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Abstract

This paper investigates the structural combinatorics on
words through a detailed study of the ternary Thue-Morse-
like sequence, denoted by t2,3. Rooted in the framework of
symbolic dynamics and automatic sequences, our objective
is to characterize its global and local properties. First, we
establish essential combinatorial features of t2,3, focusing
on its special factors and recurrent patterns. Second, we
provide a complete classification of its bispecial factors, de-
termining their types, lengths, and exact evolution. Finally,
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these structural insights allow us to explicitly characterize
the tri-extendable factors of the sequence. These results of-
fer deep insights into the language geometry of non-binary
morphic sequences.

Math. Subject Classification: 68R15, 11B85.
Key Words and Phrases: Factor, special factor, tri-

extendable factors, Thue-Morse-like sequence.

1 Introduction

Special and bispecial factors play a critical role in the study of
infinite sequences over finite alphabets. In fact, they are used to
compute the complexity function of infinite words. In [3], the au-
thor demonstrates how bispecial factors can be used for this com-
putation. Bispecial factors are also used in the study of abelian
complexity, singular factors, and return words in infinite words (see
[5, 6, 4]).

Research on infinite words dates back at least to 1906 with the
work of Thue [12, 13]. The Thue-Morse word t2 over the binary
alphabet {0, 1} is the infinite word generated by the substitution
µ2 defined by:

µ2(0) = 01 and µ2(1) = 10.

This word has been the subject of significant research. Indeed, it
has been used to solve numerous problems [2, 11]. Furthermore, its
abelian complexity, letter frequencies, and return words have been
studied [10, 9, 1]. The Thue-Morse sequence naturally generalizes
to an alphabet Aq of size q ≥ 3. More precisely, it is the infinite
word tb,q generated by the substitution µb,q defined by:

µb,q(k) = k(k+1)...(k+b−1), b ≥ 2, and the letters are expressed mod q.

This word has been studied in cases where b = q (see [4, 8, 7]). In
this article, we study the bispecial factors of the Thue-Morse-like
sequence, denoted t2,3, when b = 2 and q = 3. This sequence is
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generated by the substitution µ2,3 on the alphabet A = {0, 1, 2}.

µ2,3(0) = 01, µ2,3(1) = 12 and µ2,3(2) = 20.

The paper is organized as follows. In Section 2, we present key
definitions and notation useful for understanding this manuscript.
Section 3 presents our main results. Specifically, in Subsection 3.1,
we present some properties of the Thue-Morse-like sequence, and
in Subsection 3.2, we determines the set of tri-extendable factors in
t2,3.

2 Definitions and notation

An alphabet A is a non empty finite set whose elements are called
letters. A word is a finite or infinite sequence of elements over A.
The set of finite words over A is denoted A∗, and ε denotes the
empty word. For any u ∈ A∗, the number of letters of u is called
the length of u, denoted |u|. Moreover, for any letter x of A, |u|x is
the number of occurrences of x in u. A word u of length n written
with a unique letter x is simply denoted u = xn.

Let u = x1x2 · · ·xn be a word such that xi ∈ A, for all i ∈
{1, 2, . . . , n}. The image of u under the reversal map is the word
denoted by u = xn · · · x2x1. The word u is simply called the reversal
of u. If u and v are two finite words over A, we have uv=v u. We
define ũ as ũ = (2− x1)(2− x2) · · · (2− xn) and û = ũ.

The set of infinite words over A is denoted by Aω and we denote
by A∞ = A∗∪Aω the set of all finite and infinite words. An infinite
word u is said to be eventually periodic if there exist two words
v ∈ A∗ and w ∈ A+ such that u = vwω. If v = ε then u is periodic.

Let u ∈ A∞ and w ∈ A∗. The word w is a factor of u if there
exist u1 ∈ A∗ and u2 ∈ A∞ such that u = u1wu2. The factor w is
said to be a prefix (respectively, a suffix) if u1 (respectively, u2) is
the empty word.

The set of factors of length n of an infinite word u is denoted
Fn(u) and the set of all its factors is denoted by F (u).
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Let v be a factor of u ∈ A∞ and a ∈ A. v admits a right
extension (resp. left extension) by a letter a, if va (resp. av) is
a factor of u. The word va (resp. av) is called a right extension
(resp. left extension) of v in u. The factor v is said to be right-
special (resp. left-special) if it admits at least two right extensions
(resp. left extensions). It is said to be bispecial if v is both right
and left special.

An infinite word u is said to be recurrent if any factor of u
appears infinitely often in u. It is said to be uniformly recurrent
if any natural number n, there exists a natural number n0 such
that any factor of length n0 contains all the factors length n. The
sequence t2,3 is uniformly recurrent.

