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Abstract

The Integral transform method is one of the most powerful tools to find solutions of many
problems in Science and Engineering. The integral transforms are also useful in the evaluation
of certain integrals and to find the solution of certain ordinary differential equations, partial
differential equations and integral equations. In this paper, a new integral transform namely
KAMAL-SUDHA PAWAR is used to find the solution of ordinary differential equations, partial
differential equations.
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1.Introduction:

The researcher has expressed the interest in using mathematical models to describe the many
natural phenomena in our daily lives that are related to Engineering, Science, Astronomy,
Medical Science as seen in references [1-6]. The mathematical models are solved by using
various numerical methods such as integral transform method like Laplace transform. Integral
transform method is commonly used to solve ordinary differential equations and partial
differential equations with initial value and boundary conditions[7-11].. The Integral transform
method is one of the most powerful tools to find solutions of many problems in Science and
Engineering [12-15]. Laplace P.S. [16]. in 1780 defined for the function

f©), t=0asL{f()} =F(s) = [ e st f(t) dt , Wheres €, (1.1)
The Fourier transform in 1822 defined as
Ff(0)} = F(s) = =, e f () dt (12)

Now a days many research working on new transforms like Elzaki, Sumudu, Natural, Atangana
Kilicman,Shuehu transform [17,38]. etc are useful to solve to find the solution of ordinary
differential equations, partial differential equations also KSP-transform is one of the effective
tool solve ordinary differential equations, partial differential equations. The Shehu transform
which is defined for all f(z) € © such that

0= {f(z) :AM,uup; > 0,|f(2)] < Me%, if ze (=1)! x [0, +00)},and5{f(z)}is given by
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—SZ

SU@Y=flsw =y ewf(2)dz (13)
Where s, u are two variables and z is the frequency variable.

Recently Mohamed Elarbi Benattia et al. define new transform for all f(z) € © such that
lz| .
0= {f(z) 1AM, k1 ky > 0,[f(2)| > Meki,if z € (1)t X (—,0],i = 1,2},

Where a real constant M must be a finite number, while k; k, may be finite or infinite.

Integral transform defined as
0
SF@Ysw =Fsw) =5 expCIf (@D dz 2<0, - Sus< (1.4)

Provided that the limit of integral must be exists.
2.Main results
2.1Definition-1(KSP Integral Transform)
The new KAMAL-SUDHA PAWAR integral transform of the function f(t) € A such that

A = {f(t) :AM,u u, > 0,[f ()] > Me%, ift € (=1)"1x (—00,0],i = 1,2}, (2.1)

Where a real constant M must be a finite number, while k; k, may be finite or infinite.
Integral transform defined as
st
KS{F(OYs,v) =F(s,v) = [ evf()dt, t<0, — <v<— 2.2)
1, 2

Provided that the limit of integral must be exists.

The inverse of KSP-transform (2.1) is defined as XS~ 1{F(s,v)} = f(¢t)

Theorem 2.2: Existence of the KSP-transform

Let v # 0 be fixed, if a function f(t):(—o,0] = R is a piecewise continuous and is of
exponential

order 8 , i.e. there exist the constant M > 0, and § € R,such that |f(t)| < Me Pt for t <
0.Then the

KSP-transform of f(t) exists for v # 0, and Re (%) > [.

Proof: Consider the function f(t) for ¢ < 0 then

|KS{f (O} =F(s,v) =

,t <0,

J : T (1) dt

0

IKSLF(OY = F(s,v) = j evIf@Oldt t<0
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o St

=M [ _evePldt
-pv

=M[° (5 gt

KS{F(D)} = m for v # 0, and Re (3) > .

Theorem 2.3: KSP-transform of some functions

S 3
1.7(5{1}—5, v>0
2. KS{t} = 5z ;>0

mlpym+1 s

3.KS{t" = ()BT, 2> 0

4. KS{e} =

s+av

Proof: By definition of KSP-transform

KOs, v) = F(s,v) = [°_evf(t)dt, t<0

N

st
LKS(}=F(sv)=[" evdt=2, >0

o St v s
0 st m|vm+1 S
3 AS(" = Fs,v) = [ ev e = (DM, S5

st N
4. %5t} = [°eveatdr =[° era)igr =2

s+av

Theorem 2.4: KSP-transform of sin(at) and cos(at) are defined by

2
1. XS{sin(at)} = Tvzvz
2. KS{cos(at)} = m

Proof: By definition of KSP-transform
st
KS{F()}(s,v) = F(s,v) = [*_evf(t)dt, t<0

1. XS{sin(at)} = F(s,v) = f_ooo e%sin(at) dt

st 0
= l(s)ef 2 (% sin(at) — acos(at))l
KS{sin(at)} = m

2. KS{cos(at)} = F(s,v) = f_ooo e%cos(at) dt
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st 0
= [=2— (5 cos(at) + asin(at))
Bz
v — 00
Sv
s2+a?v?

KS{cos(at)} =
Theorem 2.5: KSP-transform of the hyperbolic functions
sinh(at) and cosh(at) are defined by

. —av?
1. %S{sinh(at) } = 5——
2. KS{ cosh(at)} = Sz_s::zvz

Proof: By definition of KSP-transform
st
KS{F()}(s,v) = F(s,v) = [*_evf(t)dt, t<0

st
1. KS{sinh(at)} = F(s,v) = [ _evsinh(at) dt

KS{sinh(at)} = —av”

s2—q2p?
st
2. KS{cosh(at)} = F(s,v) = f_Ooo evcosh(at) dt

N2

KS{cos(at)} = .

2_q2p2
Theorem 2.6: Relation between KSP-transform and Laplace transform is
KS{f()}(s,v) = vL{f (—vt)}, where L is the Laplace transform.
By definition of KSP-transform
st
KS{F())(s,v) = F(s,v) = [ evf(t)dt, t<0 (2.3)

Put % = —u=dt =—-vdu t <0 thenu > 0 in the equation (2.3)

& KS{F(OYs,v) = F(s,v) = [, e™f (—vu) [—vdu] ,

~ KS{f(t)}(s,v) = F(s,v) = vL{f (—vt)} (2.4)
Theorem 2.7: (Linearity Property) Let f(t) and g(t) are from the set A(2.1) then
af(t) +dg(t) € A, where a ,d € R then
Ks{af () + dg()}(s,v) = aKS{f ()} + dHS{g()}
Proof: By definition of KSP-transform

Ks{af(t) +dg(t)}(s,v) = F(s,v) = f_ooo e%{a,f(t) +dg(t)}(s,v)dt, t<0

& KS{af(t) + dg(O}s,v) = F(s,v) = [°_ev{af(O)dt + [°, ev{dg(O)}dt
KS{af(t) + dg(®)}(s, v) = aXS{f(©)} + dKS{g(6)}
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Theorem 2.8: (Change of Scale Property) Let f(t) is from the set A(2.1) and
KS{f(t)}(s,v) = F(s,v) then KS{f (at)}(s,v) = %F(i, v) where a € R

Proof: By definition of KSP-transform
st
KS{F()}(s,v) = F(s,v) = [*_evf(t)dt, t<0

- KSU(@))(s,v) = F(s,v) = [°, ev {f (at)} dt (2.5)

Put at =u=adt=du =dt= %du in the equation (2.5)

- KS{F(aD)}(s,v) = F(s,v) = [, ew{f (u)}> du
=~ KS{f(at)}(s,v) ==F(,v) , wherea € R
Theorem 2.8: (Shifting Property) Let f(t) is from the set A(2.1) and

KS{f(t)}(s,v) = F(s,v) then KS{e* f(t)}(s,v) = F(s + av,v) where a € R
Proof: By definition of KSP-transform

KSYFO}s,v) = F(s,v) = [°evf(t)dt, <0

- KS{ (D)5 v) = F(s,v) = [°, ev(e®tf(0)} dt (2.6)

s+av

. Hse f () s,v) = [0, e at
. KS{e® f(t)}(s,v) = F(s + av,v) ,wherea € R

Definition-2 (Convolution)

Let f(t) and g(t) be the piecewise continuous functions on (—oo, 0] of exponential order, then

the convolution of the functions is denoted by f * g and it is defined as

[f*gl®) = fotf(u)g(t—u) du ,wheret < 0

Theorem 2.9: (Convolution)

Let f(t) and g(t) be the piecewise continuous functions on (—oo, 0] of exponential order, then

KSU (@) * g(D}(s,v) = ~{F(s5,7) * G(s,v)}
Proof: By definition of KSP-transform
SO} s,v) = F(s,v) = [°_evf(t)dt, <0
KU (©) * gOYs.v) = [ e {J; Fagle—w du}de ,wheret <.
KU (0 * g@Ys,v) = = e ([ fwge —wydufdt . wheret <o0.

By changing the order of above integral we get,
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KS{f () » g(©)3(s,v) = —{F(s,v) * G(s,v)} (2.8)
Theorem 2.10: KSP-transform of the Integrals.
Let f(t) is from the set A(2.1) and KS{f(t)}(s,v) = F(s,v) then

S ([ 5 fien i F@® @) = 1 (Y) F(sv)

Proof: By definition of KSP-transform

KSUFO}s,v) = F(s,v) = [°_evf(t)dt, <0

Here to prove the result we use induction theorem, for n = 1 we get,
t 0o Sttt
xS{[yfv dt} = [° ev {f; F(&) at }a
xs{f, F&) de} = (1) (2) F(s,v) 2.9)

Hence the result is hold forn = 1.

Now consider the result is true for n = k, therefore we get,

k
K[y Jy Jyevon Sy £®) @DF} = (=¥ () F(s,v) (2.10)
Now we prove the result forn = k + 1

xs {fot fot fot ..... fotf(t) (dt)k+1} = f_Ooo e {fot fot fot fot ..... fotf(t) (dt)*+1 }dt
Apply Integration by parts we get,

KS {5 [y Jy-on Sy 0 @)1} = (=1) (2) (— 1) (g)k F(s,v) =
01 ()" s v)

t ot ot t n
Therefore XS {fo fo fo ..... fo f(® (dt)n} = (-1 (E) F(s,v)
Theorem 2.10: KSP-transform of the derivatives.

Let f(t) is from the set A(2.1) and KS{f (t)}(s,v) = F(s,v) then

n _ U+
K@D} = (0" (2) Fs,v) + (D" 213 (-1) (3) fO0) , where n >
1
Proof: By definition of KSP-transform

KSUFOYs,v) = F(s,v) = [*_evf(t)dt, <0

Here to prove the result we use induction theorem, for n = 1 we get,
0

KS{(D)) = f e (Ddt
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Apply Integration by parts we get,
XS} = = (5) F(s,v) + £(0) (2.11)
Let consider the result is true for n = k, therefore we get,
k . k—=(j+1) .
KS(fP®} = D (3) Flev) + CDZEDI() T PO
(2.12)

Now we prove the result is true forn = k + 1,
KS{FED 0} =xs {[fP ]’}
=0 () P + o Eige ()T o)+
IO
#s{f 00} = (-1 () Fis,v) + DR EEL 1 (D) 00
Therefore, the result is hold forn = k + 1.

Therefore KS{f™ ()} = (-1)" (S)n F(s,v) + (D" 1 X750 (=1)/ (%)n_(jﬂ) FO0)

v
wheren > 1
Theorem 2.11: KSP-transform of partial derivatives.

Let f(t) is from the set A(2.1) and KS{f (t)}(s,v) = F(s,v) the
1) XS {%f(x, t)} = :—x [F(x,s,v)]

2) %S {2 f (6,0} = L [F(x,s,v)]

—(+1) 5j

ycs {2 fn) = om0 Fas v + 0 nen/ (D) 20
Proof: By definition of KSP-transform
KSUFO}s,v) = F(s,v) = [°_evf(t)dt, <0
DK {2 F00 0} = [0, evlefCx 0] dt
By Leibniz’s rule we get,
’s{Zfen) =210 evfixdt 2.13)
Therefore, XS {% f(x, t)} = :—x [F(x,s,v)]

Similarly, 2) %8 {2 f(x,0)} = 2 [F(x,5,v)] (2.14)
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3) Here to prove the result we use induction theorem, for n = 1 we get,

i} o Stra
KS{=f@ )= [ ev[=f(x )] at
Applying by integration by parts we get,

w5 {2feen) = [evren] — [0 il nld

KS{Z (e} = f(x,0) = 2F(x,5,v) = —=2F(x,5,v) + f(x,0)
(2.15)

Hence result is true forn = 1

Let consider the result is true for n = k, therefore we get,

+1) 5j

15 {20 00} = (—DF () Feos,w) + (DR gt ()T 2 pex 0
(2.16)

Now we prove the result is true forn =k + 1,
a(k+1) 0 st a(k+1)

s {Wf(x, t)} = f_me" [Wf(x, t)l dt

Applying by integration by parts we get,

a(k) s st 6(

S/ t)” [0, 2 [Sr fu )] at

6(k+1)
58 (G £ (0 0} =
g (k1) I0) 0o Stra®
KS (S fOo )} =[S F 0)| =27 ev S fx )] at

a(k+1)

S f ) =2 f 0] - 25es {2 fx,0)

xS {

FIQ)

= |5x f(x, 0)]——{( 1)"( ) F(x,s,v) +
Crs\k=U+1D) 3j
O ()T 2 o)
= [2 e 0] + (09 (2) T Fsw) + (DR A1 ()T L 0)
Therefore, the result is hold forn = k + 1.
Hence, XS {%T: f(x, t)} = (D" (%)n F(x,s,v) +
-U+1D) 3
Comr e () 2 re 0
3.Application of KSP-transform:

In this part of the paper KSP-transform is applied to linear ODEs with constant coefficients
and initial value problems. Ordinary differential equations are fundamental in describing
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various physical, engineering, and biological processes. Traditional methods for solving ODEs,

such as separation of variables or integrating factors, can be difficult for complex equations.
The new transform offers a robust alternative, particularly for linear ODEs with constant
coefficients and initial value problems. This transform converts differential equations into

algebraic equations, making them easier to solve.
Example 1: The differential equation is f'(t) + f(t) = 0
with initial condition f(0) = 1
Applying KSP-transform both side of equation (3.1)
KS{f'®O+f®)}=0
KS{f' (O} + KS{f(©)}=0

‘(%)F(S'v) +f(0)+F(s,v) =0

Using given initial condition f(0) = 1 we get,

—(%)F(s,v)+1+F(s,v) =0

KS{F(s,v)} = {ﬁ}

(3.2)
Apply inverse KSP-transform both side of equation (3.2)

KS~UF(s,v)} = K51 {L}

s—v
Therefore f(t) = et
This is the solution of differential equation (3.1).
Example 2: The differential equation is f'(t) + 2f(t) =t
with initial condition f(0) =1
Applying KSP-transform both side of equation (3.1)
KS{f'(6) + 2f ()} = Ks{t}
KS{F' (D} + 2KS{f (1)} = KS{t)

‘U2

~(3)F(s,v) + £(0) + 2F(s,v) = =%

SZ
Using given initial condition f(0) = 1 we get,

—(%)F(s,v)+1+2F(s,v) =z

s2

v3 v

F(s,v) =

s2(s=2v) (s—2v)

(3.4)
Apply inverse KSP-transform both side of equation (3.4)
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K HF (s, 00} = K5 {2+ wes {2

Therefore f(t) = Ze—Zt +ot— Z

This is the solution of differential equation (3.3).
Example 3: The differential equation is y"'(t) + 2y'(t) + y(t) = e~
with initial condition y(0) =0, y'(0) = 2
Applying KSP-transform both side of equation (3.5)
Ks{y"(®) +2y'(t) +y(©)} = %S{e‘t}
K" (O} + 2Ks{y' (O} + Ks{y()} =

(s— v)

[(%)2 Y(s,v) = (_) ©+y (O)] +2 [ ( )Y(S v) + }’(0)] +Y(s,v) =

v)
Using given initial condition y(0) = 0, y'(0) = 2 we get,

202

(s— v)3 (s—v)?

Y(s,v) =
Apply inverse KSP-transform both side of equation (3.6)

K HY (5,00} = K~ { ) —es {22

(s—v)?
1 —te2 -ty — —t(l.2
y(t)—ze t+2e 't=c¢e (2t +2t)
This is the solution of differential equation (3.5).

9%u(x,t) n ou(x,t)

o2 5 = 0,xeR ,t >0

Example 4: The standard heat diffusion equation

with u(x, t) as a field variable with boundary conditions u(x,t) = 0 at x =0 and
u(x,t) =0 atx =1 whent - oo, u(x,t) =3e™* att =0.

Applying KSP-transform both side of equation (3.7)

%u(x,t) | du(xt)) _
%S{ 0wz T o }_O

xS {6 u(x, t)} L KS {aug t)} 0

du

N
=t [—;U(x,s,v) +u(x,0)] =0

d?U s _
LV _iy=—3e*
dxz v

(3.8)
The general solution of (3.8) is U(x, s,v) = Uy(x,s,v) + Up(x, s, v)

(3.6)

(3.5)

(3.7)

Where uy (x, s, v) is the solution of homogeneous equation and up(x, s, v) is the particular

solution.
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Uy(x,s,v) = C1€< S)x + cze_<\/_)x

<L

(3.9)

Use the boundary conditions u(x,t) =0 at x =0 and u(x,t) =0 atx =1 in equation
(3.9)

We get ¢; = 0 and ¢, = 0 therefore uy(x,s,v) =0

-3
Now Up(x,s,v) = U—_Ze_x

The general solution of (3.8) is U(x, s,v) = ;—:’ e ™
(3.10)
Apply inverse KSP-transform both side of equation (3.10)

KS~HU(x,s5,v)} = KS~? {% e—x}

u(x,t) = 3e”t"* is the solution of partial differential equation (3.7).
4.Results and discussion:

The new integral transform helps us to solve ordinary differential equations, integral equations
and integro-differential equations defined for, t < 0, which the classical Laplace transform
cannot directly handle.

Many real-world problems like pre-history systems, backward time models, pre-stressed
systems, involving, t < 0. This new transform is defined on the interval (—oo, 0], which is
its main advantage, as it allows direct solving of ordinary differential equations on negative
side by converting ODE into algebraic equations.

The new integral transform also used to solve higher order linear differential equations without
traditional methods, such as separation of variables or integrating factors, can be difficult for
complex equations. The new transform offers a robust alternative, particularly for linear ODEs
with constant coefficients and initial value problems.

It naturally handles boundary conditions at t = 0~. Since the transform uses y(0) and its
derivatives f ™ (0) initial conditions at t = 0~ are directly included, without needing to change
the time axis.

5. Conclusion:

In this paper the authors investigate a new transform designed to handle ordinary and partial
differential equations. They analyze its fundamental properties and demonstrate its applications
to key problem classes. The primary contributions of the new transform are as follows:

1) Generalization of the Laplace transform: The proposed transform extends the classical
Laplace method to the domain (—oo, 0], enable the treatment of a wider range of ordinary
differential equations, integral equations and integro-differential equations that are not easily
solvable by standard techniques.
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2) Preservation of core properties: The Linearity, shifting, scale change, differentiation, integral
and convolution properties all are maintained with the transform naturally incorporating initial
conditions at t = 0~ and operating on negative time.

3) Simplification of the negative half-axis: By converting differential equations on the domain
(—o0, 0] into algebraic equations in the s-domain, the method provides direct and systematic
solution procedures.

4) Practical advantages: The formulation is well suited for systems with time delays, backward-
time dynamics and boundary conditions at t = 0~ cases where classical Laplace techniques
lack efficiency or fail to apply.

Overall, the new transform acts as an effective integral transform framework, the solutions
of the problems in this transformed domain are easier to obtain and substituting back yields
solutions that satisfy original problems.

This opens the door to broader and more flexible applications in the analysis of ordinary
differential equations, integral equations and integro-differential equations.
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