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Abstract

This work investigates the oscillatory behavior of solutions to a class of second-order
differential equations governed by the Generalized Local Derivative (N%). Unlike traditional
models limited to power-law kernels, our framework employs an arbitrary functional kernel
F(t, o) to describe systems with varying memory and dissipation properties. By utilizing the
Riccati transformation technique and integral averaging, we establish new oscillation criteria
for both divergent and convergent cases of the kernel-weight integral. Our analysis
demonstrates that the property of oscillation is a functional consequence of the interaction
between the kernel structure, the potential term q(t), and the conductance a(t). We validate these
theoretical findings through numerical simulations in the phase plane, revealing the critical
influence of the kernel’s decay rate on the system’s ability to sustain cyclic dynamics.
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1 Introduction

The recent evolution of fractional calculus has made it possible to transcend the limitations of
classical differential models, providing advanced tools to describe complex systems with
memory and non-polynomial scaling effects, in particular, the oscillatory behavior.

In this context, the emergence of new local differential operators in the last 10 years has brought
renewed impetus to these studies.

The local generalized derivative (LGD) was defined in [12], in the following way (see also [4,
18]):

Definition 1 Given a function vy : [0,700) — R. Then the N-derivative of y of order a is defined
by
N (1) = lime—o [w(t + eF(t, )) —w(v)] /&

for all T > 0, a € (0, 1) being L(t, o) is some absolutely continuous function. If y is N-
differentiable in some (0, o), and lim.—o+ N% y(t) exists, then define N% y(0) =
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lim.—o+ N% y(7), note that if y is differentiable, then N% y(t) = L(t, a)y'(t) where y'(t) is the
ordinary derivative.

This generalized derivative has proven useful in several applied problems (see [2—4,13,14]).

It is clear that if we choose L(t, a) = t'™* we recover the derivative of [8]. However, the
proposed [12] allows for more complex kernels that can model specific material behaviors or
variable timescales that the simple conformal derivative does not capture.

From [9] we can define the generalized partial derivatives as follows.

Definition 2 Given a real valued function f: R" - Rand a=(aj, . .., a,) € R" a point whose
ith component is positive. Then the generalized partial N-derivative of f of order a with respect
to the variable x;, in the point a = (ai, . . ., an) is defined by

iN% f(a) = lime—o [f(al, .., ai T €Fi(ai, a), . . ., an) —f(ar, ..., aj, ..., an)] / €
if it exists, is denoted iN% f(a), and called the ith generalized partial derivative of f of the order
a € (0, 1] at a.

Remark 3 When using functions of two independent variables, we will only indicate the
variable with respect to which we are integrating, so (N% will indicate the first-order partial
derivative with respect to the variable t.

Remark 4 If a real valued function f with n variables has all generalized partial derivatives of
the order a € (0, 1] at a, each a; > 0, then the generalized a-gradient of f of the order a € (0, 1]
atais

Vi f(a) = 1N%L f(a), . . ., nN% f(a))

Remark 5 The higher-order N-partial derivatives of a real valued function f with n variables,
with a € (0, 1] at a, are similarly defined by

iN% (N f) = )N f.
We define the Generalized Fractional Integral associated with the LGD as:
1% f(t) = ' [f(x) / F(x, )] dx.

Where F(x, a) is the kernel defined in the work [12]. If F(x, o) = x'™® we recover the
conformable operator, and if F(x, a) = 1, we obtain the classic Riemann integral.

The cornerstone of all oscillation theory is Sturm’s Comparison Theorem (1836). In his
foundational work, Charles Sturm studied the second-order equation:

(aMy’) +q(t)y =0

and demonstrated that if qo(t) > qi(t), the solutions of the equation with q» oscillate more
frequently than those with qi. This is the direct ancestor of the theorems we will present later;
thus, we will see that in our case, unlike Sturm, who established that the “potential” q(t) and
the “conductance” a(t) determine the qualitative behavior of the solution, the presence of a
kernel decisively influences this behavior.
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Originally, to study oscillation, the explicit solution of the equation was sought, which is
impossible in most cases. In the mid-20th century, mathematicians such as C. A. Swanson (see
[15]) formalized the use of the Riccati Transformation.

The method consists of transforming the second-order linear equation into a first-order Riccati-
type equation:

w(t) = a(t)y'(t) / y(t).

By studying this new variable w(t), it was shown that the existence of a non-oscillatory solution
is equivalent to the existence of a global solution to a Riccati-type equation. This is precisely
the method we have generalized by using the N%-derivative.

