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Abstract 

Classical mathematical models based on Euclidean geometry and integer-order calculus often 

fail to capture the pervasive irregularity (scale-invariance) and temporal memory (hereditary 

effects) characteristic of complex biological systems. This review synthesizes the theoretical 

and applied advancements of the Fractal-Fractional (FF) paradigm in biomedicine. We begin 

by detailing the mathematical merger of the fractal dimension (α) and non-integer order 

differentiation (β), highlighting the critical role of the Liouville-Caputo fractional derivative 

in incorporating physically meaningful memory effects into dynamic models. We then 

explore the leading application in mathematical oncology, where FF models simulate tumor-

immune cell interactions to optimize radiotherapy protocols, demonstrating enhanced 

numerical stability and predictive accuracy. Finally, we review biophysical applications, 

including the modeling of anomalous diffusion in advanced magnetic resonance imaging 

(MRI), viscoelastic modeling of tissues, and the crucial connection between distributed 

fractional-order derivatives and the multi-factuality observed in electrophysiological time 

series. This review confirms that the FF framework provides the necessary mathematical 

tools for accurately and comprehensively modeling non-local and geometrically complex 

biological phenomena. 
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I. Introduction and Motivation 

1.1 The Limitations of Classical Modeling 

The structure of living organisms, from the microscopic folding of chromatin to the 

macroscopic branching of the vascular and pulmonary systems, is intrinsically non-

Euclidean, characterized by irregularity and self-similarity across scales. Traditional 

modeling approaches, which rely on idealized, smooth shapes and integer-order derivatives, 

inherently fail to capture this complexity. Furthermore, key physiological processes—such as 

drug metabolism, tissue recovery kinetics, and immune system response—do not exhibit 

instantaneous behavior but are instead dependent on the system's entire history, known as 

hereditary
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 or memory effects. Integer-order differential equations, which model only local, 

instantaneous change, are demonstrably insufficient for accurately describing these non-local 

dynamics, often leading to reduced predictive accuracy in complex biological scenarios. 

1.2 The Non-Integer Paradigm 

The non-integer paradigm offers a robust alternative by utilizing two advanced mathematical 

pillars: 

Fractal Geometry (FG): This framework, popularized by Benoît Mandelbrot, provides the 

language and objective metrics, such as Fractal Dimension (α) and Lacunarity (Λ), necessary 

to quantify morphological complexity and scale-invariance, moving beyond traditional 

measurements of density or area. 

Fractional Calculus (FC): This field generalizes differentiation and integration to arbitrary 

non-integer orders. FC incorporates a convoluted kernel function in its definition, 

mathematically modeling the long-range dependence, time delays, and non-local interactions 

prevalent in physiological processes. 

1.3 Scope and Structure 

The convergence of these two fields into the integrated Fractal-Fractional (FF) framework is 

a rapidly advancing area in computational biomedicine. The FF approach simultaneously 

captures the geometrical irregularity (via a fractal dimension, α) and the temporal memory 

(via a fractional order β) of biological systems. This review systematically explores the 

mathematical synthesis of the FF derivative and its diverse translational applications, 

demonstrating its utility as a versatile, dependable tool for addressing complex biological 

challenges across multiple scales. 

II. Mathematical Foundations of the Fractal-Fractional Synthesis 

2.1 Fractal Geometry (FG) in Biology 

Iterated Function Systems (IFS): These are fundamental to deterministic fractal generation. 

Formally, an IFS is defined as a finite set of contraction mappings on a complete metric 

space. Repeated application of the Hutchinson operator converges to a unique fixed point (the 

attractor), which is the final fractal structure, satisfying the equation: 

IFS models were popularized for generating self-similar branching structures found in nature, 

such as plants and ferns. Furthermore, fractals derived from iterative non-linear functions in 

the complex plane (e.g., Mandelbrot sets) yield intricate forms known as biomorphs, which 

strikingly resemble complex organic structures like neural networks and bacterial growth 

patterns. 

Core Metrics: Dimension and Lacunarity 

Fractal Dimension (DB): DB (or the Box Dimension) is a non-integer measure of an object's 

complexity and how effectively it fills the space as the measurement scale changes. 

Box-Counting Method (BCM): BCM is the most widely used empirical technique for image 

analysis. The number of non-empty boxes, N(ϵ), required to cover the fractal structure at 
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various box side lengths, ϵ, is calculated as the negative slope of the linear regression when 

plotting log N(ϵ) against log(1/ϵ). 