A morphism σ is a mapping in A∗ such that σ(uv) = σ(u)σ(v),
for all u, v ∈ A∗. σ is said to be k-uniform, if |σ(a)| = k for all
a ∈ A. An infinite word u is said to be generated by σ if it exists
a letter a ∈ A such that words a, σ(a), . . . , σn(a), . . . are prefixes
of u. We note u = σω(a). Then u is called purely morphic. The
sequence t2,3 is 2-uniform and purely morphic.
Let ai, aj ∈ A. The morphism σ is said to be left (resp. right)
marked if the first (resp. last) letters of σ(ai) and σ(aj) are different
for all i 6= j. It is said marked if it is both left and right marked .

An overlap is a word of the form avava, where a ∈ A and v
is a finite word. A word u is said to be overlap free if it does not
contain an overlap.

The alphabet used throughout the rest of this paper is as follows
A = {0, 1, 2}.

3 Main Results

In this section, we present combinatorial results on Thue-Morse-like
sequence (see Subsection 3.1). In Subsection 3.2, we identify the
set of tri-extendable factors of the sequence t2,3.
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3.1 Some properties of the Thue-Morse like se-
quence

Let A = {0, 1, 2} be an alphabet with 3-letters. We define the
Thue-Morse-like sequence substitution of A∗ on itself as follows:

µ2,3(0) = 01, µ2,3(1) = 12 and µ2,3(2) = 20.

The first letters of the Thue-Morse-like word are as follows:

t2,3 = µ∞2,3(0)

= 011212201212202001122012202001 · · ·

For every n ∈ N, we now define the following sequences of finite
words:

un = µn
2,3(0), vn = µn

2,3(1) and wn = µn
2,3(2), with u0 = 0, v0 = 1, w0 = 2.

(1)

Proposition 1. Let (un)n, (vn)n and (wn)n be the sequences
of finite words defined in (1). Then the following equalities hold:

un+1 = unvn, vn+1 = vnwn and wn+1 = wnun. (2)

Proof. The formulas are verified for n = 0 since we have by
definition u0 = 0 = µ0

3(0), v0 = 1 = µ0
3(1) and w0 = 2 = µ0

3(2).
Suppose that for n ≥ 1, un = µn

2,3(0), vn = µn
2,3(1) and wn =

µn
2,3(2). Therefore:

un+1 = unvn vn+1 = vnwn wn+1 = wnun

= µn
2,3(0)µn

2,3(1) = µn
2,3(1)µn

2,3(2) = µn
2,3(2)µn

2,3(0)

= µn
2,3(01) = µn

2,3(12) = µn
2,3(20)

= µn+1
2,3 (0) = µn+1

2,3 (1) = µn+1
2,3 (2).
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We now define the exchange mapping, denoted by E over A as
follows:

E(0) = 1, E(1) = 2, E(2) = 0.

Proposition 2. The following statements hold:

1. For all n ∈ N∗, E(Fn(t2,3)) = (Fn(t2,3).

2. The sequence t2,3 does not contain the factors aaa and a(a+
1)a(a+ 1)a, for all a ∈ A.

Proof. 1. Observe that µ2,3 ◦E = E ◦µ2,3 and let us consider
(un), (vn) and (wn) the previously defined sequences. For all
integer n, E(un) = vn, E(vn) = wn and E(wn) = un. In
addition, for all w ∈ Fn(t2,3), there exists an integer n0 such
that w ∈ F (un0), since t2,3 is uniformly recurrent. As a result,
E(w) (resp. E2(w)) is a factor of vn0 (resp. wn0). As (un),
(vn) and (wn) are in t2,3 then E(w) and E2(w) are also in t2,3.
Consequently,

Fn(t2,3) = {E(w), w ∈ Fn(t2,3)} = {E2(w), w ∈ Fn(t2,3)}.

2. Note that in every square of a letter, the first (resp. last) letter
is the suffix (resp. prefix) of the image of a letter. Since no
image is a square, t2,3 cannot contain a cube. Observe also
that the word a(a + 1)a(a + 1)a comes from the image of
µ2,3(aaa) = a(a + 1)a(a + 1)a(a + 1). Since t2,3 does not
contain a cube, a(a+ 1)a(a+ 1)a is not a factor of t2,3.

Remark 3. Let G = {01, 12, 20} and v ∈ G∗. Then, ivi /∈ G∗,
for all i ∈ A.

Lemma 4. Let v ∈ A∗ be an overlap-free. Then, µ2,3(v) is
also overlap-free.

