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Abstract 

The Integral transform method is one of the most powerful tools to find solutions of many 

problems in Science and Engineering. The integral transforms are also useful in the evaluation 

of certain integrals and to find the solution of certain ordinary differential equations, partial 

differential equations and integral equations. In this paper, a new integral transform namely 

KAMAL-SUDHA PAWAR is used to find the solution of ordinary differential equations, partial 

differential equations. 

Keywords: KSP-transform, ordinary differential equations, partial differential equations. 

1.Introduction: 

The researcher has expressed the interest in using mathematical models to describe the many 

natural phenomena in our daily lives that are related to Engineering, Science, Astronomy, 

Medical Science as seen in references [1-6]. The mathematical models are solved by using 

various numerical methods such as integral transform method like Laplace transform. Integral 

transform method is commonly used to solve ordinary differential equations and partial 

differential equations with initial value and boundary conditions[7-11].. The Integral transform 

method is one of the most powerful tools to find solutions of many problems in Science and 

Engineering [12-15]. Laplace P.S. [16]. in 1780 defined for the function 

𝑓(𝑡), 𝑡 ≥ 0 as 𝐿{𝑓(𝑡)} = 𝐹(𝑠)̅̅ ̅̅ ̅̅ = ∫ 𝑒−𝑠𝑡𝑓(𝑡) 𝑑𝑡
∞

0
  ,  Where 𝑠 ∈ ∁,    (1.1) 

The Fourier transform in 1822 defined as  

𝐹{𝑓(𝑡)} = 𝐹(𝑠) =
1

√2𝜋
∫ 𝑒−𝑖𝑠𝑡𝑓(𝑡) 𝑑𝑡

∞

−∞
     (1.2) 

Now a days many research working on new transforms like Elzaki, Sumudu, Natural, Atangana          

Kilicman,Shuehu transform [17,38]. etc are useful to solve to find the solution of ordinary 

differential equations, partial differential equations also KSP-transform is one of the effective 

tool solve ordinary differential equations, partial differential equations. The Shehu transform 

which is defined for all f(z) ∈ Θ such that 

Θ = {f(z) ∶ ∃Μ, 𝑢1,𝑢2 > 0, |𝑓(𝑧)| < 𝑀𝑒
|𝑧|

𝑢𝑖 , 𝑖𝑓 𝑧 ∈ (−1)𝑖 × [0, +∞)} , and 𝑆{𝑓(𝑧)} is given by  
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                  𝑆{𝑓(𝑧)} = 𝑓(𝑠, 𝑢) = ∫ 𝑒
−𝑠𝑧

𝑢 𝑓(𝑧) 𝑑𝑧
+∞

0
       (1.3) 

Where 𝑠, 𝑢 are two variables and 𝑧 is the frequency variable. 

Recently Mohamed Elarbi Benattia et al. define new transform for all f(z) ∈ Θ such that 

Θ = {f(z) ∶ ∃Μ, 𝑘1,𝑘2 > 0, |𝑓(𝑧)| > 𝑀𝑒
|𝑧|

𝑘𝑖 , 𝑖𝑓 𝑧 ∈ (−1)𝑖−1 × (−∞, 0], 𝑖 = 1,2} ,  

Where a real constant M must be a finite number, while 𝑘1,𝑘2 may be finite or infinite. 

Integral transform defined as 

𝜉{𝑓(𝑧)}(𝑠, 𝑢) = 𝐹(𝑠, 𝑢) =
1

𝑢2 ∫ 𝑒𝑥𝑝(
𝑠𝑧

𝑢
)𝑓(𝑧) 𝑑𝑧    𝑧 < 0,

1

𝑘1,
 ≤ 𝑢 ≤

1

𝑘2

0

−∞
     (1.4) 

Provided that the limit of integral must be exists. 

2.Main results 

2.1Definition-1(KSP Integral Transform) 

The new KAMAL-SUDHA PAWAR integral transform of the function 𝑓(𝑡) ∈ 𝒜 such that 

𝒜 = {𝑓(𝑡) ∶ ∃𝛭, 𝑢1,𝑢2 > 0, |𝑓(𝑡)| > 𝑀𝑒
|𝑧|

𝑢𝑖 , 𝑖𝑓 𝑡 ∈ (−1)𝑖−1 × (−∞, 0], 𝑖 = 1,2} ,   (2.1) 

Where a real constant M must be a finite number, while 𝑘1,𝑘2 may be finite or infinite. 

Integral transform defined as 

𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0,
1

𝑢1,
 ≤ 𝑣 ≤

1

𝑢2

0

−∞
      (2.2) 

Provided that the limit of integral must be exists. 

The inverse of KSP-transform (2.1) is defined as 𝒦𝒮−1{𝐹(𝑠, 𝑣)} = 𝑓(𝑡) 

Theorem 2.2: Existence of the KSP-transform 

Let  𝑣 ≠ 0 be fixed, if a function 𝑓(𝑡): (−∞, 0] → ℝ is a piecewise continuous and is of 

exponential  

order 𝛽 , i.e. there exist the constant 𝑀 > 0, and 𝛽 ∈ ℝ,such that |𝑓(𝑡)| ≤ 𝑀𝑒−𝛽𝑡 for 𝑡 ≤

0.Then the  

KSP-transform of f(t) exists for 𝑣 ≠ 0 , and 𝑅𝑒 (
𝑠

𝑣
) > 𝛽. 