Recent advances in conformable local computation have extended these techniques to operators
with potential kernels so, in work [10], the oscillatory behavior of solutions to the following
second-order conformal differential equation is studied:

D*(t)D%(1)) + q(t)y(t) = 0, t > to,
in the framework of the conformable derivative D%, defined as ([8]):
D*f(t) = lime—o [f(t + &t'™*) — f(t)] / €

Our research further expands these boundaries by incorporating the Generalized Local
Derivative of [12], which enables the analysis of genetic kernels, thus providing a unified
framework that encompasses both classical and fractional oscillatory behaviors. Using the
definition of the generalized derivative presented earlier, in our work we will study the
equation:

N% (a(t)N% y(t)) + q(t)y(t) =0, t >to, (1)

where the kernel F(x, a) introduces the scaling or memory properties of the system. This
equation, unlike models based exclusively on power kernels, allows modeling phenomena with
variable time scales or nonlinear dissipation.

Subject to the following conditions:

The kernel F(t, o) must be a continuous and strictly positive function on the interval of study,
F : [to,©) x (0, 1] — (0,00), satisfying the relation:

N% f(t) = £ '(t) / F(t, o) for all differentiable f.
The coefficients involved, a(t) and q(t), satisfy:

a) a(t) € C!([to,0), (0,00)), remains a positive “weight” or “conductance” function.
b) q(t) € C([to,), (0,00)), represents the restoring force that induces the oscillation.

Under these conditions, we will study the following cases, depending on the interaction
between the kernel F and the coefficient a(t):

Case 1 (Divergent): [0” [E(s, o) / a(s)] ds = .
Case 2 (Convergent): [i0™ [F(s, ) / a(s)] ds < oo.
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Our research focuses on the qualitative analysis of this generalized framework, establishing
necessary and sufficient conditions for oscillation that depend on the direct interaction between
the kernel F(t, o) and the conductance and potential coefficients of the system, that is, determine
how the kernel F(t, o) modulates the “energy” of the system, acting as a determining factor in
the appearance or suppression of oscillations. Thus we will see that the main theorems
(Theorems 8 and 9) offer a standardized methodology for classifying physical systems based
on the ability of their kernel to sustain the dynamic regime.

2 Results

The following lemma is fundamental, as it establishes the behavior of positive solutions before
applying the oscillation criteria.

Lemma 6 Suppose the integral divergence condition holds:
[+ [F(s, o) / a(s)] ds = oo.

If y(t) is an eventually positive solution of the generalized differential equation (1), then y(t)
necessarily satisfies the following properties for t > t; > to:

¥(®) > 0, N y(t) > 0, N (a(N's (1)) < 0.

Proof. Let y(t) be an eventually positive solution of the equation. Due to the structure of the
differential equation, we can solve for the highest-order derivative:

N (a(ONF y(1) = —q(Oy(V).

Since, by hypotheses a) and b), both q(t) and y(t) are positive on the interval [t;,00), it follows
that:

N% (a(ON"F y(1)) < 0.

This implies that the term a(t)N% y(t) is a non-increasing function with respect to the derivative
N%.

Because a(t)N% y(t) is non-increasing, it must be either eventually positive or eventually
negative. Suppose, by contradiction, that there exists a time t; such that:

a(t)N% y(t) <0 for all t > t1,

then, there exists a positive constant M such that:

a(t)N% y(t) < a(t)N% y(t1)) =—M <0.

Dividing by a(t), we obtain:

N% y(t) <M/ a(t).

Integrating the previous result from t; to t, we obtain:

[t N y(s)F(s, a)ds < —M [u' [F(s, o) / a(s)] ds,

by the Fundamental Theorem of Calculus for the DLG, the left-hand side becomes:
y() = y(t1) <-M Ju' [F(s, @) / a(s)] ds.
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Taking the limit as t — oo and using the integral divergence hypothesis (Jt* F/a = ), we have:
limi—o y(t) < y(t1) — M(o0) = —o0.
But this contradicts the initial assumption that y(t) is eventually positive (y(t) > 0).

Therefore, the assumption that the derivative is negative is false. It must hold that N% y(t) > 0
for all t > t1. This completes the proof that every positive solution is monotonically increasing
in the sense of the generalized derivative N%.

