀 (um)  = {m-1, m, …., 

𝑛

2
+

𝑚}. 

When 𝑛 is odd, 

𝑓𝑀 (u2)  = {1, 2, …. 
𝑛−1

2
+ 1}, 𝑓𝑀 (u3) = {2, 3, ,…. 

𝑛−1

2
+ 2}, … ,  𝑓𝑀 (um) = {m-1, m, …., 

𝑛−1

2
+ 𝑚 }. Hence, 𝑀 is a DPS set. 

Next, we prove that 𝑀 = 𝑉(𝐶𝑛) is the only DPS set for 𝐺. 

Case 1: When 𝑀 = {𝑢𝑖, 𝑢𝑗}. 

Then, 𝑓𝑀 is identical in 𝑀. Also, 𝑓𝑀(𝑢𝑖−1) = {1, 𝑗 − 𝑖} and 𝑓𝑀(𝑢𝑖−1) ≠ 𝑓𝑀(𝑣𝑖), for every 𝑖 

which is a contradiction to the injectivity of 𝑓𝑀 in 𝑉 − 𝑀. 

Case 2: When 𝑀 = 𝑉(𝐶𝑛) ∪ {𝑢𝑖}, then 𝑓𝑀 is not identical in 𝑀. Next we prove that no other 

unicyclic graph possess a DPS set. Choose 𝑀 = 𝑉(𝐶𝑛). Then, 𝑓𝑀 is identical in 𝑀. 

Subcase 1: 𝑃𝑚 is attached to at least two vertices of 𝐶𝑛. For, let two paths 𝑃𝑛 and 𝑃𝑚 are 

attached to two vertices of a cycle. Let 𝑉(𝑃𝑛) = {𝑥1, 𝑥2, … , 𝑥𝑛} and 𝑉(𝑃𝑚) = {𝑧1, 𝑧2, … , 𝑧𝑚}. 

Then 𝑓𝑀(𝑥𝑖) = 𝑓𝑀(𝑧𝑖) = {1,2, … ,
𝑛

2
+ 1}, when 𝑛 is even. 

Also 𝑓𝑀(𝑥𝑖) = 𝑓𝑀(𝑧𝑖) = {1,2, … ,
𝑛−1

2
+ 1}, when 𝑛 is odd; which is a contradiction to the 

injectivity of 𝑓𝑀 in 𝑉 − 𝑀. 

Subcase 2: A tree 𝑇 except path is attached to exactly one vertex of 𝐶𝑛. Let 𝑉(𝑇) =

{𝑣1, 𝑣2, … , 𝑣𝑛} and 𝑣1 be an antipodal vertex of 𝑇. Then since 𝑇 is not a path, 𝑑(𝑥, 𝑣1) =

𝑑(𝑦, 𝑣1), for some 𝑥 and 𝑦 in 𝑇. Hence, when 𝑀 = 𝑉(𝐶𝑛), we get 𝑓𝑀(𝑥) = 𝑓𝑀(𝑦), which is a 

contradiction to the injectivity of 𝑓𝑀 in 𝑉 − 𝑀. ◻ 

Corollary 2.  If 𝐺 is a unicyclic DPS graph, then every blocks of 𝐺 is DPS. 

DPS number of a graph 

Definition 2.  The least cardinality of the DPS set of a graph 𝐺 is called the DPS number of 

𝐺, denoted by, 𝛾𝑑(𝐺). 

Theorem 9.  All self-centered graphs of order 𝑛 have DPS number either 𝑛 − 1 or 𝑛. 

Proof. Let 𝐺 be a self-centered graph of order 𝑛. 

Case 1: When 𝐺 ≅ 𝐾𝑛, 𝛾𝑑(𝐺) = 𝑛 − 1. 

Case 2: When 𝑛 is even 

Let 𝑉(𝐺) = {𝑣1, 𝑣2, … , 𝑣𝑛}, where 𝑛 is even. Then by Theorem 3, 𝛾𝑑(𝐺) ≤ 𝑛. Next, we prove 

that the deletion of any vertex from 𝑀 does not yield a DPS set for 𝐺. For, let 𝑀 =

{𝑣1, 𝑣2, … , 𝑣𝑛−1}. Then fM(v1) = {0, 1, 2, … r}, fM(v2) = {0, 1,2, … r}, …. fM(vn/2) = {0, 1, 

2,…r-1}, where 𝑟 is the radius of 𝐺. Hence, 𝑓𝑀 is not identical in 𝑀. Thus, 𝛾𝑑(𝐺) = 𝑛. 

Case 3: When 𝑛 is odd 
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Choose 𝑀 = {𝑣1, 𝑣2, … , 𝑣𝑛−1}. Then, 𝑓𝑀(𝑣𝑖) = {0,1,2, … , 𝑟}. Also, 𝑓𝑀(𝑣𝑛) = {1,2, … , 𝑟}. 

Thus, 𝑀 is a DPS set and 𝛾𝑑(𝐺) ≤ 𝑛 − 1. Now, suppose that 𝑀 = {𝑣1, 𝑣2, … , 𝑣𝑛−2}. Then, 

fM(v1)  = {0, 1, 2, … r}, fM(v2)  = {0, 1, 2, …. r} fM(vn-1/2);={0, 1, 2, …. r-1}, which is a 

contradiction. Thus, 𝑀 is not a DPS set. Hence, 𝛾𝑑(𝐺) = 𝑛 − 1. ◻ 

Remarks 10.  𝛾𝑑(𝐶𝑛) = 𝑛, 𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛  

                                              n-1, if n is odd 

 

Figure 14 

 

Remarks 11.  𝛾𝑑(𝑃𝑛) = {1}. 

Proposition 6.  𝛾𝑑(𝐺) = 1 if and only if 𝐺 is a path. 

Theorem 10.  If 𝑇 is isomorphic to either star 𝐾1,𝑘 and 𝐾1,𝑘+1 or a graph obtained by 

subdividing atmost two legs of 𝐾1,𝑘+1 or one leg of 𝐾1,𝑘, then 𝛾𝑑(𝑇) ≤ 𝑘. 

Proof. Suppose that 𝑇 is isomorphic to one of the trees stated in the theorem. 

Case 1:𝑇 ≅ 𝐾1,𝑘 or 𝐾1,𝑘+1. 

We prove that 𝑇 has a DPS set of cardinality 𝑘. 

If 𝑇 ≅ 𝐾1,𝑘, let 𝑀 = {𝑢1, 𝑢2, … , 𝑢𝑘} be the set of 𝑘 pendant vertices in 𝑇 and 𝑑𝑒𝑔(𝑣) = 𝑘. 

Then, 𝑓𝑀(𝑢𝑖) = 𝑓𝑀(𝑢𝑗) = {0,2} and 𝑓𝑀(𝑣) = {1}, since 𝑣 is adjacent to all the 𝑢𝑖’s. Hence, 

𝑓𝑀 is identical in 𝑀 and injective in 𝑉 − 𝑀. 

If 𝑇 ≅ 𝐾1,𝑘+1, let 𝑀 = {𝑢1, 𝑢2, … , 𝑢𝑘} be any set of 𝑘 pendant vertices in 𝑇. Let 𝑑𝑒𝑔(𝑣) = 𝑘 

and 𝑢𝑘+1 be the vertices in 𝑉 − 𝑀. Then, 𝑓𝑀(𝑢𝑖) = 𝑓𝑀(𝑢𝑗) = {0,2} and 𝑓𝑀(𝑣) = {1}, since 𝑣 

is adjacent to all 𝑢𝑖 ∈ 𝑀. Also 𝑓𝑀(𝑢𝑘+1) = {2}. Therefore, 𝑓𝑀 is identical in 𝑀 and injective 

in 𝑉 − 𝑀. 

Case 2: 𝑇 is isomorphic to the graph obtained by subdividing atmost two legs of 𝑇 ≅ 𝐾1,𝑘+1. 

If 𝑇 is isomorphic to the graph obtained by subdividing one leg of 𝐾1,𝑘+1, let 𝑀 =

{𝑢1, 𝑢2, … , 𝑢𝑘} be any set of 𝑘 pendant vertices in 𝑇 and 𝑣 ∈ 𝑉 − 𝑀 such that 𝑑𝑒𝑔(𝑣) = 𝑘 +

1 and {𝑣, 𝑥1, 𝑥2, … , 𝑥𝑛, 𝑣𝑘+1} be the path created by subdividing vertices 𝑥1, 𝑥2, … , 𝑥𝑛 of the 

edge 𝑢𝑣𝑘+1. Now, 𝑓𝑀(𝑢𝑖) = 𝑓𝑀(𝑢𝑗) = {0,2} and 𝑓𝑀(𝑣) = {1}. Also, 𝑓𝑀(𝑥1) = {2} and 

𝑓𝑀(𝑥𝑖) = {𝑛 + 2} for each 𝑖, 2 ≤ 𝑖 ≤ 𝑛. Therefore, 𝑓𝑀 is injective on 𝑉 − 𝑀 and identical in 

𝑀. 
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If 𝑇 is isomorphic to the graph 𝐺 obtained by subdividing two legs of 𝐾1,𝑘+1, say, 𝑣𝑢𝑘+1 and 

𝑣𝑢𝑘; let 𝑥1, 𝑥2, … , 𝑥𝑛 be the new vertices of degree two introduced on the edge 𝑣𝑢𝑘 and 

𝑦1, 𝑦2, … , 𝑦𝑚 be the new vertices introduced similarly on the edge 𝑣𝑢𝑘+1. Let 𝑀 =

{𝑢1, 𝑢2, … , 𝑥1}. Then, 𝑓𝑀(𝑥𝑗) = {𝑗 − 1, 𝑗 + 1: 2 ≤ 𝑗 ≤ 𝑛}; 𝑓𝑀(𝑦𝑗) = {𝑗 + 1: 1 ≤ 𝑗 ≤

𝑚}; 𝑓𝑀(𝑢𝑘) = {𝑛, 𝑛 + 2}; 𝑓𝑀(𝑢𝑘+1) = {𝑚 + 2}; 𝑓𝑀(𝑣) = {1}. Therefore, 𝑓𝑀 is identical on 𝑀 

and injective on 𝑉 − 𝑀. If 𝑇 is isomorphic to the graph 𝐻 obtained by the subdivision of one 

leg of 𝐾1,𝑘, say, 𝑣𝑢𝑘. Let 𝑣 ∈ 𝑉(𝑇) such that 𝑑𝑒𝑔(𝑣) = 𝑘 and let 𝑥1, 𝑥2, … , 𝑥𝑛 be the vertices 

subdividing the edge 𝑣𝑢𝑘. Let 𝑀 = {𝑢1, 𝑢2, … , 𝑥1}. Then, it is easy to verify that the set-

valuation 𝑓𝑀 defined by 𝑓𝑀(𝑣) = {1}; 𝑓𝑀(𝑥𝑗) = {𝑗 − 1, 𝑗 + 1}; 𝑓𝑀(𝑢𝑘) = {𝑛, 𝑛 + 2} is 

identical on 𝑀 and injective in 𝑉 − 𝑀. ◻ 

𝑴 −segregating matrix corresponding to a DPS graph 

There are number of matrices which one can associate with any graph. The 𝑀 −segregating 

matrix is defined as follows: 

Definition 3.  Let 𝐺 be a graph of order 𝑛 with DPS set 𝑀. The 𝑀 −segregating matrix 

𝑆𝑀(𝐺) = [𝑠𝑖𝑗] of 𝐺 is an 𝑛 × 𝑛 matrix having entries 𝑠𝑖𝑗 = 𝑑(𝑣𝑖 , 𝑣𝑗) where 𝑣𝑖 ∈ 𝑉(𝐺) and 

𝑣𝑗 ∈ 𝑀. Also 𝑠𝑖𝑗 = 0 if 𝑣𝑖 ∈ 𝑉(𝐺) has no path to the vertices in 𝑀. When 𝑀 = 𝑉(𝐺), the 

𝑀 −segregating matrix is the usual distance matrix. 

                                      

                                                      Figure  15 

 

The 𝑀 −segregating graph of the DPS graph 𝐺 in Figure 15 with DPS set 𝑀 = {𝑣1, 𝑣2} is as 

shown below. 

[
 
 
 
 
0 2 0 0 0
2 0 0 0 0
1 1 0 0 0
2 2 0 0 0
3 3 0 0 0]

 
 
 
 

 

Let 𝐺 be a graph having a DPS set 𝑀. Consider the 𝑀 −segregating matrix of 𝐺. Then, the 

following are some immediate observations: 

1. All the diagonal entries should be zero. 

2. When |𝑀| = 1, exactly one row contain all entries zero. 
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3. The rows corresponding to the vertices in 𝑀 contains same entries. 

4. The columns corresponding to the vertices in 𝑉 − 𝑀 are all zeros. 

5. The rows corresponding to the vertices in 𝑉 − 𝑀 have at least one different entry. 

6. When |𝑀| ≥ 2, 𝑆𝑀(𝐺) contains no null rows. 

7. The rows corresponding to the vertices in 𝑀 contains more zeros than the row 

corresponding to the rows in 𝑉 − 𝑀. 

8. Sum of the entries of the rows corresponding to 𝑀 is equal. 

Proposition 7.  When |𝑀| = 1, then the rows in 𝑆𝑀(𝐺) are linearly dependent. 

Remarks 12.  If the row corresponding to 𝑀 has all entries even, then 𝑀 is an independent 

set. 

Remarks 13.  The trace of 𝑀 −segregating matrix should be zero. 

Remarks 14.  Largest entry in 𝑆𝑀(𝐺) is the diameter of the graph 𝐺. 

Proposition 8.  If 𝐺 is a self-centered graph, then 𝑆𝑀(𝐺) contains non-zero entries except the 

diagonal entries. 

Remarks 15.  If the first entry corresponding to a row is zero, the vertex corresponding to the 

row must be an element in 𝑀. 

Remarks 16.  If |𝑀| = 2, 𝑆𝑀(𝐺) has a 2 × 2 sub-matrix of the form 

[
0 𝑘
𝑘 0

], 

where 𝑘 is any positive integer. 

Corollary 3.  If a DPS graph has DPS number two, then the sub-matrix of 𝑆𝑀(𝐺) has 

determinant −𝑘2. 

Proposition 9.  If |𝑀| = 𝑘, then 𝑆𝑀(𝐺) has a 𝑘 × 𝑘 sub-matrix of the form 

[
 
 
 
 
0 𝑎1 𝑎2 … 𝑎𝑘

𝑎1 0 𝑎2 … 𝑎𝑘

… … … … …
… … … … …
𝑎𝑘 𝑎𝑘−1 … … 0 ]

 
 
 
 

 

Conjecture 1.  When |𝑀| = 𝑘, the determinant of any sub matrix of 𝑆𝑀(𝐺) cannot be equal 

to zero. 

Problem 1.  Calculation of the Weiner index for a DPS graph is an open problem. 

Conclusion 

In this paper, we analyzed Distance Pattern Segregated graphs and its properties. Every graph 

does not possess DPS set. So we have done a detailed study on various classes of graphs 
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which attain DPS set. In addition, we also introduced corresponding DPS number for DPS 

graphs. It is worth noting that a new matrix is derived from DPS Set. Currently we are 

working towards finding the applications of this DPS graphs in various domains such as 

Computer Science and Physical Science. 
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