Proof: Consider the function f(t) for  𝑡 ≤ 0 then 

|𝒦𝒮{𝑓(𝑡)}| = 𝐹(𝑠, 𝑣) = |∫ 𝑒
𝑠𝑡
𝑣 𝑓(𝑡) 𝑑𝑡    

0

−∞

| , 𝑡 ≤ 0, 

|𝒦𝒮{𝑓(𝑡)}| = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡
𝑣 |𝑓(𝑡)| 𝑑𝑡    

0

−∞

, 𝑡 ≤ 0 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026  
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  
 

Published: November 27, 2025  1875 

                                                                       = 𝑀 ∫ 𝑒
𝑠𝑡

𝑣  𝑒−𝛽𝑡𝑑𝑡    
0

−∞
                    

                                                                   = 𝑀 ∫ 𝑒(
𝑠−𝛽𝑣

𝑣
)𝑡 𝑑𝑡    

0

−∞
 

                             𝒦𝒮{𝑓(𝑡)} =
𝑀𝑣

(𝑠−𝛽𝑣)
 , for 𝑣 ≠ 0 , and 𝑅𝑒 (

𝑠

𝑣
) > 𝛽. 

Theorem 2.3: KSP-transform of some functions 

 1. 𝒦𝒮{1} =
𝑣

𝑠
  ,     

𝑠

 𝑣
> 0   

2. 𝒦𝒮{𝑡} =  −
𝑣2

𝑠2   ,     
𝑠

 𝑣
> 0 

3. 𝒦𝒮{𝑡𝑛} =  (−1)𝑚 𝑚!𝑣𝑚+1

𝑠𝑚+1   ,     
𝑠

 𝑣
> 0 

4. 𝒦𝒮{𝑒𝑎𝑡} =
𝑣

𝑠+𝑎𝑣
 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,     𝑡 ≤ 0
0

−∞
  

1. 𝒦𝒮{1} = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣  𝑑𝑡 
0

−∞
= 

𝑣

𝑠
  ,       

𝑠

 𝑣
> 0 

2. 𝒦𝒮{𝑡}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣  𝑡 𝑑𝑡  
0

−∞
= −

𝑣2

𝑠2   ,     
𝑠

 𝑣
> 0 

3. 𝒦𝒮{𝑡𝑛} = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣  𝑡𝑛𝑑𝑡     
0

−∞
=  (−1)𝑚 𝑚!𝑣𝑚+1

𝑠𝑚+1   ,     
𝑠

 𝑣
> 0 

4. 𝒦𝒮{𝑒𝑎𝑡} = ∫ 𝑒
𝑠𝑡

𝑣 𝑒𝑎𝑡  𝑑𝑡  =
0

−∞
∫ 𝑒(

𝑠

𝑣
+𝑎)𝑡 𝑑𝑡  =

0

−∞

𝑣

𝑠+𝑎𝑣
 

Theorem 2.4: KSP-transform of 𝑠𝑖𝑛(𝑎𝑡) 𝑎𝑛𝑑 𝑐𝑜𝑠(𝑎𝑡) are defined by 

1. 𝒦𝒮{𝑠𝑖𝑛(𝑎𝑡)} =
−𝑎𝑣2

𝑠2+𝑎2𝑣2 

2. 𝒦𝒮{𝑐𝑜𝑠(𝑎𝑡)} =
𝑠𝑣

𝑠2+𝑎2𝑣2 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
 

1. 𝒦𝒮{𝑠𝑖𝑛(𝑎𝑡)} = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑠𝑖𝑛(𝑎𝑡) 𝑑𝑡  
0

−∞
 

                                           = [
𝑒

𝑠𝑡
𝑣

(
𝑠

𝑣
)

2
+𝑎2

(
𝑠

𝑣
𝑠𝑖𝑛(𝑎𝑡) − 𝑎𝑐𝑜𝑠(𝑎𝑡))]

−∞

0

 

                    𝒦𝒮{𝑠𝑖𝑛(𝑎𝑡)} =
−𝑎𝑣2

𝑠2+𝑎2𝑣2 

2. 𝒦𝒮{𝑐𝑜𝑠(𝑎𝑡)} = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑐𝑜𝑠(𝑎𝑡) 𝑑𝑡  
0

−∞
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                                            = [
𝑒

𝑠𝑡
𝑣

(
𝑠

𝑣
)

2
+𝑎2

(
𝑠

𝑣
𝑐𝑜𝑠(𝑎𝑡) + 𝑎𝑠𝑖𝑛(𝑎𝑡))]

−∞

0

                                                                                                    