Mathematically, the box dimension is defined as: 

Lacunarity (Fλ): Lacunarity quantifies the degree of "gappiness," inhomogeneity, and visual 

texture of a pattern. It is critical for distinguishing patterns that share or have similar fractal 

dimensions. It is frequently assessed during fractal analysis, often calculated using the 

coefficient of variation (CoV), where σ is the standard deviation and μ is the mean of pixels 

per box of size ϵ. 

A common measure, is given by: 

2.2 Fractional Calculus (FC) and Memory 

Fractional derivatives provide the necessary mechanism for modeling non-local dynamics 

and incorporating memory effects, where the future state of a biological system depends on 

its history. 

Liouville-Caputo Fractional Derivative (LCD): The LCD is the derivative definition 

generally preferred for physical and biomedical modeling. Its significant advantage lies in the 

fact that it requires classical, physically measurable integer-order initial conditions, unlike the 

Riemann-Liouville definition. For a fractional order, α, the left-sided LCD is defined as: 

The inclusion of the integer derivative within the integral kernel, along with the power-law 

weighting, mathematically models the long-range dependence and hereditary influence of the 

system's past on its current state. 

2.3 The Integrated Fractal-Fractional Derivative 

The FF approach constructs models using two non-integer orders: a fractional temporal order 

(β) capturing memory, and a fractal dimension (α) capturing spatial irregularity. The FF 

derivative, typically formulated in the Caputo sense, is particularly suitable for biological 

phenomena due to its ability to incorporate the significant memory impact intrinsic to these 

processes. Rigorous mathematical analysis is essential for validating these advanced models, 

including demonstrating the existence and uniqueness of solutions using theorems like 

Perov's fixed point theorem and establishing Apunov's and Ulam-Hyers' stabilities to ensure 

model reliability and convergence. 

III. Fractal-Fractional Models in Disease Dynamics 

3.1 Mathematical Oncology (MO):  

The Leading Application Mathematical Oncology utilizes FF models to gain quantitative 

predictions and illuminate pathways, supporting the development of more effective therapies. 

FF Cancer Models: These models simulate the complex, non-local interactions among tumor 

cells, healthy host cells, and immune cells. By employing the fractal-fractional derivative in 

the Caputo sense, they accurately incorporate memory effects that govern cell growth and 

treatment response. 
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Case Study: Radiotherapy Optimization: FF models have been successfully utilized to 

simulate cancer treatment, including the temporal concentration patterns of stem cells, 

effector cells, tumor cells, and chemotherapy drugs. Numerical results obtained using 

specialized methods, such as the Lagrangian-piece-wise interpolation approach, demonstrate 

that the FF framework effectively models changes in healthy and malignant cell populations 

over time, accounting for the memory effect during transitions in the fractional order (β) and 

fractal dimension (α). This adaptability leads to improved numerical stability and superior 

predictive convergence, enabling versatile solutions to maximize radiotherapy plans and 

produce superior clinical outcomes. 

3.2 Modeling Infectious Disease Transmission 

FF models are critical for capturing the non-local dynamics of infectious disease spread, 

where long-range interactions and memory play a significant role. For example, a proposed 

FF model for HIV/AIDS transmission integrates both memory effects and non-local 

dynamics, essential for accurately predicting disease progression, especially in scenarios 

involving delayed treatment access or variable patient compliance. 

IV. Fractional and Fractal Diagnostics in Signal and Image Processing 

4.1 Anomalous Diffusion and Advanced MRI 

In highly structured, heterogeneous tissues (e.g., brain white matter, tumor matrices), 

molecular motion often deviates from classical Fickian (Brownian) diffusion, resulting in 

anomalous diffusion. This deviation occurs because restrictions imposed by complex 

geometries and cell membranes cause movement patterns that lack a characteristic scale. 

The Fractional Anomalous Diffusion Equation (FADE): This fractional partial differential 

equation accurately models this non-Gaussian behavior: 

Here,   is the fractional time derivative (order , typically Caputo form), and is  the fractional 

space derivative (order 0<β≤2, typically Riesz form). 

Biomarkers in MRI: The extracted fractional orders, α and β, are highly valuable in advanced 

diffusion magnetic resonance imaging (MRI). These parameters serve as non-redundant 

biomarkers that characterize the complexity of the underlying tissue structure (e.g., tortuosity, 

porosity). Maps generated using α and β show notable contrast between white and gray 

matter, reflecting the varying degree of structural complexity and offering a new way to 

investigate tissue changes in disease progression. Fractional models also function as 

predictive tools for drug delivery optimization in complex biological environments. 

4.2 Biophysics: Viscoelasticity of Tissues 

Biological tissues exhibit viscoelastic properties, meaning their mechanical response depends 

on the history of applied strain (a hereditary effect). Classical linear differential models (like 

the integer-order Kelvin-Voigt model) often fail to retain this time history or memory feature. 

The Fractional Kelvin-Voigt Model (FKVM): The fractional approach resolves this limitation 

parsimoniously by replacing the classical first-order time derivative with a fractional-order 
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derivative of order (α). The constitutive equation for the fractional-derivative Kelvin-Voigt 

model is expressed as: 

The single fractional parameter α offers remarkable flexibility, reducing to a pure elastic 

response when α=0 and the classical Kelvin-Voigt model when α=1. This fractional model 

has been shown to be an accurate and flexible method for characterizing the mechanical 

responses of cells and biphasic media, offering enhanced fit to experimental data compared to 

integer models. 

4.3 Neuroscience and Electrophysiology (EEG/ECG) 

Physiological signals like heart rate variability (HRV) and electroencephalogram (EEG) 

signals rarely follow simple patterns, instead exhibiting scale-free dynamics and long-range 

temporal correlations (LRTCs). 

Fractal Analysis of Signals: Detrended Fluctuation Analysis (DFA) is the standard technique 

for quantifying fractal correlation properties in these time series, yielding a fractal scaling 

exponent (α). In cardiology, DFA is used in Heart Rate Variability (HRV) analysis, where 

changes in the fractal correlation reflect the delicate interplay between sympathetic and vagal 

outflow and can signal autonomic dysfunction. A critical translational application is the Heart 

Rate Variability Threshold (HRVT), where a DFA value of 0.75 reliably marks the aerobic 

threshold, proving useful for exercise load assessment. 

Multifractality and FC: When a signal's complexity varies across different scales, Multifractal 

Detrended Fluctuation Analysis (MFDFA) is employed, providing a spectrum of exponents. 

The spectral width of the resulting singularity spectrum quantifies the degree of 

multifractality, serving as a valuable biomarker. MFDFA has been successfully applied to 

stereo electroencephalography (sEEG) data in epilepsy patients, revealing strong multifractal 

signatures and spatiotemporal differences across epileptiform states, which can improve the 

localization of the epileptogenic zone. Furthermore, the observed multifractality in a time 

series can be directly modeled using a fractional rate equation with a distributed fractional-

order derivative, highlighting a deep theoretical connection. Fractional calculus techniques, 

including the evaluation of the Mittag-Leffler function's role in neural dynamics and the use 

of fractional-order neural networks, are integrated with machine learning for robust 

neurodiagnostics. 

V. Conclusion and Future Outlook 

The synthesis of fractal geometry and fractional calculus provides a robust, scientifically 

grounded framework that overcomes the constraints of classical mathematics when modeling 

biological complexity. The FF paradigm’s ability to simultaneously address structural 

irregularity (via α) and dynamic memory (via β) has yielded demonstrable advantages, 

particularly in the enhanced numerical stability and superior predictive power of 

mathematical oncology models designed for radiotherapy optimization. The non-integer 

orders extracted from fractional models now serve as essential biophysical biomarkers, 

characterizing tissue complexity in advanced MRI , defining mechanical response in 

viscoelastic tissues , and quantifying scale-free dynamics in physiological time series. Future 

research should focus on extending the application of FF models to system-level physiology, 
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including the dynamics of infectious disease transmission (e.g., HIV/AIDS) and the complex 

processes of biological self-regulation and homeostasis, moving beyond the 19th-century 

mechanical paradigm of the body. Continued refinement of advanced numerical methods, 

such as Lagrangian-piece-wise interpolation, is necessary to ensure reliable, high-resolution 

simulation and prediction in these highly complex biological domains. Ultimately, the 

increasing acceptance of the non-integer paradigm is propelling computational biomedicine 

toward more accurate, versatile, and personalized medical solutions. Applications of 

fractional calculus in financial modeling, such as memory-based extensions of the Black-

Scholes framework, have also been explored [78]. 
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