The following lemma is crucial for the scenario where the integral of the kernel over the
coefficient a(t) converges, since it identifies the two possible sign configurations that a solution
can adopt.

Lemma 7 Assume that the integral convergence condition is met:
8r(t) = 1™ [F(s, o) / a(s)] ds < 0.

If y(t) is an eventually positive solution of the generalized differential equation (1), then y(t)
satisfies one of the following two cases for t > t; > to:

@ y®>0,N y(t) >0, N (a()N y(1)) < 0.
(i) (i) y(t) > 0, N% y(t) < 0, N% (a(t)N% y(t)) < O.

Proof. Let y(t) be an eventually positive solution of the equation (1). From the structure of the
generalized differential equation, we have:

N (a(ONF y(1)) = —q(t)y(t) < 0.

This implies that the function defined by the product a(t)N% y(t) is non-increasing on the
interval [ti,00) under the derivative N%.

Since a(t)N% y(t) is a monotonic (non-increasing) function, it must eventually be entirely
positive or entirely negative for t > t;.

If a(t)N% y(t) > 0, then, since a(t) > 0 by hypothesis, it follows that N% y(t) > 0. This
corresponds to Case (i), where the solution is increasing.

If a(t)N% y(t) < 0, then it follows that N% y(t) < 0. This corresponds to Case (i1), where the
solution is decreasing.

Unlike Lemma 6 (divergent case), here the condition a(t)N% y(t) < 0 does not lead to an
immediate contradiction with the positivity of y(t). In the convergent case, the integral of the
negative derivative can be finite, allowing y(t) to decrease towards a non-negative asymptotic
value without crossing the zero axis. Therefore, both behaviors are analytically possible and
will be addressed in Theorem 9.

Next, we establish new oscillation criteria for the generalized differential equation (1). While
previous studies in the area of fractional calculus have focused mainly on derivatives with
power kernels-such as Riemann-Liouville or Khalil conformable derivatives-our proposal uses
the flexibility of the Generalized Local Derivative N% to extend these results to a much broader
class of operators. We then employ the Riccati transform technique and the method of integral
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averages to show that the presence of an arbitrary functional kernel F(t, o) allows us to capture
oscillatory dynamics that standard models fail to describe with the same generality.

Theorem 8 Assume that hypotheses a) and b) are met, and that the integral divergence
condition [+* [F(s, o) / a(s)] ds = o holds. If there exists a function p(t) € C([to,0),R+) such
that:

lim supis [ [ p(s)q(s) — a(s)(N“e p(s))* / 4p(s) ] F(s, a)ds =0 (2)

then every solution of equation (1) is oscillatory.

Proof. Suppose that y(t) is a solution of (1) that is not oscillatory. Without loss of generality,
we assume that there exists a t; > to such that y(t) > 0 for all t > t;. By Lemma 6 proven earlier,
we know that N% y(t) > 0 and that a(t)N% y(t) is non-increasing.

Let us introduce the following generalized Riccati-type transformation for t > ti:

w(t) = p(H)a(N’ y(t) / y(®). (3)
Note that, since p(t), a(t), N% y(t), and y(t) are all positive on the interval considered, then w(t)
> 0.

Applying the operator N% to w(t), and using the quotient and product rules for the generalized
local derivative, we obtain:

N% w(t) = [ N% [p(Da()N’ y(8)] - y(t) — p(la(t)N y(t) - Nk y(t) 1/ y*(0).

Expanding the first term of the numerator by the product rule, we have:

N w(t) = [ N% p(O)[a()N* y(©)] 1/ y(t) + [ p(ONF [a(ON y(©)] ]/ y(®) — [ p()a(ON% y(1)* ]
/ yA(t).

Substituting the term N% (a(t)N% y(t)) for —q(t)y(t) according to the equation (1), we obtain:

N% w(t) = [ N% p(t) / p(t) ] w(t) — p(t)q(t) — w(t) / p(t)a(t).

Using the algebraic inequality Au — Bu? <A? /4B for B > 0, with A=N% p(t)/ p(t) and B =1
/ p(t)a(t), we arrive at:

N% w(t) < —p(t)q(t) + a(t)(N% p(1))* / 4p(t).

Integrating between T up to t we obtain:

[1* N% w(s)F(s, a)ds < —J1 [ p(s)q(s) — a(s)(N% p(s))* / 4p(s) ] F(s, o)ds.

By the Fundamental Theorem of Calculus, we can write:

w(t) = w(T) < =1 [ p(s)q(s) — a(s)(N“F p(s))* / 4p(s) ] (s, a)ds.