                                     𝒦𝒮{𝑐𝑜𝑠(𝑎𝑡)} =
𝑠𝑣

𝑠2+𝑎2𝑣2
 

Theorem 2.5: KSP-transform of the hyperbolic functions  

     𝑠𝑖𝑛ℎ(𝑎𝑡) 𝑎𝑛𝑑 𝑐𝑜𝑠ℎ(𝑎𝑡) are defined by 

1. 𝒦𝒮{ 𝑠𝑖𝑛ℎ(𝑎𝑡) } =
−𝑎𝑣2

𝑠2−𝑎2𝑣2 

2. 𝒦𝒮{ 𝑐𝑜𝑠ℎ(𝑎𝑡)} =
𝑠𝑣

𝑠2−𝑎2𝑣2 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
 

1. 𝒦𝒮{𝑠𝑖𝑛ℎ(𝑎𝑡)} = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑠𝑖𝑛ℎ(𝑎𝑡) 𝑑𝑡  
0

−∞
 

                    𝒦𝒮{𝑠𝑖𝑛ℎ(𝑎𝑡)} =
−𝑎𝑣2

𝑠2−𝑎2𝑣2 

2. 𝒦𝒮{𝑐𝑜𝑠ℎ(𝑎𝑡)} = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑐𝑜𝑠ℎ(𝑎𝑡) 𝑑𝑡  
0

−∞
 

                      𝒦𝒮{𝑐𝑜𝑠(𝑎𝑡)} =
𝑠𝑣

𝑠2−𝑎2𝑣2 

Theorem 2.6: Relation between KSP-transform and Laplace transform is 

           𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝑣𝐿{𝑓(−𝑣𝑡)} , where 𝐿 is the Laplace transform. 

       By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,   𝑡 ≤ 0
0

−∞
    (2.3) 

        Put   
𝑡

𝑣
 = −𝑢 ⇒ 𝑑𝑡 = −𝑣𝑑𝑢    𝑡 ≤ 0 then 𝑢 ≥ 0 in the equation (2.3) 

          ∴  𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒−𝑠𝑢𝑓(−𝑣𝑢) [−𝑣𝑑𝑢]  ,
0

∞
 

          ∴  𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = 𝑣𝐿{𝑓(−𝑣𝑡)}                                             (2.4) 

Theorem 2.7: (Linearity Property) Let 𝑓(𝑡) and 𝑔(𝑡) are from the set 𝒜(2.1) then  

 𝒶𝑓(𝑡) + 𝒹𝑔(𝑡) ∈ 𝒜, where 𝒶 ,𝒹 ∈ ℝ then 

 𝒦𝒮{𝒶𝑓(𝑡) + 𝒹𝑔(𝑡)}(𝑠, 𝑣) = 𝒶𝒦𝒮{𝑓(𝑡)} + 𝒹𝒦𝒮{𝑔(𝑡)} 

Proof: By definition of KSP-transform 

            𝒦𝒮{𝒶𝑓(𝑡) + 𝒹𝑔(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 {𝒶𝑓(𝑡) + 𝒹𝑔(𝑡)}(𝑠, 𝑣)𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
 

        ∴  𝒦𝒮{𝒶𝑓(𝑡) + 𝒹𝑔(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 {𝒶𝑓(𝑡)}𝑑𝑡 +  ∫ 𝑒
𝑠𝑡

𝑣 {𝒹𝑔(𝑡)}𝑑𝑡    
0

−∞
   

0

−∞
 

 𝒦𝒮{𝒶𝑓(𝑡) + 𝒹𝑔(𝑡)}(𝑠, 𝑣) = 𝒶𝒦𝒮{𝑓(𝑡)} + 𝒹𝒦𝒮{𝑔(𝑡)} 
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Theorem 2.8: (Change of Scale Property) Let 𝑓(𝑡) is from the set 𝒜(2.1) and 

         𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) then 𝒦𝒮{𝑓(𝑎𝑡)}(𝑠, 𝑣) =
1

𝑎
𝐹(

𝑠

𝑎
, 𝑣)  where 𝑎 ∈ ℝ 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
 

          ∴  𝒦𝒮{𝑓(𝑎𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 {𝑓(𝑎𝑡)} 𝑑𝑡    
0

−∞
                (2.5) 

         Put   𝑎𝑡 = 𝑢 ⇒ 𝑎𝑑𝑡 = 𝑑𝑢   ⇒ 𝑑𝑡 =
1

𝑎
𝑑𝑢    in the equation (2.5) 

          ∴  𝒦𝒮{𝑓(𝑎𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑢

𝑎𝑣{𝑓(𝑢)}
1

𝑎
𝑑𝑢    

0

−∞
 

          ∴ 𝒦𝒮{𝑓(𝑎𝑡)}(𝑠, 𝑣) =
1

𝑎
𝐹(

𝑠

𝑎
, 𝑣)  , where 𝑎 ∈ ℝ 

Theorem 2.8: (Shifting Property) Let 𝑓(𝑡) is from the set 𝒜(2.1) and 

         𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) then 𝒦𝒮{𝑒𝑎𝑡𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠 + 𝑎𝑣, 𝑣)  where 𝑎 ∈ ℝ 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
 

          ∴  𝒦𝒮{𝑒𝑎𝑡𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 {𝑒𝑎𝑡𝑓(𝑡)} 𝑑𝑡    
0

−∞
                      (2.6) 

            ∴  𝒦𝒮{𝑒𝑎𝑡𝑓(𝑡)}(𝑠, 𝑣) = ∫ 𝑒
(

𝑠+𝑎𝑣

𝑣
)𝑡

  𝑑𝑡  
0

−∞
 

         ∴   𝒦𝒮{𝑒𝑎𝑡𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠 + 𝑎𝑣, 𝑣)  , where 𝑎 ∈ ℝ 