Proof. Let v be the smallest word such that µ2,3(v) contains
an overlap. So, there exist x, y, w ∈ A∗ and a letter a such that
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µ2,3(v) = xawaway. Thus, |x|, |y| ≤ 1 and we have the following
cases:

Case 1. |x| = 1, so |y| = 0 since wa is the image of a factor by µ2,3.
Moreover, if |w| is even, w and awa are in G∗, which con-
tradicts Remark 3. So, |w| is odd. Since wa is the image
of a word by µ2,3, thus there exists w1 ∈ A∗ such that wa =
µ2,3(w1x). it follows that µ2,3(v) = xawawa = xaµ2,3(w1xw1x) =
µ2,3(xw1xw1x). Since µ2,3 is injective, v = xw1xw1x. Conse-
quently, v is an overlap.

Case 2. |x| = 0, thus |y| = 1. We proceed as in Case 1 to show that
v is an overlap.

Theorem 5. The Thue-Morse-like sequence t2,3 is overlap-
free.

Proof. Observe that 0 is overlap free. Thus µ2,3(0) is overlap
free according to Lemma 4. Since t2,3 = µ∞2,3(0), we can deduce
that t2,3 is overlap free.

Proposition 6. Let (un)n, (vn)n, (wn)n be the sequences of
finite words defined in (1) and v, w ∈ F (t2,3). Then, we have:

1. The operation .̂ verify v̂w = ŵv̂

2. The operation .̂ is involutive, that is, ̂̂w = w.

3. Sequences (un), (vn) and (wn) satisfy the following relations:
û3n = w3n, v̂3n = v3n, ŵ3n = u3n

û3n+1 = v3n+1, v̂3n+1 = u3n+1, ŵ3n+1 = w3n+1

û3n+2 = u3n+2, v̂3n+2 = w3n+2, ŵ3n+2 = v3n+2

.

Proof. 1. This result stems from the fact that vw = w v
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2. Just apply ̂̂. to the images of letters. We have

̂̂
µ2,3(0) =

̂̂
01 =

̂̃
01 = 2̂1 = 1̂2 = 1̃2 = 10 = 01 = µ2,3(0).

The same procedure is followed for images of letters 1 and 2.

3. Let us proceed by induction. Relations are checked for n = 0.
Now, suppose that for n ≥ 1

û3n = w3n, v̂3n = v3n, ŵ3n = u3n

û3n+1 = v3n+1, v̂3n+1 = u3n+1, ŵ3n+1 = w3n+1

û3n+2 = u3n+2, v̂3n+2 = w3n+2, ŵ3n+2 = v3n+2

.

As a result


û3(n+1) = v̂3n+2û3n+2 = w3n+2u3n+2 = w3n+3 = w3(n+1)

v̂3(n+1) = ŵ3n+2v̂3n+2 = v3n+2w3n+2 = v3n+3 = v3(n+1)

ŵ3(n+1) = û3n+2ŵ3n+2 = u3n+2v3n+2 = u3n+3 = u3(n+1)

.

The previous equalities allow us to write:


û3(n+1)+1 = v̂3n+3û3n+3 = v̂3(n+1)û3(n+1) = v3(n+1)w3(n+1) = v3n+4 = v3(n+1)+1

v̂3(n+1)+1 = ŵ3n+3v̂3n+3 = ŵ3(n+1)v̂3(n+1) = u3(n+1)v3(n+1) = u3n+4 = u3(n+1)+1

ŵ3(n+1)1 = û3n+3ŵ3n+3 = û3(n+1)ŵ3(n+1) = w3(n+1)u3(n+1) = w3n+4 = w3(n+1)+1

.

These last equalities allow us to show in the same way that
û3(n+1)+2 = u3(n+1)+2

v̂3(n+1)+2 = w3(n+1)+2

ŵ3(n+1)+2 = v3(n+1)+2

.
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3.2 Bispecial factors in Thue-Morse like sequence

In this subsection, we describe some properties of the bispecial fac-
tors of t2,3. Then we explicitly determine the set of tri-extendable
bispecial factors of t2,3. We conclude by showing that these are the
only types of bispecial factors occurring in t2,3.

A factor v of t2,3 is said to be tri-extendable bispecial (resp. bi-
extendable) if v admits three (resp. two) left and right extensions.

Definition 7. Let v be a factor of t2,3.

(i) v is said to be right (resp. left) tri-extendable if v0, v1 and
v2 (resp. 0v, 1v and 2v) are factors of t2,3.

(ii) v is a tri-extendable factor if it is both left and right tri-
extendable.

Recall the following synchronization Lemma, which is applied
to the morphism µ2,3.

Lemma 8. