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Abstract 

This work investigates a class of delayed backward stochastic differential equations (BSDEs) 

driven by both a fractional Brownian motion with Hurst parameter H > 1/2 and a random 

Poisson measure. In such equations, the generator at time t may depend not only on the current 

state but also on the history of the solution. We primarily focus on establishing the existence 

and uniqueness of solutions under both Lipschitz and non-Lipschitz conditions on the 

coefficients. 
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1 Introduction 

Nonlinear Backward Stochastic Differential Equations (BSDEs) were seminally introduced by 

Pardoux and Peng [12] to furnish a probabilistic framework for solving semi-linear Partial 

Differential Equations (PDEs). Since their inception, BSDEs have been recognized as a 

powerful and versatile tool for addressing a multitude of mathematical problems, spanning 

areas such as financial mathematics, optimal control, stochastic games, and PDEs. Subsequent 

research has sought to refine and extend the foundational results of Pardoux and Peng [12], 

notably by relaxing the stringent Lipschitz conditions on coefficients, as demonstrated by Mao 

[10] and Aidara and Sagna [3]. 

Concurrently, significant progress has been made in the study of BSDEs driven by fractional 

Brownian motion (fBSDEs). Bender [5] was among the pioneers in this domain, providing 

explicit solutions for a class of linear fBSDEs with arbitrary Hurst parameters H. This was 

achieved primarily through the resolution of a specific linear parabolic PDE. However, 

fractional Brownian motion introduces substantial complexities: it does not qualify as a 

semimartingale (except when H = 1/2), thereby precluding the direct application of classical 

Itô calculus, and lacks a martingale representation theorem. In addressing the latter issue, Hu 

and Peng [9] successfully employed quasi-conditional expectation for H > 1/2, proving 

existence and uniqueness under restrictive assumptions on the generator. Following this line of 

inquiry, Maticiuc and Nie [11] further advanced the field by relaxing the conditions on the drift 

term. More recently, Shi [15] established the existence and uniqueness of solutions for 

generalized fBSDEs with jumps for H ∈ (1/2, 1), under Lipschitz conditions on the generator. 

Aidara and Sané [2] extended these results to fractional delay BSDEs with both Lipschitz and 

non-Lipschitz coefficients. 
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This paper is dedicated to the study of fractional delay BSDEs with jumps, described by the 

following formulation: 

Yt = ξ + ∫t
T f(s, ηs, Θs, Θs

δ,ζ,σ)ds − ∫t
T ZsdBs

H − ∫t
T ∫E Us(e)μ̃(ds, de),   t ∈ [0, T], 

where Θr = (Yr, Zr, Ur) and Θr
δ,ζ,σ = (Yr−δ(r), Zr−ζ(r), Ur−σ(r)), with δ, ζ, σ : [0, T] → R+ denoting 

given non-negative deterministic functions. Here, BH represents a fractional Brownian motion 

with Hurst parameter H > 1/2, and η is a stochastic process defined as 

ηt = η0 + ∫0
t b(s)ds + ∫0

t α(s)dBs
H + ∫0

t ∫E ks(e)μ̃(ds, de),   0 ≤ t ≤ T. 

The stochastic integral in the above equation is interpreted as a divergence-type integral. 

Leveraging the fixed point principle, we establish our principal results. 

The structure of the paper is as follows: Section 2 provides a review of essential results in 

fractional stochastic calculus. Section 3 presents an existence and uniqueness theorem for a 

class of fractional delay BSDEs with jumps under Lipschitz conditions. Utilizing these results, 

we further demonstrate the existence and uniqueness of solutions under less stringent 

conditions on the coefficients. 

2 Fractional stochastic calculus 

Let (Ω, F, (Ft)0≤t≤T, P), with T > 0, denote a complete stochastic basis such that F0 contains all 

P-null sets of F and satisfies 

Ft+ = ⋂δ>0 Ft+δ = Ft. 

Assume that the filtration is generated by two independent processes: a one-dimensional 

fractional Brownian motion (Bt
H)0≤t≤T with Hurst parameter H ∈ (0, 1), and a Poisson random 

measure μ on E × R+. 

Here, the space E = R \ {0} is equipped with its Borel σ-algebra E. The compensator of μ is 

given by ν(dt, de) = dt λ(de), such that the compensated process 

μ̃([0, t] × A) = (μ − ν)([0, t] × A) 

is a martingale for every A ∈ E with λ(A) < ∞. The measure λ is a σ-finite measure on E and 

verifies 

∫E (1 ∧ |e|2)λ(de) < ∞. 

Recall that for H ∈ (0, 1), a fractional Brownian motion (BH(t))t≥0 with Hurst parameter H is 

defined as a centered Gaussian process with continuous paths, whose covariance function is 

given by 

E[BH(t)BH(s)] = 1/2 (t2H + s2H − |t − s|2H),   t, s ≥ 0. 

Throughout what follows, we assume that H ∈ (1/2, 1) and consider the function φ defined by 

φ(x) = H(2H − 1)|x|2H−2,   x ∈ R. 

For measurable functions ξ and η on [0, T], we set 

⟨η, ξ⟩t = ∫0
t ∫0

t φ(u − v)ξ(u)η(v)dudv   and   ||ξ||t
2 = ⟨ξ, ξ⟩t. 
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Observe that, for any t ∈ [0, T], the expression ⟨η, ξ⟩t defines a Hilbert space inner product. Let 

H be the closure of the set of measurable functions ξ satisfying ||ξ||t
2 < ∞. Elements of H may 

be distributions (cf. Pipiras and Taqqu [13]). 

For a polynomial f in k variables, let PT denote the collection of all polynomials of the fractional 

Brownian motion of the form 

F(ω) = f(∫0
T ξ1(t)dBt

H(ω), ∫0
T ξ2(t)dBt

H(ω), . . . , ∫0
T ξk(t)dBt

H(ω)) 

Consider a sequence (ξk)k∈N in H such that ⟨ξi, ξj⟩T = δij. For any F ∈ PT, its Malliavin derivative 

is expressed as 

Ds
H F = ∑i=1

k ∂f/∂xi (∫0
T ξ1(t)dBt

H, ∫0
T ξ2(t)dBt

H, . . . , ∫0
T ξk(t)dBt

H) ξi(s),   0 ≤ s ≤ T. 

It is well established that the divergence operator DH : L2(Ω, F, P) → (Ω, F, H) is closable. 

Consequently, one can define the space D1,2 as the closure of PT with respect to the norm 

||F||1,2
2 = E|F|2 + E||Ds

H F||T
2. 

We next define the Malliavin φ-derivative Dt
H of F as follows: 

Ds
H F = ∫0

T φ(s − r) Dr
H F dr 

The integration-by-parts formula stated in [8, Theorem 11.1] will play a key role in the 

subsequent analysis. 

In what follows, we recall Itô’s formula for processes with jumps. 

We now introduce the process 

Xt = x0 + At + Mt + ∫0
t ∫E U(s, e)μ̃(ds, de),   0 ≤ t ≤ T, 

let x0 be a constant, (At)t>0 a continuous process of finite variation, and (Mt)t>0 a continuous 

local martingale belonging to L2. Under these conditions, one can apply the following 

generalized Itô formula (see [17, Theorem 93] for details of the proof): 

Theorem 2.1. Given F ∈ C2(R), then 

F(Xt) − F(X0) = ∫0
t F′(Xs)dAs + ∫0

t F′(Xs)dMs + 1/2 ∫0
t F′′(Xs)d⟩M⟩s 

+ ∫0
t ∫E [F(Xs + U(s, e)) − F(Xs)] μ̃(ds, de) 

+ ∫0
t ∫E [F(Xs + U(s, e)) − F(Xs) − F′(Xs)U(s, e)] ν(ds, de),   0 ≤ t ≤ T. 

Or more simply, 

F(Xt) − F(X0) = ∫0
t F′(Xs)dXs + 1/2 ∫0

t F′′(Xs)d⟩M⟩s 

+ ∫0
t ∫E [F(Xs + U(s, e)) − F(Xs) − F′(Xs)U(s, e)] ν(ds, de),   0 ≤ t ≤ T. 

For 

Xt = X0 + ∫0
t μsds + ∫0

t σsdBs
H + ∫0

t ∫E U(s, e)μ̃(ds, de),   0 ≤ t ≤ T, 

where X0 is a constant. We deduce that If φ ∈ C1,2([0, T] × R, R), then for 0 ≤ t ≤ T, we have 

φ(t, Xt) − φ(0, X0) = ∫0
t ∂φ/∂s (s, Xs)ds + ∫0

t ∂φ/∂x (s, Xs)dXs + ∫0
t ∂2φ/∂x2 (s, Xs)σsDs

H Xs ds 
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+ ∫0
t ∫E [ φ(s, Xs + U(s, e)) − φ(s, Xs) − ∂φ/∂x (s, Xs)U(s, e) ] ν(ds, de),   (2.1) 

Thanks to these preliminary results, we are now in the position to investigate our main subject. 

3 Fractional Delay BSDEs associated to random Poisson measure 

3.1 Definitions and notations 

Consider a non-empty set Ω, a σ-algebra F of subsets of Ω, and a probability measure P on F. 

The triplet (Ω, F, P) constitutes a complete probability space. For a fixed 0 < T ≤ ∞, let us 

assume the presence of three mutually independent processes: 

• a one-dimensional fractional Brownian motion (Bt
H)t∈[0,T], 

• a random Poisson measure μ on the product space E × R+. 

We define the filtration (Ft)0≤t≤T as 

Ft = Ft
BH ∨ Ft

μ,   0 ≤ t ≤ T,   Gs = F0,s
BH ∨ F0,s

μ,   0 ≤ s − t ≤ T, 

for a given process {ηt}t≥0, define 

Fs,t
η = σ{ηr − ηs : s ≤ r ≤ t} ∨ N,   Ft

η = F0,t
η, 

where N denotes the collection of P-null sets in F. Observe that the family (Ft)0≤t≤T does not 

form a standard filtration. 

We will use the following sets: 

• The space C1,2
pol([0, T] × R) consists of all C1,2-functions on [0, T] × R that, together 

with their derivatives, grow at most polynomially, 

• L2(Gr, R) = { ξ : Ω → R | ξ is Gr−measurable, E[|ξ|2] < +∞ }, 

• V[0,T] = { Y = ψ(·, η) : ψ ∈ C1,2([0, T] × R), ∂ψ/∂t is bounded, t ∈ [0, T] }, 

• L2
[0,T](μ̃, R) : the space of mapping U : Ω × [0, T] × E → R which are P ⊗ E measurable 

such that 

• ||U||β = √(E ∫0
T ∫E eβt|Ut(e)|2 λ(de)dt) < ∞, 

where P ⊗ E denotes the σ−algebra of predictable sets of Ω × [0, T] and ||Ut|| = 

√(∫E |Ut(e)|2 λ(de)). 

• The space ṼT
H is defined as the completion of V[0,T] under the norm given by (β > 0) 

||Y||2ṼT
H = ∫0

T t2H−1eβtE[|Y(t)|2]dt = ∫0
T t2H−1eβtE[|ψ(t, ηt)|

2]dt 

• The space B2
F([0, T], R) = Ṽ[0,T]

1/2 × Ṽ[0,T]
H × L2

[0,T](μ̃, R) forms a Banach space when 

endowed with the norm 

• ||(Y, Z, U)||2B
2

([0,T], R) = ||Y||2ṼT
1/2 + ||Z||2ṼT

H + ||U||2L
2

[0,T](μ̃, R) 

Let η denote the solution of the following stochastic differential equation (SDE) driven by a 

fractional Brownian motion with jumps: 

ηt = η0 + ∫0
t b(s)ds + ∫0

t α(s)dBs
H + ∫0

t ∫E pr(e)μ̃(dr, de),   0 ≤ t ≤ T, 

where the functions η0, b, α, and p(e) are assumed to verify the conditions below: 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Published: June 2, 2026 

1891 

• η0 is a fixed constant, and b : [0, T] → R is a deterministic continuous function. 

• α, p(e) : [0, T] → R are deterministic, continuously differentiable functions with α(t) ≠ 

0, such that 

• ||α||t
2 = H(2H − 1) ∫0

t ∫0
t |u − v|2H−2α(u)α(v)dudv,   0 ≤ t ≤ T,   (3.1) 

The following remark will play an important role in the subsequent analysis. 

Remark 3.1. There exists a positive constant C0 such that 

inf0≤t≤T α̂(t)/α(t) ≥ C0   t ∈ [0, T]. 

We focus on the following one-dimensional fractional delay BSDE with jumps: 

Yt = ξ + ∫t
T f(r, ηr, Θr

δ,ζ,σ, Θr) dr − ∫t
T ZrdBr

H − ∫t
T ∫E Ur(e)μ̃(dr, de),   t ∈ [0, T],   (3.2) 

where Θr = (Yr, Zr, Ur) and Θr
δ,ζ,σ = (Yr−δ(r), Zr−ζ(r), Ur−σ(r)) and δ, ζ, σ : [0, T] → R+ are 

continuous functions satisfying: 

(A1) For all t ∈ [0, T], we have: 

    0 ≤ t − γ(t) ≤ t,   γ ∈ {δ, ζ, σ} ; 

(A2): There exists a constant M ≥ 0 and a non-negative integrable function ψ such that, for any 

t ∈ [0, T], 

    ∫t
T ψ(r − γ(r))dr ≤ M ∫t

T ψ(r)dr,   γ ∈ {δ, ζ, σ} . 

Definition 3.2. A set of processes (Y, Z, U) is considered a solution to the fractional delay 

BSDE (3.2) if (Y, Z, U) ∈ B2
F([0, T], R) and verifies equation (3.2). 

The following proposition will play a key role in the subsequent analysis. 

Proposition 3.3. Assume that (Y, Z, U) solves the fractional delay BSDE (3.2). Then, for 

almost all t ∈ [0, T], it holds that 

Dt
H Yt = α̂(t)/α(t) Zt. 

We begin by examining the case where the coefficients are Lipschitz continuous. 

3.2 The case of Lipschitz Conditions 

3.2.1 Assumptions 

Throughout the following, we consider that f meets the assumptions (H1): 

(H1.1): There exists a constant L > 0 such that for all s, r ∈ [0, t], t ∈ [0, T], 

x, y, y′, z, z′, u, u′ ∈ R, φ, φ′ ∈ Ṽ[0,t]
1/2, ϑ, ϑ′ ∈ Ṽ[0,t]

H, φ, φ′ ∈ Ṽμ[0, T], we have 

|f(t, x, φ(r), ϑ(s), φ(s), y, z, u) − f(t, x, φ′(r), ϑ′(s), φ′(s), y′, z′, u′)|2 

≤ L(|φ(r) − φ′(r)|2 + |ϑ(s) − ϑ′(s)|2 + ||φ(s) − φ′(s)||2 + |y − y′|2 + |z − z′|2 + ||u − u′||2). 

(H1.2): Assume 

E[∫0
T eβs|f0(s, ηs)|

2ds] < +∞; 

where f0(s, x) = f(s, x, 0, 0, 0, 0, 0, 0). 
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3.2.2 Existence and uniqueness of the solution 

The central result of this section is presented in the following theorem: 

Theorem 3.4. We said that, under conditions (A1), (A2), and assumptions (H1), the fractional 

delay BSDE with jumps (3.2) admits a unique solution (Y, Z, U) in the space B2
F([0, T], R). 

Proof. We introduce the mapping 

Π : B2
F([0, T], R) → B2

F([0, T], R), 

defined by 

(y, z, u) ↦ Π(y, z, u) = (Y, Z, U). 

We shall prove that the mapping Π is a contraction, where (Y, Z, U) denotes the solution of the 

following fractional delay BSDE with jumps: 

Yt = ξ + ∫t
T f(s, ηs, θs

δ,ζ,σ, θs)ds − ∫t
T zsdBs

H − ∫t
T ∫E us(e)μ̃(ds, de).   (3.3) 

where θr = (yr, zr, ur) and θr
δ,ζ,σ = (yr−δ(r), zr−ζ(r), ur−σ(r)). 

Let us define for a process δ ∈ {Y, Z, U, y, z, u}, δ̄t = δt − δt′ and the function 

Δf(t) = f(t, ηt, yt−δ(t), zt−ζ(t), ut−σ(t), yt, zt, ut) − f(t, ηt, y′t−δ(t), z′t−ζ(t), u′t−σ(t), y′t, z′t, u′t). 

Then, the triplet (Ȳ, Z1, Z2) satisfies the fractional delay BSDE with jump 

Ȳt = ∫t
T Δf(s)ds − ∫t

T Z̄sdBs
H − ∫t

T ∫E Ūs(e)μ̃(ds, de).   (3.4) 

From Itô’s formula (2.1) applied to eβt|Ȳt|
2 (See Hu [8]), it follows that 

eβt|Ȳt|
2 = 2∫t

T eβsȲsΔf(s)ds − 2∫t
T eβsZ̄sDs

H Ȳsds − ∫t
T eβs ∫E |Ūs(e)|2λ(de)ds 

− 2∫t
T eβsȲsZ̄sdBs

H − 2∫t
T ∫E eβsȲsŪs(e)μ̃(ds, de) − β∫t

T eβs|Ȳs|
2ds. 

According to Hu [8, Proposition 6.25] and Proposition 3.3, we have Ds
H Ȳs = α̂(s)/α(s) Z̄s. It 

then follows that 

E[|Ȳ0|
2] + βE∫0

T eβs|Ȳs|
2ds + 2E∫0

T eβs α̂(s)/α(s) |Z̄s|
2ds + E∫0

T eβs||Ūs||
2ds =  

E∫0
T eβsȲsΔf(s)ds.   (3.5) 

Using standard estimates 2ab ≤ εa2 + 1/ε b2 (where ε > 0) and assumption (H1.1), we obtain 

that 

2E∫0
T eβsȲsΔf(s)ds ≤ εE∫0

T eβs|Ȳs|
2ds + 1/ε E∫0

T eβs|Δf(s)|2ds 

≤ εE∫0
T eβs|Ȳs|

2ds + L/ε E∫0
T eβs(|ys−δ(s)|

2 + |zs−ζ(s)|
2 + ||us−ζ(s)||

2)ds 

+ L/ε E∫0
T eβs(|ys|

2 + |zs|
2 + ||us||

2)ds   (3.6) 

Using condition (A2) as well, we obtain 

2E∫0
T eβsȲsΔf(s)ds ≤ εE∫0

T eβs|Ȳs|
2ds + L(1+M)/ε E∫0

T eβs(|ys|
2 + |zs|

2 + ||us||
2)ds. 

By applying the above inequalities to (3.5), we deduce that 

(β − ε)E∫0
T eβs|Ȳs|

2ds + 2E∫0
T eβs α̂(s)/α(s) |Z̄s|

2ds + E∫0
T eβs||Ūs||

2ds ≤ L(1+M)/ε E∫0
T eβs(|ys|

2 + 

|zs|
2 + ||us||

2)ds. 
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By Remark 3.1, we obtain 

(β − ε)E∫0
T eβs|Ȳs|

2ds + 2C0E∫0
T eβs|Z̄s|

2ds + E∫0
T eβs||Ūs||

2ds ≤ L(1+M)/ε E∫0
T eβs(|ys|

2 + |zs|
2 + 

||us||
2)ds. 

Taking ε such that (β−ε)/2 ≥ C1 with C1 = C0 ∧ 1/2, we get 

E∫0
T eβs(|Ȳs|

2 + |Z̄s|
2 + ||Ūs||

2)ds ≤ L(1+M) / 2C1(β − 2C1) E∫0
T eβs(|ys|

2 + |zs|
2 + ||us||

2)ds.   (3.7) 

Choosing β such that β = (L+M)/C1 + 2C1, we have 

E∫0
T eβs(|Ȳs|

2 + |Z̄s|
2 + ||Ūs||

2)ds ≤ 1/2 E∫0
T eβs(|ys|

2 + |zs|
2 + ||us||

2)ds.   (3.8) 

Thus, the mapping (y, z, u) ↦ Π(y, z, u) = (Y, Z, U), associated with the fractional delay BSDE 

with jumps (3.2), is a strict contraction on B2
F([0, T], R). By applying the fixed-point theorem, 

we conclude that the fractional delay BSDE (3.2) admits a unique solution. This completes the 

proof. 

In the following section, we relax the assumptions on the coefficients of the stochastic 

equations. 

3.3 The case of non-Lipschitz Conditions 

3.3.1 Assumptions 

In what follows, we assume that the function f satisfies the assumptions (H2): 

(H1.1) [sic - as per original text]: There exists a constant L > 0 such that for all s, r ∈ [0, t], t ∈ 

[0, T], x, y, y′, z, z′ ∈ R, φ, φ′, ϑ, ϑ′ ∈ Ṽβ[0,t], φ, φ′ ∈ Ṽμ[0,T], we have 

|f(t, x, φ(r), ϑ(s), φ(s), y, z, u) − f(t, x, φ′(r), ϑ′(s), φ′(s), y′, z′, u′)|2 

≤ ρ(t, |φ(r) − φ′(r)|2) + ρ(t, |y − y′|2) + L(|ϑ(s) − ϑ′(s)|2 + ||φ(s) − φ′(s)||2 + |z − z′|2 + ||u − u′||2), 

where ρ(t, v) : [0, T] × R+ → R+ satisfies 

• For fixed t ∈ [0, T], ρ(t, ·) is a continuous, concave and nondecreasing s.t. ρ(t, 0) = 0, 

and ∀κ > 0 κρ(t, v) = ρ(t, κv). 

• The ordinary differential equation v′(t) = −ρ(t, v(t)), v(T) = 0,   (3.9) has a unique 

solution v(t) = 0, 0 ≤ t ≤ T. 

• There exist two continuous and non-negative functions a and b such that ρ(t, v) ≤ a(t) 

+ b(t)v and ∫0
T [a(t) + b(t)]dt < +∞. 

(H2.2) Condition (H1.2) holds. 

3.3.2 Existence and uniqueness of the solution 

For n ≥ 1, we construct the Picard iterative sequence for equation (3.2) as follows: 

Yt
0 = 0, Zt

0 = 0, Ut
0 = 0   t ∈ [0, T] 

Yt
n = ξ + ∫t

T f(s, ηs, Ys−δ(s)
n−1, Zs−ζ(s)

n, Us−σ(s)
n, Ys

n−1, Zs
n, Us

n)ds − ∫t
T Zs

ndBs
H − ∫t

T ∫E Us
n(e)μ̃(ds, 

de), 
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By Theorem 3.4, this sequence is well-defined. To prove Theorem 3.7, we require two 

preliminary lemmas. 

Lemma 3.5. Assuming that conditions (A1), (A2), and assumptions (H2) are satisfied, there 

exists a constant Ψ(ε, M) > 1, which depends only on ε and M, such that for all n, m ≥ 1 and t 

∈ [0, T], 

E[eβt|Yt
n+m − Yt

n|2] ≤ Ψ(ε, M) e(T−t)Ψ(ε,M) ∫t
T ρ(s, E[eβs|Ys

n+m−1 − Ys
n−1|2]) ds. 

Proof. Let us define for a process δ ∈ {Y, Z, U}, n, m ≥ 1, δn,m = δn+m − δn and the function 

Δf(n,m)(s) = f(s, ηs, Ys−δ(s)
n+m−1, Zs−ζ(s)

n+m, Us−σ(s)
n+m, Ys

n+m−1, Zs
n+m, Us

n+m) 

− f(s, ηs, Ys−δ(s)
n−1, Zs−ζ(s)

n, Us−σ(s)
n, Ys

n−1, Zs
n, Us

n). 

Then, it is obvious that (Yn,m, Zn,m, Un,m) solves the fractional delay BSDE with jump 

Yt
n,m = ∫t

T Δf(n,m)(s)ds − ∫t
T Zs

n,mdBs
H − ∫t

T ∫E Us
n,m(e)μ̃(ds, de),   t ∈ [0, T].   (3.10) 

Applying Itô formula to eβt|Yt
n,m|2, we obtain that 

E[eβt|Yt
n,m|2] = 2E∫t

T eβsYs
n,m Δf(n,m)(s)ds − 2E∫t

T eβsZs
n,m Ds

H Ys
n,m ds 

− E∫t
T eβs||Us

n,m||2ds − βE∫t
T eβs|Ys

n,m|2ds. 

The same computations as before imply 

E[eβt|Yt
n,m|2] + βE∫t

T eβs|Ys
n,m|2ds + 2C0E∫t

T eβs|Zs
n,m|2ds + E∫t

T eβs||Us
n,m||2ds ≤  

E∫t
T eβsYs

n,m Δf(n,m)(s)ds. 

Applying standard estimates, assumption (H2.2) and Remark 3.1, we obtain that 

E[eβt|Yt
n,m|2] + 2C0E∫t

T eβs|Zs
n,m|2ds + E∫t

T eβs||Us
n,m||2ds ≤ εE∫t

T eβs|Ys
n,m|2ds + 1/ε  

∫t
T eβs|Δf(n,m)(s)|2ds 

≤ εE∫t
T eβs|Ys

n,m|2ds + 1/ε E∫t
T eβs [ ρ(s, |Ys−δ(s)

n+m−1 − Ys−δ(s)
n−1|2) + L(|Zs−ζ(s)

n,m|2 + ||Us−σ(s)
n,m||2) 

]  

S 

+ 1/ε E∫t
T eβs [ ρ(s, |Ys

n+m−1 − Ys
n−1|2) + L(|Zs

n,m|2 + ||Us
n,m||2) ] ds 

Using in addition condition (A2), we have 

E[eβt|Yt
n,m|2] + 2C1E∫t

T eβs(|Zs
n,m|2 + ||Us

n,m||2)ds 

≤ εE∫t
T eβs|Ys

n,m|2ds + (1+2M)/ε E∫t
T eβsρ(s, |Ys

n+m−1 − Ys
n−1|2)ds + L(1+M)/ε E∫t

T eβs(|Zs
n,m|2 + 

||Us
n,m||2)ds 

Choosing L such that 2C1 − L(1+M)/ε ≥ 1, with C1 = C0 ∧ 1/2, we deduce that 

E[eβt|Yt
n,m|2] + E∫t

T eβs(|Zs
n,m|2 + ||Us

n,m||2)ds ≤ εE∫t
T eβs|Ys

n,m|2ds + (1+M)/λ E∫t
T eβsρ(s, 

|Ys
n+m−1 − Ys

n−1|2)ds 

Thus, a positive constant Ψ(λ, M) exists, depending exclusively on ε and M, such that 
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E[eβt|Yt
n,m|2] + E∫t

T eβs(|Zs
n,m|2 + ||Us

n,m||2)ds ≤ Ψ(ε, M)E∫t
T eβs|Ys

n,m|2ds + Ψ(ε, M)E∫t
T eβsρ(s, 

|Ys
n+m−1 − Ys

n−1|2)ds 

By applying Gronwall’s lemma and Jensen’s inequality (since ρ(t, ·) is concave), we deduce 

that, for all t ∈ [0, T], 

E[eβt|Yt
n+m − Yt

n|2] ≤ Ψ(ε, M) e(T−t)Ψ(ε,M) ∫t
T ρ(s, E[eβs|Ys

n+m−1 − Ys
n−1|2]) ds. 

Lemma 3.6. Assuming that conditions (A1), (A2), and assumptions (H2) are satisfied, there 

exist a constant T1 ∈ [0, T] and a non-negative constant N such that 

∀ n ≥ 1, E[eβt|Yt
n|2] ≤ N,   t ∈ [T1, T]. 

Proof. Using the same method as in the proof of Lemma 3.5, we obtain that 

E[eβt|Yt
n|2] + βE∫t

T eβs|Ys
n|2ds + 2E∫t

T eβs α̂(s)/α(s) |Zs
n|2ds + E∫t

T eβs||Us
n||2ds 

= E[eβT|ξ|2] + 2E∫t
T eβsYs

n f(s, ηs, Ys−δ(s)
n−1, Zs−ζ(s)

n, Us−σ(s)
n, Ys

n−1, Zs
n, Us

n)ds. 

The same computations as before imply 

E[eβt|Yt
n|2] ≤ E[eβT|ξ|2] + Ψ(ε, M)E∫t

T eβs|Ys
n|2ds + Ψ(ε, M)E∫t

T eβs|f0(s, ηs)|
2ds 

+ Ψ(ε, M)E∫t
T eβsρ(s, |Ys

n−1|2)ds 

Applying once again Gronwall’s lemma and Jensen inequality, we deduce that 

E[eβt|Yt
n|2] ≤ Ψ(ε, M) e(T−t)Ψ(ε,M) [ μt + ∫t

T ρ(s, E[eβs|Ys
n−1|2]) ] ds,   (3.11) 

where μt = [ 1/Ψ(ε, M) E[eβT|ξ|2] + E∫t
T eβs|f0(s, ηs)|

2ds ]. 

Putting T1 = T − ln(Ψ(ε, M))/Ψ(ε, M) ∨ 0, we deduce from (3.11) that 

E[eβt|Yt
n|2] ≤ μt + Ψ2(ε, M) ∫t

T ρ(s, E[eβs|Ys
n−1|2])ds,   t ∈ [T1, T],   (3.12) 

Finally let 

N = 2μ0 + 2∫0
T a(s)ds ≥ 0.   (3.13) 

Arguing as in [[16], Lemma 2], we choose T2 such that 

μ0 + ∫t
T ρ(s, N)ds ≤ N,   t ∈ [T2, T],   (3.14) 

then use the arguments developed in Aidara and Sow [1] to complete the proof. 

The main result of this section is the following theorem: 

Theorem 3.7. Assume that conditions (A1), (A2), and assumptions (H2) hold. Then, the 

fractional delay BSDE with jumps (3.2) admits a unique solution (Y, Z, U) in the space B2
F([0, 

T], R). 

Proof. (i) Existence. Using the constant N given by (3.13) we consider the sequence 

(φn)n≥1 given by 

q0(t) = ∫t
T ρ(s, N) ds,   qn+1(t) = ∫t

T ρ(s, qn(s)) ds,   n ≥ 0, t ∈ [T1, T]. 

Exploiting the argument developed in [[1], Lemma 3.8], we obtain that 
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q0(t) = ∫t
T ρ(s, N) ds ≤ N, 

q1(t) = ∫t
T ρ(s, q0(s)) ds ≤ ∫t

T ρ(s, N) ds = q0(t) ≤ N, 

q2(t) = ∫t
T ρ(s, q1(s)) ds ≤ ∫t

T ρ(s, q0(s)) ds = q1(t) ≤ N. 

By induction, one can prove that for all n ≥ 1, qn(t) satisfies 

0 ≤ qn+1(t) ≤ qn(t) ≤ … ≤ q1(t) ≤ q0(t) ≤ N. 

Then {qn(t), t ∈ [T1, T]}n≥1 is uniformly bounded. 

On the other hand, for all n ≥ 1 and t1, t2 ∈ [T1, T], we obtain 

|qn(t1) − qn(t2)| = |∫t1
t
2 ρ(s, qn−1(s)) ds| ≤ |∫t1

t
2 ρ(s, N) ds|. 

Since, for fixed v, ∫0
T ρ(s, v) ds < +∞. Therefore 

supn |qn(t1) − qn(t2)| → 0 as |t1 − t2| → 0, 

This implies that the family of functions {qn(t), t ∈ [T1, T]}n≥1 is equicontinuous. Hence, by the 

Arzelà-Ascoli theorem, we can define q(t) as the limit function of the sequence (qn(t))n≥1. From 

(3.9), it follows that q(t) = 0 for all t ∈ [T1, T]. 

Now, for all t ∈ [T1, T] and n, m ≥ 1, in view of Lemmas 3.5 and 3.6, we get 

E[eβt |Yt
n|2] ≤ N, 

E[eβt |Yt
1+m − Yt

1|2] ≤ ∫t
T ρ(s, E[eβs |Ys

m|2]) ds ≤ ∫t
T ρ(s, N) ds = q0(t) ≤ N, 

E[eβt |Yt
2+m − Yt

2|2] ≤ ∫t
T ρ(s, E[eβs |Ys

1+m − Ys
1|2]) ds ≤ q1(t) ≤ N, 

E[eβt |Yt
3+m − Yt

3|2] ≤ ∫t
T ρ(s, E[eβs |Ys

2+m − Ys
2|2]) ds ≤ q2(t) ≤ N. 

By induction, we can derive that 

m ≥ 1, E[eβt |Yt
n+m − Yt

n|2] ≤ qn−1(t),   t ∈ [T1, T]. 

Therefore we have 

supt∈[T1,T] E[eβt |Yt
n+m − Yt

n|2] ≤ supt∈[T1,T] qn−1(t) = qn−1(T1) → 0   n → ∞. 

It is clear that the sequence (Yn, Zn, Un)n≥1 forms a Cauchy sequence in the space B2
F([T1, T], 

R). Hence, there exists (Y, Z, U) ∈ B2
F([T1, T], R) which is the limit of (Yn, Zn, Un). 

By letting n → +∞ in (3.10), we recover the fractional delay BSDE with jumps (3.2). In other 

words, we have established the existence of a solution to the fractional delay BSDE with jumps 

(3.2) on [T1, T]. Finally, by iteration, this argument can be extended to [T − κ(T − T1), T] for 

each κ, thereby ensuring the existence of a solution on the entire interval [0, T]. 

(ii) Uniqueness. Consider (Yt
i, Zt

i, Ut
i)0≤t≤T, i = 1, 2 as two solutions of the fractional delay 

BSDE with jumps (3.2). For any δ ∈ {Y, Z, U}, let δ̄ = δ1 − δ2. 

Following the method used in the proof of Lemma 3.5, we get 

E[eβt|Ȳt|
2] + E∫t

T eβs(|Z̄s|
2 + ||Ūs||

2)ds ≤ Ψ(ε, M)E∫t
T eβs|Ȳs|

2ds + Ψ(ε, M)E∫t
T eβsρ(s, 

|Ȳs|
2)ds   (3.15) 
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Applying Gronwall’s lemma and Jensen inequality (since ρ(t, ·) is concave), for all t ∈ [0, T], 

we obtain 

E[eβt|Yt
1 − Yt

2|2] ≤ Ψ(ε, M) e(T−t)Ψ(ε,M) ∫t
T ρ(s, E[eβs|Ys

1 − Ys
2|2]) ds. 

Define Π = ln(Ψ(ε, M))/Ψ(ε, M)) and N = [(T)/γ] + 1. 

If (Tj)0≤j≤N denotes the uniform subdivision of [0, T] given by T0 = 0, Tj = (T) − (N − j)γ, j ≥ 1, 

we have 

E[eβt|Yt
1 − Yt

2|2] ≤ ∫t
T ρ(s, E[eβs|Ys

1 − Ys
2|2]) ds,   TN−1 ≤ t ≤ T. 

By the comparison theorem for ODEs, we have 

E[eβt|Yt
1 − Yt

2|2] ≤ r(t), 

where r(t) denotes the maximal solution of (3.9) on [TN−1, T]. Consequently, it follows that 

Yt
1 = Yt

2 for t ∈ [TN−1, T]. From (3.15), we then deduce that Zt
1 = Zt

2 and Ut
1 = Ut

2 for t ∈ [TN−1, 

T]. By repeating the same argument, we can extend the uniqueness result to each interval [Tj, 

Tj+1] for j = 0, . . . , N − 2. This completes the proof. 
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