Definition-2 (Convolution) 

Let 𝑓(𝑡) and 𝑔(𝑡) be the piecewise continuous functions on (−∞, 0] of exponential order, then 

the     convolution of the functions is denoted by 𝑓 ∗ 𝑔 and it is defined as                                  

[ 𝑓 ∗ 𝑔](𝑡) = ∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢) 𝑑𝑢 
𝑡

0
 , where 𝑡 < 0 

Theorem 2.9: (Convolution) 

Let 𝑓(𝑡) and 𝑔(𝑡) be the piecewise continuous functions on (−∞, 0] of exponential order, then 

𝒦𝒮{𝑓(𝑡) ∗ 𝑔(𝑡)}(𝑠, 𝑣) = −{𝐹(𝑠, 𝑣) ∗ 𝐺(𝑠, 𝑣)} 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
 

             𝒦𝒮{𝑓(𝑡) ∗ 𝑔(𝑡)}(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣  {∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢) 𝑑𝑢 
𝑡

0
} 𝑑𝑡    

0

−∞
    , where 𝑡 < 0.    (2.7) 

            𝒦𝒮{𝑓(𝑡) ∗ 𝑔(𝑡)}(𝑠, 𝑣) = − ∫ 𝑒
𝑠𝑡

𝑣  {∫ 𝑓(𝑢)𝑔(𝑡 − 𝑢) 𝑑𝑢 
0

𝑡
} 𝑑𝑡    

0

−∞
 , where 𝑡 < 0. 

            By changing the order of above integral we get, 
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                𝒦𝒮{𝑓(𝑡) ∗ 𝑔(𝑡)}(𝑠, 𝑣) = −{𝐹(𝑠, 𝑣) ∗ 𝐺(𝑠, 𝑣)}                                                     (2.8) 

Theorem 2.10: KSP-transform of the Integrals. 

           Let 𝑓(𝑡) is from the set 𝒜(2.1) and 𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) then  

            𝒦𝒮 {∫ ∫ ∫ . . . . . ∫ 𝑓(𝑡)
𝑡

0
(𝑑𝑡)𝑛𝑡

0

𝑡

0

𝑡

0
} = (−1)𝑛 (

𝑣

𝑠
)

𝑛

𝐹(𝑠, 𝑣) 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
   

            Here to prove the result we use induction theorem, for 𝑛 = 1 we get, 

             𝒦𝒮 {∫ 𝑓(𝑡) 𝑑𝑡
𝑡

0
} = ∫ 𝑒

𝑠𝑡

𝑣  {∫ 𝑓(𝑡) 𝑑𝑡 
𝑡

0
} 𝑑𝑡    

0

−∞
                                                 

                                     𝒦𝒮 {∫ 𝑓(𝑡) 𝑑𝑡
𝑡

0
} = (−1) (

𝑣

𝑠
) 𝐹(𝑠, 𝑣)                                           (2.9) 

             Hence the result is hold for 𝑛 = 1. 

            Now consider the result is true for 𝑛 = 𝑘, therefore we get, 

            𝒦𝒮 {∫ ∫ ∫ . . . . . ∫ 𝑓(𝑡)
𝑡

0
(𝑑𝑡)𝑘𝑡

0

𝑡

0

𝑡

0
} = (−1)𝑘 (

𝑣

𝑠
)

𝑘

𝐹(𝑠, 𝑣)                                      (2.10) 

           Now we prove the result for 𝑛 = 𝑘 + 1 

           𝒦𝒮 {∫ ∫ ∫ . . . . . ∫ 𝑓(𝑡)
𝑡

0
(𝑑𝑡)𝑘+1𝑡

0

𝑡

0

𝑡

0
} = ∫ 𝑒

𝑠𝑡

𝑣  {∫ ∫ ∫ ∫ . . . . . ∫ 𝑓(𝑡)
𝑡

0
(𝑑𝑡)𝑘+1𝑡

0

𝑡

0

𝑡

0
 

𝑡

0
} 𝑑𝑡    

0

−∞
 

          Apply Integration by parts we get, 

         𝒦𝒮 {∫ ∫ ∫ . . . . . ∫ 𝑓(𝑡)
𝑡

0
(𝑑𝑡)𝑘+1𝑡

0

𝑡

0

𝑡

0
} = (−1) (

𝑣

𝑠
) (−1)𝑘 (

𝑣

𝑠
)

𝑘

𝐹(𝑠, 𝑣) =

(−1)𝑘+1 (
𝑣

𝑠
)

𝑘+1

𝐹(𝑠, 𝑣) 

        Therefore    𝒦𝒮 {∫ ∫ ∫ . . . . . ∫ 𝑓(𝑡)
𝑡

0
(𝑑𝑡)𝑛𝑡

0

𝑡

0

𝑡

0
} = (−1)𝑛 (

𝑣

𝑠
)

𝑛

𝐹(𝑠, 𝑣)      

Theorem 2.10: KSP-transform of the derivatives. 

           Let 𝑓(𝑡) is from the set 𝒜(2.1) and 𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) then  

𝒦𝒮{𝑓(𝑛)(𝑡)} = (−1)𝑛 (
𝑠

𝑣
)

𝑛

𝐹(𝑠, 𝑣) + (−1)𝑛−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑛−(𝑗+1)

𝑓(𝑗)(0)𝑛−1
𝑗=0    , where 𝑛 ≥

1 

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
   

            Here to prove the result we use induction theorem, for 𝑛 = 1 we get, 

𝒦𝒮{𝑓′(𝑡)} = ∫ 𝑒
𝑠𝑡
𝑣 𝑓′(𝑡)𝑑𝑡  

0

−∞
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          Apply Integration by parts we get,   

                                                 𝒦𝒮{𝑓′(𝑡)} = − (
𝑠

𝑣
) 𝐹(𝑠, 𝑣) + 𝑓(0)                                      (2.11) 

      Let consider the result is true for 𝑛 = 𝑘, therefore we get, 

        𝒦𝒮{𝑓(𝑘)(𝑡)} = (−1)𝑘 (
𝑠

𝑣
)

𝑘

𝐹(𝑠, 𝑣) + (−1)𝑘−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑘−(𝑗+1)

𝑓(𝑗)(0)𝑘−1
𝑗=0             

(2.12) 

     Now we prove the result is true for 𝑛 = 𝑘 + 1, 

    𝒦𝒮{𝑓(𝑘+1)(𝑡)} = 𝒦𝒮 {[𝑓(𝑘)(𝑡)]
′
} 

                            = −
𝑠

𝑣
{(−1)𝑘 (

𝑠

𝑣
)

𝑘

𝐹(𝑠, 𝑣) + (−1)𝑘−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑘−(𝑗+1)

𝑓(𝑗)(0)𝑘−1
𝑗=0 } +

𝑓(𝑘)(0) 

   𝒦𝒮{𝑓(𝑘+1)(𝑡)} = (−1)𝑘+1 (
𝑠

𝑣
)

𝑘+1

𝐹(𝑠, 𝑣) + (−1)𝑘 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑘−𝑗

𝑓(𝑗)(0)𝑘
𝑗=0  

Therefore, the result is hold for 𝑛 = 𝑘 + 1. 

Therefore  𝒦𝒮{𝑓(𝑛)(𝑡)} = (−1)𝑛 (
𝑠

𝑣
)

𝑛

𝐹(𝑠, 𝑣) + (−1)𝑛−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑛−(𝑗+1)

𝑓(𝑗)(0)𝑛−1
𝑗=0    , 

 where 𝑛 ≥ 1 

Theorem 2.11: KSP-transform of partial derivatives. 

           Let 𝑓(𝑡) is from the set 𝒜(2.1) and 𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) the 

1) 𝒦𝒮 {
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)} =

𝑑

𝑑𝑥
[𝐹(𝑥, 𝑠, 𝑣)] 

2) 𝒦𝒮 {
𝜕2

𝜕𝑥2 𝑓(𝑥, 𝑡)} =
𝑑2

𝑑𝑥2
[𝐹(𝑥, 𝑠, 𝑣)] 

3) 𝒦𝒮 {
𝜕(𝑛)

𝜕𝑡𝑛 𝑓(𝑥, 𝑡)} = (−1)𝑛 (
𝑠

𝑣
)

𝑛

𝐹(𝑥, 𝑠, 𝑣) + (−1)𝑛−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑛−(𝑗+1) 𝜕𝑗

𝜕𝑡𝑗 𝑓(𝑥, 0)𝑛−1
𝑗=0  

Proof:  By definition of KSP-transform 

              𝒦𝒮{𝑓(𝑡)}(𝑠, 𝑣) = 𝐹(𝑠, 𝑣) = ∫ 𝑒
𝑠𝑡

𝑣 𝑓(𝑡) 𝑑𝑡  ,    𝑡 ≤ 0
0

−∞
  

1) 𝒦𝒮 {
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)} = ∫ 𝑒

𝑠𝑡

𝑣 [
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)] 𝑑𝑡  

0

−∞
 

     By Leibniz’s rule we get,  

      𝒦𝒮 {
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)} =

𝑑

𝑑𝑥
∫ 𝑒

𝑠𝑡

𝑣 𝑓(𝑥, 𝑡)𝑑𝑡  
0

−∞
                 (2.13) 

    Therefore, 𝒦𝒮 {
𝜕

𝜕𝑥
𝑓(𝑥, 𝑡)} =

𝑑

𝑑𝑥
[𝐹(𝑥, 𝑠, 𝑣)] 

    Similarly, 2)  𝒦𝒮 {
𝜕2

𝜕𝑥2 𝑓(𝑥, 𝑡)} =
𝑑2

𝑑𝑥2
[𝐹(𝑥, 𝑠, 𝑣)]              (2.14) 
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3) Here to prove the result we use induction theorem, for 𝑛 = 1 we get, 