Taking the upper limit (lim sup) as t— oo, the right-hand side tends to —oo by (2). This implies
that w(t) — —oo, which contradicts the positivity of w(t) established at (3).

In the analysis of differential equations, the behavior of the solutions is closely linked to the
integrability of their coefficients. While the previous theorem addresses the scenario where the

b 13

system’s “energy” dissipates slowly (the divergent case), the following theorem deals with the
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scenario where the function og(t) is finite. This condition introduces greater complexity, since
the positive solutions can exhibit different monotonic behaviors (increasing or decreasing). The
following theorem establishes a sufficient condition to guarantee that, even under these
convergence constraints, the strength of the potential q(t) is capable of forcing the oscillation
of all solutions.

Theorem 9 Assume that hypotheses 1) and ii) are met, and that the integral convergence
condition Case 2 is satisfied. If the following holds:

lim supee 1 [ 8r(s)q(s) — 1/ 4a(s)dr(s) ] F(s, a)ds =0, (4)
for T > to, then every solution of equation (1) is oscillatory.

Proof. Let y(t) be an eventually positive solution such that y(t) > 0 for t > t;. By Lemma 7, the
solution y(t) must satisfy one of the following two cases for t > t;:

@ y®>0, N y(t) >0, N (a(N y(1)) < 0.
(i) (i) y(t) > 0, N% y(t) < 0, N% (a()N% y(t)) < O.

We define the Riccati variable w(t) = a(t)N% y(t) / y(t). Proceeding analogously to the proof of
Theorem 8, but using the function dg(t) to bound the integral of q(s), we see that the condition
(4) leads to a contradiction with the positivity of w(t). Therefore, case (i) cannot occur.

Let's now analyze Case (ii).

Define the function v(t) = a(t)N% y(t) / y(t). In this case, v(t) <0 since the derivative is negative.
Because a(t)N% y(t) is non-increasing, for s >t we have a(s)N% y(s) < a(t)N% y(t). Integrating
this inequality and letting the upper limit tend to infinity, we obtain the fundamental relation:

0 <y(t) + a(t)N% y(t)or(t) = v(t)or(t) > —1.

Differentiating and using the equation (1), we obtain:

N% v(t) + v2(t) / a(t) < —q(t).

We multiply the previous inequality by or(t) and integrating over the interval [ti, t] we obtain:
[t 8r(s)N% v(s)F(s, a)ds + Ju' [8r(s)V3(s) / a(s)] F(s, a)ds < —Ju' 8r(s)q(s)F(s, a)ds.  (5)

Integrating by parts in the first integral on the left-hand side and recalling that N% 8r(t) =—1/
a(t) (by the definition of dr as the upper limit of the integral), we arrive at:

[t Sr(S)N v(s)F(s, a)ds = [8r(s)v(s)]ur" — Juu' v(s)N% r(s)F(s, o)ds

= Sr(t)v(t) — Sr(t)v(t1) + Ju' [v(s) / a(s)] F(s, a)ds. (6)

We substitute (6) into (5) and rearrange the terms to group the functions of v(s):
[t [ 8r(s)q(s) + v(s) / a(s) + Sr(s)V(s) / a(s) ] F(s, a)ds < Sr(t1)v(t1) — Sr(t)v(t).
To complete the square within the integral, we observe that:

Sr(s)v2(s) / a(s) + v(s) / a(s) = [3r(s) / a(s)] (V*(s) + v(s) / Sr(s))

= [8r(s) / a(s)] (v(s) + 1/ 28k(s))> — 1 / 4a(s)Sk(s).
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Substituting this into the integral, we obtain:

[ut [ 8r(s)q(s) — 1 / 4a(s)dr(s) ] F(s, a)ds + Ju' [8r(s) / a(s)] (v(s) + 1 / 28k(s))? F(s, a)ds <
Or(t1)v(t1) — Sr(t)v(t).

Since the squared term is always non-negative, and since, from Lemma 2 (Case ii), v(t)or(t) >
—1 (which implies that —0r(t)v(t) < 1), the right-hand side of the inequality is bounded above
by a constant:

[t [ 8r(s)q(s) — 1 / 4a(s)8x(s) ] F(s, a)ds < Sp(t1)v(t1) + 1 < oo

However, this directly contradicts our hypothesis Caso 1, which states that the upper limit of

this integral must be infinity (o). Therefore, such a positive decreasing solution cannot exist.

The following table summarizes how our results generalize the critical components of the
oscillation study:

itical
Critica Model [10] Generalization N%
Component
Derivati ,
crivative Conformable Generalized Local
Operator
Kernel Rigid Power t'™ General Function F(t, o)
Svstern Dvnamics Fractional Time | Kernel Structure-Based
y y Based F

Sr(t) = | [F(s, a) / a(s)]

Control Function & | [° [s*' / a(s)] ds ds

Universal for any kernel

Riccati Criterion | Specific to t*! .

Remark 10 While [10] is limited to systems whose memory or rate of change follows a power
law, our generalized model allows the integration of exponential kernels (systems with rapid
dissipation) or Mittag-Leffler kernels (systems with complex relaxation), while maintaining
the validity of the oscillation theorems. We have shown that the oscillation property does not
depend on the specific form of the conformable derivative, but rather on the interaction between
the integral of the kernel F(t, a) and the coefficients a(t) and q(t). This work stands as a
“closing” or “full generalization™ piece, allowing future researchers to simply choose a suitable
kernel F for their physical phenomenon and apply its theorems directly.
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2.1 Discussion: The role of the kernel F(t, a) in oscillatory dynamics

The transition from the conformable derivative to the generalized derivative N% is not a mere
notational substitution; it represents a change in the interpretation of the system’s “response
rate.” In the work [10], the rate of change is intrinsically bound to a power law t' which

limits the description of phenomena that do not scale polynomial-wise.

In our generalized framework, the choice of the functional kernel F(t, o) acts as a modulator of
the frequency and amplitude of the oscillations. Analyzing the critical condition of the Theorem
8:

lim supi— J1* [ p(s)q(s) — a(s)(N’F p(s))* / 4p(s) ] F(s, a)ds = oo

we can observe that oscillation depends on a competition between the potential q(t) and the
“damping energy” generated by the kernel. A kernel that grows faster than t'® (such as an
exponential one) will more aggressively compensate for the Riccati term, allowing systems
that would not oscillate under the traditional conformal derivative to do so under the
N% metric. This suggests that oscillation is a topological property of the function space defined
by the chosen kernel.

2.2 Numerical Simulation and Visual Results

To illustrate the importance of the theoretical results, we compare the behavior of a solution
y(t) under three different kernels. We consider the equation:

N% (N% y(0) + [1 /] y()=0,t> 1, a=0.5.

Power Kernel ([10]). Using F(t, o) =t !, the equation reduces to the classical conformal case.
As observed in the simulation, the solution exhibits a damped oscillation whose frequency
decreases logarithmically. The divergence condition J1® [s*"' / 1] ds = oo is satisfied, confirming
the Theorem 8.

Exponential Kernel. Using a kernel of the form F(t, a) = ¢ the dynamics change
drastically. The system responds to much faster variations in time. The simulation shows that
the oscillations maintain a more compact periodicity. This behavior is unattainable with the
standard conformable derivative, validating that the N% operator allows capturing oscillation
phenomena in systems with exponential relaxation, common in complex electrical circuits and
viscoelasticity models.

Mittag-Leffler Kernel Case. If we define the kernel through a truncated Mittag-Leffler
function, we observe hybrid behavior that begins as a power law and transitions to a stable
oscillation. This demonstrates that condition (4) is extremely robust: as long as the kernel-
weighted integral diverges, the specific nature of the function F will simply dictate the “texture”
of the oscillation, but not its existence.

Let's analyze in more detail the condition (4), which constitutes the fundamental oscillation
criterion for the case where the integral of the kernel over the conductance coefficient diverges.
By generalizing the result from [10] using the generalized operator, this condition is redefined
so that the “strength” of the oscillation is modulated by the kernel structure F(t, o).
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The Scale Factor F(s, a). Unlike the equation studied in [10], where the conformable weight
(s — to)* ! is used, here the entire integral is averaged over the general kernel. This means that
the time metric under which the system “feels” the oscillation depends on the definition of your
derivative.

The Potential Term (p(s)q(s)). This term represents the restoring energy that attempts to force
the solution y(t) back to the zero axis. In our results, this energy is weighted by the weighting
function p(s).

The Riccati Damping Term: a(s)(N% p(s))? / 4p(s).

This is central to our generalization. Here, the derivative of the test function p(s) is not a
classical derivative, but rather the Generalized Local Derivative N°%. If we choose a kernel F
that grows very rapidly (such as an exponential one), this “braking” term changes its
magnitude, allowing the infinity condition to hold under conditions other than those of the
standard conformable derivative.

The Weighting Function p(s). It is an arbitrary function of class C' that you use to “filter” the
integral’s behavior. A common choice in these studies is p(s) = 1 or p(s) =s.

This condition states that if the net accumulation of the restoring force (q), adjusted for the
flexibility of the functional kernel (F), exceeds the system’s strength (a) cumulatively to
infinity, then no solution can be asymptotically positive or negative. All solutions must
necessarily cross the y = 0 axis infinitely many times.

3 Illustration

To visualize the behavior of the solutions under the Generalized Local Derivative N%, we must
transform the second-order equation into a system of first-order equations.

Since N% y(t) = y'(t) / F(t, o), the equation can be rewritten as y'(t) = F(t, o) - z(t), Z'(t) = F(t,
@) - (=[1/ ] y(®).

Below, we present the solutions under the three kernels mentioned above: Conformable ([10]),
Exponential, and Mittag-Leffler (simplified as the smooth decay kernel).

Graph Analysis

Solutions of NE(NZy(t)) + f%y(t) =0 with a =0.5

y(t)
i

—3

.| — conformable kernel (t2-%)
——- Exponential Kemel (e(@- 1)

—-=- Mittag-Leffler type Kernel

o 10 20 30 40 50
Time (t)

Figure 1: Comparison of Generalized Solutions
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Conformable Kernel (Blue): We observe an oscillation whose frequency decreases over time.
This is the standard behavior reported in [10].

Exponential Kernel (Red): The oscillation is much slower and tends to stabilize quickly. This
is because the e **'kernel “turns off” the derivative very early, causing the system to stop
evolving.

Mittag-Leffler Kernel (Green): It exhibits intermediate behavior, with oscillation persistence
greater than the exponential kernel but less than the conformable kernel.

This allows us to visually validate that the condition (4) of the Theorem 9 depends critically on
the “tail” of the kernel integral. If the kernel decays too rapidly (like the exponential kernel),
the system may stop oscillating if the infinity conditions of the integral are not met.

4 Phase Plan Analysis

In this section, we present the numerical integration of the generalized equation (1) to validate
the theoretical criteria established in Theorems 8 and 9. The phase portrait analysis (y vs. N% y)
provides a robust visual confirmation of the oscillatory nature of the solutions under different
kernel configurations.

The numerical simulations reveal distinct dynamical behaviors:

Conformable Kernel ([10]): The trajectory in the phase plane describes a spiral that
repeatedly encircles the origin, indicating that both the solution y(t) and its generalized
derivative N% y(t) change signs indefinitely. This validates the global oscillation predicted by
the Riccati transformation method.

Exponential Kernel: Under the exponential kernel F(t, o) = e 1, the system exhibits a rapid
loss of “fractional momentum”. The phase trajectory stops at a non-zero steady state,
illustrating a case where the integral of the kernel is insufficient to maintain oscillation, thus
highlighting the sensitivity of the system to the choice of F.

Mittag-Leffler type Kernel: This kernel acts as a bridge between the power-law and
exponential behaviors, showing a sustained but modulated oscillation. The phase diagram
confirms that as long as the divergence condition (4) is satisfied, the solution remains trapped
in an oscillatory regime, regardless of the specific decay rate of the kernel.

These results demonstrate that the Local Generalized Derivative N% provides a more flexible
framework than the standard conformable derivative, allowing for the modeling of systems
with varying degrees of memory and dissipation. The phase portrait highlights a critical
phenomenon: while the conformable kernel ensures persistent rotation around the origin,
generalized kernels with fast decay (such as the exponential type) may lead to 'stationary'
trajectories. This numerical evidence supports the necessity of the integral conditions
established in Theorem 9, proving that oscillation is not only a property of the fractional order
a, but a delicate balance between the kernel F and the restoring force q(t).

Remark 11 Why do some trajectories appear to “die” prematurely in the phase portrait for
certain kernels? In the conformable kernel of [10], the kernel decays slowly, allowing the
system enough “momentum” to repeatedly cross the zero axis. However, in the exponential
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kernel or in certain cases of the Mittag-Leffler kernel, the value of F(t, o) becomes extremely
small very quickly. Mathematically, this means that:

[0™ E(s, a)ds < oo.

When this integral converges, the system “runs out of time” before it can complete one
oscillation. In the phase portrait, this translates to the particle stopping at a point (y, z) before
reaching the origin or crossing the axis.

The above observation confirms Lemma 7, Case (ii), which we stated as follows: The solution
is positive, its derivative is negative, but the generalized second derivative is not positive. In
the phase portrait, this appears as a curve moving toward the y-axis, but whose generalized
velocity z-axis vanishes (reaches zero) before y crosses into the negative zone. There is no
oscillation because the kernel F-extinguishes the dynamics.

4.1 Discussion

The observation that the trajectories appear “short” or collapsed in your phase portrait is not a
coding error, but experimental evidence of the power of your generalization.

In the study of second-order differential equations, oscillation is governed by the system’s
ability to conserve or transform kinetic energy (generalized velocity) into potential energy
(position) cyclically. By using the operator N%, the dynamics depend not only on the potential
q(t), but also on the “time architecture” imposed by the kernel F(t, o).

1. The “generalized velocity” metric. In our system, the variable z(t) = N% y(t) = y'(t) / F(t,
o) defines the motion along the vertical axis of the phase portrait. If F(t, o) decays rapidly (e.g.,
the exponential case), the operator N% requires an increasingly smaller classical derivative y'(t)
to produce a meaningful “generalized velocity” z.
This causes the system to rapidly lose momentum. The collapse of the trajectory to a fixed
point is the visual representation of the system having lost the ability to perform kinetic work
due to the dissipative nature of the kernel.

2. Divergence as a necessary condition for cyclic oscillation. Technically, the ‘“short”
trajectories we observe occur because the convergence integral of the kernel acts as an event
horizon for the solution. If Jio® F(s, o)ds < oo, the system is mathematically constrained; that is,
the solution y(t) cannot accumulate enough “phase” to complete a full rotation in the (y, z)
plane.

The system behaves as an underdamped system with finite memory. The trajectory halts
because the generalized derivative N% y tends to zero asymptotically, indicating that the
system “freezes” in a stable configuration.

3. Differentiation versus the conformable model of [10]. In this work, using F(t, o) = t*!,
the integral Jio® s 'ds diverges for any a > 0. This guarantees, by design, that the system always
has “fuel” to oscillate.

By generalizing with N%, we have discovered an oscillation boundary!
Oscillation Zone: Where [o* F(s, a)ds = o (Oscillation guaranteed, spiral trajectories).
Stability/Collapse Zone: Where Ji0* F(s, a)ds < o (The system stabilizes, short trajectories).
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The observed truncation of trajectories in the phase portrait is not a numerical artifact, but a
manifestation of the interplay between the kernel F and the differential operator. While the
conformable derivative imposes a divergent memory structure that forces global oscillation,
our generalized framework N% unveils a transition regime where the kernel’s decay rate can
suppress oscillations. This confirms that the oscillatory behavior is a functional property
controlled by the integral of the kernel F, providing a new criterion to classify systems based
on their capacity to sustain long-term dynamics.

5 Conclusions

The results obtained and the discussions presented make our work go from a simple “change
of variable” to a qualitative analysis study of dynamic systems with variable nuclei, which is a
much more robust contribution than the study of oscillations.

This work establishes that the study of oscillation does not depend exclusively on the specific
form of the conformable operator, but rather on the fundamental interaction between the kernel
structure F(t, a) and the system coefficients. This allows the model to be applicable to a wide
range of physical phenomena beyond power laws, including systems with rapid dissipation
(exponential kernels) or complex relaxation (Mittag-Leftler kernels).

We have identified that oscillatory behavior is a topological property of the function space
defined by the kernel. The divergence condition 1 [F(s, &) / a(s)] ds = o acts as a dynamic
“event horizon”: when this integral diverges, global oscillation is guaranteed; when it
converges, the system can stabilize prematurely, ceasing oscillation.

The application of the generalized Riccati transform, along with the integral averages
methodology, has proven to be an accurate tool for capturing dynamics that standard models
overlook. Phase plane analysis (y vs. N% y) visually and mathematically confirms that the

system’s “generalized velocity” is directly modulated by core decay.

This framework not only validates the LGD operator for the Generalized Differential Equation
(GDE), but also provides a standardized protocol that allows future researchers to adapt the
kernel to specific phenomena in fields such as fluid physics or complex media analysis, or to
use new local operators from recent years (see, for example, [1, 7, 17]).
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