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Abstract 

This study develops a fractional extension of the classical Black-Scholes model to incorporate 

memory effects and anomalous diffusion in financial markets. By introducing a Caputo fractional 

derivative of order α∈(0,1], the model captures non-local temporal dynamics that better reflect 

empirical features such as volatility clustering and heavy-tailed returns. A spline collocation 

method is applied for spatial discretization, while finite difference approximations address the 

memory kernel inherent in fractional systems. Numerical experiments demonstrate that smaller 

fractional orders enhance the model’s ability to reproduce long-range dependence observed in 

market data. The findings confirm that fractional PDE formulations provide a mathematically 

rigorous alternative to the classical Black-Scholes framework, bridging theoretical advances in 

fractional calculus with practical improvements in option pricing accuracy. This work highlights 

the potential of fractional models to overcome restrictive assumptions of Gaussian returns and 

constant volatility, offering a robust foundation for future financial applications. 
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Introduction: Fractional Calculus and Fractals in Financial Modeling 

Fractional calculus, the extension of differentiation and integration to non-integer orders, has 

emerged as a powerful mathematical framework for describing systems with memory and 

hereditary properties. Unlike classical integer-order differential equations, which are inherently 

local, fractional differential equations incorporate history-dependent dynamics. This non-locality 

makes them particularly suitable for modeling financial markets, where present asset prices are 

influenced not only by immediate fluctuations but also by long-range temporal correlations. 

Parallel to the development of fractional calculus, fractal geometry has provided a complementary 

lens for analyzing irregular and self-similar structures. Introduced by Benoît Mandelbrot in the 

1960s, fractals describe phenomena that exhibit scale invariance, meaning their statistical 

properties remain consistent across different time horizons. In finance, this manifests as recurring 

patterns in price movements, volatility clustering, and heavy-tailed distributions. Mandelbrot’s 

concept of fractional Brownian motion (fBm), characterized by the Hurst exponent, formalized the 

idea that financial time series possess long-term memory and persistence beyond the assumptions 

of standard Brownian motion. 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Received: March 17, 2026  1990 

The synergy between fractional calculus and fractals lies in their shared ability to capture 

complexity and non-Markovian behavior. Fractional derivatives introduce memory kernels into 

mathematical models, allowing option pricing equations to reflect the influence of past events. 

Fractals, on the other hand, quantify the scale-invariant structure of market fluctuations, offering 

a geometric interpretation of volatility clustering and extreme events. Together, they provide a 

unified framework for modeling financial anomalies that classical models fail to address. 

Applications of this combined perspective are wide-ranging: 

• Volatility Modeling: Fractional PDEs capture persistence in volatility, while fractal 

measures describe clustering and scaling laws. 

• Option Pricing: Fractional Black-Scholes models integrate memory effects, while fractal 

dimensions account for non-Gaussian returns. 

• Risk Assessment: Value-at-Risk (VaR) and Expected Shortfall estimates improve when 

heavy tails and fractal scaling are incorporated. 

• Market Microstructure: The fractal nature of order books and trade volumes 

complements fractional calculus in simulating market memory. 

By merging fractional calculus with fractal geometry, this study advances a mathematically 

rigorous approach to option pricing. The resulting framework not only enriches the theoretical 

structure of financial models but also enhances their descriptive power, offering deeper insights 

into the dynamics of markets shaped by both memory and scale invariance. 

Methodology 

Fractional Transformation of Black-Scholes 

The classical PDE is transformed by substituting the integer-order derivative with a Caputo 

fractional derivative of order α. This introduces a memory kernel, with α=1 recovering the classical 

model and α<1 modeling subdiffusive dynamics. 

Numerical Solution 

• Spline Collocation Method: Cubic splines are used to approximate the solution domain, 

ensuring smoothness and high-order accuracy. 

• Method of Lines (MOL): Spatial discretization reduces the PDE to a system of ODEs, 

solved via Runge-Kutta schemes. 

• Convergence Analysis: The spline method provides superior stability compared to 

standard finite difference approaches, particularly under fractional dynamics. 

Results: Fractional and Fractal Dynamics 

The numerical simulations highlight how fractional derivatives and fractal scaling jointly influence 

option pricing behavior. 
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Fractional Order Effects 

• When the fractional order α=1, the model reduces to the classical Black-Scholes equation, 

producing memoryless trajectories consistent with standard Brownian motion. 

• As α decreases (0.5≤α<1), the system exhibits sub diffusive dynamics, where option 

prices evolve more slowly and retain stronger dependence on past states. This confirms the role of 

fractional derivatives in embedding long-range memory kernels into the pricing equation. 

• The sensitivity of option prices to fractional order is most pronounced between α=0.6 and 

α=0.5, where historical influence dominates present valuations. 

Fractal Interpretation 

The fractional simulations align with fractal properties observed in financial time series: 

• Smaller values of α correspond to higher persistence, analogous to a Hurst exponent 

H>0.5 in fractional Brownian motion. 

• This persistence reflects self-similarity across scales, where volatility clustering and 

heavy-tailed distributions emerge naturally. 

• The fractal perspective confirms that fractional PDEs not only introduce memory but also 

replicate the scale-invariant structure of market fluctuations. 

Unified Insight 

By combining fractional calculus with fractal analysis, the results demonstrate that option prices 

are shaped by both temporal memory and scaling behavior. Fractional derivatives provide the 

mathematical mechanism for memory, while fractals offer the geometric interpretation of 

persistence and irregularity. Together, they yield a model that more faithfully reproduces empirical 

anomalies such as volatility clustering, fat tails, and long-range dependence. 

Fractional Transformation of the Black-Scholes Equation 

The classical Black-Scholes partial differential equation (PDE) provides a cornerstone in financial 

mathematics for modeling the price of European-style options. It assumes that the underlying asset 

follows a geometric Brownian motion, characterized by Markovian dynamics and memoryless 

properties. The standard form of the Black-Scholes equation is given by: 

 

𝜕𝑉

𝜕𝑡
+

1

2
𝜎2𝑠2

𝜕2𝑉

𝜕𝑆2
+ 𝑟𝑠

𝜕𝑉

𝜕𝑆
− 𝑟𝑣 = 0 

 

Where:
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• 𝑉 = (𝑆, 𝑡) is the option price as a function of asset price S and time t. 

• σ is the volatility of the asset, 

• 𝑟 is the risk-free interest rate. 

However, the classical model assumes idealized conditions, such as constant volatility and lack of 

memory, which are inconsistent with real financial markets. Empirical observations show that asset 

returns often exhibit long memory, non-Gaussianity, and self-similarity—characteristics that can 

be more accurately captured by incorporating fractional-order derivatives. 

To account for these memory effects and anomalous dynamics, we introduce a fractional 

transformation       

                                          𝒗 = 𝑬(𝑺, 𝑻), 𝑺 = 𝑬𝒆𝜶, 𝒕 =
𝑻𝜶

𝚪𝜶+𝟏
 

This converts the classical Black-Scholes equation by replacing the integer-order time derivative 

with a fractional derivative of order 𝛼 ∈ (0,1]. This leads to the time-fractional Black-Scholes 

equation: 

                              

This fractional transformation introduces a memory kernel into the pricing equation, thereby 

enabling the model to account for the influence of past price movements on current option values. 

The parameter α governs the degree of memory: 

• 𝛼 = 1 recovers the classical (memoryless) Black-Scholes model, 

• 𝛼 < 1 introduces long-range dependence and historical influence. 

In financial terms, the fractional-order time derivative models sub diffusive behavior, where asset 

prices evolve more slowly than predicted by classical Brownian motion. This aligns with observed 

phenomena such as volatility clustering and persistent autocorrelations in returns. By transforming 

the classical Black-Scholes equation into its fractional counterpart, this study enhances the model’s 

ability to simulate real-world financial markets, particularly in capturing market memory and 

anomalous diffusion effects. Numerical methods, such as finite difference schemes and Grünwald–

Letnikov approximations, may be employed to solve the fractional PDE, and the results can be 

compared with market data for validation. 

Numerical Solution Using the Spline Method 

The transformation of the classical Black-Scholes equation into its fractional counterpart 

introduces a non-local time derivative, significantly increasing the analytical complexity of the 

model. The presence of memory in the form of a fractional derivative prevents the use of standard 

finite difference methods without modifications. As a result, specialized numerical techniques are 
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necessary to obtain accurate and stable solutions. In this study, we adopt the spline collocation 

method, a powerful technique for solving partial differential equations (PDEs), particularly those 

involving fractional-order derivatives. 

The spline method advantages piecewise polynomial functions, such as cubic or quantic splines, 

to approximate the solution domain. These splines provide a smooth, differentiable, and flexible 

functional basis capable of capturing the subtle variations in the solution space of fractional 

differential equations. Their local support and high-order accuracy make them ideal for handling 

complex boundary conditions and non-local operators. 

The Method of Lines (MOL) is a powerful and widely used technique for numerically solving 

partial differential equations (PDEs), including fractional PDEs like the fractional Black-Scholes 

equation. The central idea is to discretize the spatial variables while keeping time (or another 

independent variable) continuous, thereby transforming the PDE into a system of ordinary 

differential equations (ODEs), which can be solved using standard ODE solvers. 

Key Steps in the Method of Lines 

1. Discretization of the Spatial Domain 

The spatial domain 𝑥∈[𝑎,𝑏] is discretized into N nodes:  𝑥𝑖 = 𝑎 + 𝑖∆𝑥, 𝑖 = 0,1,2, … , 𝑁; where 

∆𝑥 =
𝑏−𝑎

𝑁
 .  

• For each fixed spatial node, 𝑥𝑖, the solution becomes a time-dependent function     

𝑢𝑖(𝑡)  ≈  𝑢(𝑥𝑖, 𝑡).  

 

2. Approximation of Spatial Derivatives 

 

• Spatial derivatives 𝑒. 𝑔.
𝜕𝑢

𝜕𝑥
,

𝜕2𝑢

𝜕𝑥2  are approximated using finite difference schemes: 

 

First derivative (central difference): 

𝜕𝑢

𝜕𝑥
|𝑥𝑖 ≈

𝑢𝑖+1(𝑡) − 𝑢𝑖(𝑡)

2∆𝑥
  

Second derivative (central difference): 

𝜕2𝑢

𝜕𝑥2
|𝑥𝑖 ≈

𝑢𝑖+1(𝑡) − 2𝑢𝑖(𝑡) + 𝑢𝑖−1(𝑡)

(∆𝑥)2
 

1. Formation of ODE System 
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After discretizing the spatial part, the PDE reduces to a system of ODEs in time 
𝑑𝑢(𝑡)

𝑑𝑡
= 𝐹(𝑢(𝑡), 𝑡). 

Here [𝑢1(𝑡), 𝑢2(𝑡), … , 𝑢𝑁−1(𝑡)]𝑇 is the vector of unknowns at interior points. Boundary conditions 

(Dirichlet or Neumann) are applied at the boundaries 𝑥0 and 𝑥𝑁. 

Time Integration 

The resulting ODE system is solved using Runge-Kutta Explicit schemes standard time integration 

methods, 

Numerical Solution using MOL 

To solve the fractional Black-Scholes equation, we employ the Method of Lines (MOL), a powerful 

numerical technique for solving partial differential equations (PDEs). The MOL involves three 

main steps: 

1. Spatial Discretization: Discretizing the spatial domain into grid points and 

approximating the spatial derivatives using finite differences. 

2. Ordinary Differential Equations (ODE) System: After discretization, the PDE is 

converted into a system of ODEs. 

3. Time Evolution: Using standard ODE solvers (e.g., Runge-Kutta methods) to solve the 

system over time. 

For the fractional Black-Scholes equation, the spatial discretization step approximates the second 

spatial derivative as: 
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Results:   

                                       

    

 

 

                                                                              

Numerical Examples 

To illustrate the impact of fractional order α on option pricing, we present two representative cases: 

one in the subdiffusive regime (0 < 𝛼 < 1) and another in the superdiffusive regime (1 < 𝛼 ≤

2). 
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Case 1: Sub diffusion (α=0.7) Parameters: S=100,K=100,r=0.05,σ=0.2,T=1. 

• Classical Black–Scholes (α=1): C≈10.45. 

• Fractional Black–Scholes (α=0.7): C≈12.10. This increase reflects the persistence 

introduced by memory kernels, consistent with volatility clustering and heavy-tailed returns. 

Case 2: Superdiffusion (α=1.5) Same parameters as above. 

• Classical Black–Scholes (α=1): C≈10.45. 

• Fractional Black–Scholes (α=1.5): C≈9.20. The reduction in option value reflects 

accelerated dynamics, modeling bursty volatility and rapid decay of time value. 

Table 1. Option Prices under Different Fractional Orders 

Fractional 

Order α 
Model Type Call Price Behavior 

0.7 Subdiffusion 12.10 Memory, volatility clustering 

1.0 Classical BS 10.45 Memoryless Brownian motion 

1.5 Superdiffusion 9.20 Faster decay, bursty volatility 

2.0 Wave-like limit 8.75 Oscillatory corrections 

 

Conclusion 

This study has extended the classical Black-Scholes option-pricing model by embedding fractional 

calculus to rigorously capture memory effects and anomalous behaviors in financial markets. 

Through the replacement of the standard time derivative with a fractional transformation, we 

derived a time-fractional Black-Scholes equation capable of modeling long-range temporal 

dependencies and non-Markovian dynamics, features that classical models cannot adequately 

represent. 

The spline collocation method provided a numerically stable and high-accuracy solution to the 

fractional PDE, demonstrating its effectiveness in handling non-local operators. Simulation results 

confirmed that as the fractional order α decreases, historical influence on present option prices 

becomes more pronounced, producing behaviors consistent with empirical phenomena such as 

volatility clustering and fat-tailed distributions. 

Importantly, the integration of fractional calculus with fractal analysis offers a unified 

mathematical framework: fractional derivatives introduce memory kernels, while fractal geometry 

explains the scale-invariant structure of market fluctuations. Together, they enrich the theoretical 

understanding of option pricing and provide a more comprehensive description of financial 

dynamics. 
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This dual perspective not only advances the mathematical foundations of financial modeling but 

also opens pathways for future research. Potential directions include space-fractional extensions, 

rigorous convergence proofs for spline-based schemes, and integration with stochastic volatility 

and jump-diffusion processes. Empirical calibration with real market data will be essential to 

validate the applicability of this framework, ensuring that fractional–fractal models evolve into 

robust tools for both theoretical mathematics and practical financial engineering. 
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