       𝒦𝒮 {
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡)} = ∫ 𝑒

𝑠𝑡

𝑣 [
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡)]  𝑑𝑡  

0

−∞
 

     Applying by integration by parts we get, 

      𝒦𝒮 {
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡)} = [𝑒

𝑠𝑡

𝑣 𝑓(𝑥, 𝑡)]
−∞

0

− ∫
𝑠

𝑣
𝑒

𝑠𝑡

𝑣 [𝑓(𝑥, 𝑡)] 𝑑𝑡  
0

−∞
 

      𝒦𝒮 {
𝜕

𝜕𝑡
𝑓(𝑥, 𝑡)} = 𝑓(𝑥, 0) −

𝑠

𝑣
𝐹(𝑥, 𝑠, 𝑣) = −

𝑠

𝑣
𝐹(𝑥, 𝑠, 𝑣) + 𝑓(𝑥, 0)                  

(2.15) 

    Hence result is true for 𝑛 = 1  

      Let consider the result is true for 𝑛 = 𝑘, therefore we get, 

𝒦𝒮 {
𝜕(𝑘)

𝜕𝑡𝑘
𝑓(𝑥, 𝑡)} = (−1)𝑘 (

𝑠

𝑣
)

𝑘

𝐹(𝑥, 𝑠, 𝑣) + (−1)𝑘−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑘−(𝑗+1) 𝜕𝑗

𝜕𝑡𝑗
𝑓(𝑥, 0)𝑘−1

𝑗=0      

(2.16) 

Now we prove the result is true for 𝑛 = 𝑘 + 1, 

𝒦𝒮 {
𝜕(𝑘+1)

𝜕𝑡𝑘+1
𝑓(𝑥, 𝑡)} = ∫ 𝑒

𝑠𝑡
𝑣 [

𝜕(𝑘+1)

𝜕𝑡𝑘+1
𝑓(𝑥, 𝑡)] 𝑑𝑡  

0

−∞

 

Applying by integration by parts we get, 

 𝒦𝒮 {
𝜕(𝑘+1)

𝜕𝑡𝑘+1 𝑓(𝑥, 𝑡)} = [𝑒
𝑠𝑡

𝑣 [
𝜕(𝑘)

𝜕𝑡𝑘 𝑓(𝑥, 𝑡)]]
−∞

0

− ∫
𝑠

𝑣
𝑒

𝑠𝑡

𝑣 [
𝜕(𝑘)

𝜕𝑡𝑘 𝑓(𝑥, 𝑡)]  𝑑𝑡  
0

−∞
 

 𝒦𝒮 {
𝜕(𝑘+1)

𝜕𝑡𝑘+1 𝑓(𝑥, 𝑡)} = [
𝜕(𝑘)

𝜕𝑡𝑘 𝑓(𝑥, 0)] −
𝑠

𝑣
∫ 𝑒

𝑠𝑡

𝑣 [
𝜕(𝑘)

𝜕𝑡𝑘 𝑓(𝑥, 𝑡)]  𝑑𝑡  
0

−∞
 

 𝒦𝒮 {
𝜕(𝑘+1)

𝜕𝑡𝑘+1
𝑓(𝑥, 𝑡)} = [

𝜕(𝑘)

𝜕𝑡𝑘
𝑓(𝑥, 0)] −

𝑠

𝑣
𝒦𝒮 {

𝜕(𝑘)

𝜕𝑡𝑘
𝑓(𝑥, 𝑡)} 

            = [
𝜕(𝑘)

𝜕𝑡𝑘 𝑓(𝑥, 0)] −
𝑠

𝑣
{(−1)𝑘 (

𝑠

𝑣
)

𝑘

𝐹(𝑥, 𝑠, 𝑣) +

(−1)𝑘−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑘−(𝑗+1) 𝜕𝑗

𝜕𝑡𝑗 𝑓(𝑥, 0)𝑘−1
𝑗=0 } 

            = [
𝜕(𝑘)

𝜕𝑡𝑘
𝑓(𝑥, 0)] + (−1)𝑘+1 (

𝑠

𝑣
)

𝑘+1

𝐹(𝑥, 𝑠, 𝑣) + (−1)𝑘 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑘−𝑗 𝜕𝑗

𝜕𝑡𝑗
𝑓(𝑥, 0)𝑘−1

𝑗=0  

Therefore, the result is hold for 𝑛 = 𝑘 + 1. 

Hence,  𝒦𝒮 {
𝜕(𝑛)

𝜕𝑡𝑛 𝑓(𝑥, 𝑡)} = (−1)𝑛 (
𝑠

𝑣
)

𝑛

𝐹(𝑥, 𝑠, 𝑣) +

(−1)𝑛−1 ∑ (−1)𝑗 (
𝑠

𝑣
)

𝑛−(𝑗+1) 𝜕𝑗

𝜕𝑡𝑗 𝑓(𝑥, 0)𝑛−1
𝑗=0  

3.Application of KSP-transform: 

In this part of the paper KSP-transform is applied to linear ODEs with constant coefficients 

and initial value problems. Ordinary differential equations are fundamental in describing 
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various physical, engineering, and biological processes. Traditional methods for solving ODEs, 

such as separation of variables or integrating factors, can be difficult for complex equations. 

The new transform offers a robust alternative, particularly for linear ODEs with constant 

coefficients and initial value problems. This transform converts differential equations into 

algebraic equations, making them easier to solve. 

Example 1: The differential equation is 𝑓′(𝑡) + 𝑓(𝑡) = 0                             (3.1) 

                    with initial condition 𝑓(0) = 1 

 Applying KSP-transform both side of equation (3.1)  

                   𝒦𝒮{𝑓′(𝑡) + 𝑓(𝑡)} = 0 

              𝒦𝒮{𝑓′(𝑡)} + 𝒦𝒮{𝑓(𝑡)} = 0 

           − (
𝑠

𝑣
) 𝐹(𝑠, 𝑣) + 𝑓(0) + 𝐹(𝑠, 𝑣) = 0 

Using given initial condition 𝑓(0) = 1 we get, 

             − (
𝑠

𝑣
) 𝐹(𝑠, 𝑣) + 1 + 𝐹(𝑠, 𝑣) = 0 

                                  𝒦𝒮{𝐹(𝑠, 𝑣)} = {
𝑣

𝑠−𝑣
}                         

(3.2) 

Apply inverse KSP-transform both side of equation (3.2)  

                               𝒦𝒮−1{𝐹(𝑠, 𝑣)} = 𝒦𝒮−1 {
𝑣

𝑠−𝑣
} 

                              Therefore  𝑓(𝑡) = 𝑒−𝑡  

This is the solution of differential equation (3.1). 

Example 2: The differential equation is 𝑓′(𝑡) + 2𝑓(𝑡) = 𝑡                                     (3.3) 

                    with initial condition 𝑓(0) = 1 

Applying KSP-transform both side of equation (3.1)  

                   𝒦𝒮{𝑓′(𝑡) + 2𝑓(𝑡)} = 𝒦𝒮{𝑡} 

              𝒦𝒮{𝑓′(𝑡)} + 2𝒦𝒮{𝑓(𝑡)} = 𝒦𝒮{𝑡} 

           − (
𝑠

𝑣
) 𝐹(𝑠, 𝑣) + 𝑓(0) + 2𝐹(𝑠, 𝑣) = −

𝑣2

𝑠2
 

Using given initial condition 𝑓(0) = 1 we get, 

             − (
𝑠

𝑣
) 𝐹(𝑠, 𝑣) + 1 + 2𝐹(𝑠, 𝑣) = −

𝑣2

𝑠2
 

                                                    𝐹(𝑠, 𝑣) =
𝑣3

𝑠2(𝑠−2𝑣)
+

𝑣

(𝑠−2𝑣)
        

(3.4) 

Apply inverse KSP-transform both side of equation (3.4)  
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                                 𝒦𝒮−1{𝐹(𝑠, 𝑣)} = 𝒦𝒮−1 {
𝑣3

𝑠2(𝑠−2𝑣)
} + 𝒦𝒮−1 {

𝑣

(𝑠−2𝑣)
} 

                                Therefore  𝑓(𝑡) =
5

4
𝑒−2𝑡 +

1

2
𝑡 −

1

4
 

This is the solution of differential equation (3.3). 

Example 3: The differential equation is 𝑦′′(𝑡) + 2𝑦′(𝑡) + 𝑦(𝑡) = 𝑒−𝑡                       (3.5) 

                    with initial condition 𝑦(0) = 0 , 𝑦′(0) = 2 

Applying KSP-transform both side of equation (3.5)  

                           𝒦𝒮{ 𝑦′′(𝑡) + 2𝑦′(𝑡) + 𝑦(𝑡)} = 𝒦𝒮{𝑒−𝑡} 

           𝒦𝒮{𝑦′′(𝑡)} + 2𝒦𝒮{𝑦′(𝑡)} + 𝒦𝒮{𝑦(𝑡)} =
𝑣

(𝑠−𝑣)
 

 [(
𝑠

𝑣
)

2

𝑌(𝑠, 𝑣) − (
𝑠

𝑣
) 𝑦(0) +  𝑦′(0)] + 2 [− (

𝑠

𝑣
) 𝑌(𝑠, 𝑣) + 𝑦(0)] + 𝑌(𝑠, 𝑣) =

𝑣

(𝑠−𝑣)
 

Using given initial condition 𝑦(0) = 0 , 𝑦′(0) = 2 we get, 

                    𝑌(𝑠, 𝑣) =
𝑣3

(𝑠−𝑣)3 −
2𝑣2

(𝑠−𝑣)2            (3.6) 

Apply inverse KSP-transform both side of equation (3.6)  

                                 𝒦𝒮−1{𝑌(𝑠, 𝑣)} = 𝒦𝒮−1 {
𝑣3

(𝑠−𝑣)3
} −𝒦𝒮−1 {

2𝑣2

(𝑠−𝑣)2
} 

                                                       𝑦(𝑡) =
1

2
𝑒−𝑡𝑡2 + 2𝑒−𝑡𝑡 = 𝑒−𝑡 (

1

2
𝑡2 + 2𝑡) 

This is the solution of differential equation (3.5). 

Example 4: The standard heat diffusion equation 
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 +
𝜕𝑢(𝑥,𝑡)

𝜕𝑡
= 0 , 𝑥𝜖ℝ  , 𝑡 > 0         (3.7) 

with 𝑢(𝑥, 𝑡) as a field variable with boundary conditions 𝑢(𝑥, 𝑡) = 0   𝑎𝑡  𝑥 = 0  and 

 𝑢(𝑥, 𝑡) = 0  𝑎𝑡 𝑥 = 1  when 𝑡 → ∞, 𝑢(𝑥, 𝑡) = 3𝑒−𝑥  at 𝑡 = 0 . 

                 Applying KSP-transform both side of equation (3.7)  

                   𝒦𝒮 {
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
+

𝜕𝑢(𝑥,𝑡)

𝜕𝑡
} = 0 

                   𝒦𝒮 {
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
} + 𝒦𝒮 {

𝜕𝑢(𝑥,𝑡)

𝜕𝑡
} = 0 

                   
𝑑2𝑈

𝑑𝑥2 + [−
𝑠

𝑣
𝑈(𝑥, 𝑠, 𝑣) + 𝑢(𝑥, 0)] = 0 

                    
𝑑2𝑈

𝑑𝑥2 −
𝑠

𝑣
𝑈 = −3𝑒−𝑥          

 (3.8) 

The general solution of (3.8) is 𝑈(𝑥, 𝑠, 𝑣) = 𝑈𝐻(𝑥, 𝑠, 𝑣) + 𝑈𝑃(𝑥, 𝑠, 𝑣)  

Where 𝑢𝐻(𝑥, 𝑠, 𝑣) is the solution of homogeneous equation and 𝑢𝑃(𝑥, 𝑠, 𝑣) is the particular 

solution. 
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                      𝑈𝐻(𝑥, 𝑠, 𝑣) = 𝑐1𝑒
(√

𝑠

𝑣
)𝑥

+ 𝑐2𝑒
−(√

𝑠

𝑣
)𝑥

                   

(3.9) 

Use the boundary conditions 𝑢(𝑥, 𝑡) = 0   𝑎𝑡  𝑥 = 0  and 𝑢(𝑥, 𝑡) = 0  𝑎𝑡 𝑥 = 1  in equation 

(3.9) 

We get 𝑐1 = 0 and 𝑐2 = 0 therefore 𝑢𝐻(𝑥, 𝑠, 𝑣) = 0 

 Now 𝑈𝑃(𝑥, 𝑠, 𝑣) =
−3𝑣

𝑣−𝑠
𝑒−𝑥 

The general solution of (3.8) is 𝑈(𝑥, 𝑠, 𝑣) =
−3𝑣

𝑣−𝑠
𝑒−𝑥               

(3.10) 

Apply inverse KSP-transform both side of equation (3.10)  

    𝒦𝒮−1{𝑈(𝑥, 𝑠, 𝑣)} = 𝒦𝒮−1 {
−3𝑣

𝑣−𝑠
𝑒−𝑥} 

                     𝑢(𝑥, 𝑡) = 3𝑒−𝑡−𝑥    is the solution of partial differential equation (3.7). 

4.Results and discussion: 

The new integral transform helps us to solve ordinary differential equations, integral equations 

and integro-differential equations defined for ,    𝑡 ≤ 0, which the classical Laplace transform 

cannot directly handle. 

Many real-world problems like pre-history systems, backward time models, pre-stressed 

systems, involving ,    𝑡 ≤ 0 . This new transform is defined on the interval (−∞, 0], which is 

its main advantage, as it allows direct solving of ordinary differential equations on negative 

side by converting ODE into algebraic equations. 

The new integral transform also used to solve higher order linear differential equations without 

traditional methods, such as separation of variables or integrating factors, can be difficult for 

complex equations. The new transform offers a robust alternative, particularly for linear ODEs 

with constant coefficients and initial value problems. 

It naturally handles boundary conditions at   𝑡 = 0−. Since the transform uses 𝑦(0)  and its 

derivatives 𝑓(𝑛)(0) initial conditions at 𝑡 = 0− are directly included, without needing to change 

the time axis. 

5. Conclusion: 

In this paper the authors investigate a new transform designed to handle ordinary and partial 

differential equations. They analyze its fundamental properties and demonstrate its applications 

to key problem classes. The primary contributions of the new transform are as follows: 

1) Generalization of the Laplace transform: The proposed transform extends the classical 

Laplace   method to the domain (−∞, 0], enable the treatment of a wider range of ordinary 

differential equations, integral equations and integro-differential equations that are not easily 

solvable by standard techniques.  
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2) Preservation of core properties: The Linearity, shifting, scale change, differentiation, integral 

and convolution properties all are maintained with the transform naturally incorporating initial 

conditions at   𝑡 = 0− and operating on negative time. 

3) Simplification of the negative half-axis: By converting differential equations on the domain 

(−∞, 0] into algebraic equations in the 𝑠-domain, the method provides direct and systematic 

solution procedures. 

4) Practical advantages: The formulation is well suited for systems with time delays, backward-

time dynamics and boundary conditions at   𝑡 = 0−  cases where classical Laplace techniques 

lack efficiency or fail to apply. 

     Overall, the new transform acts as an effective integral transform framework, the solutions 

of the problems in this transformed domain are easier to obtain and substituting back yields 

solutions that satisfy original problems. 

    This opens the door to broader and more flexible applications in the analysis of ordinary 

differential equations, integral equations and integro-differential equations. 
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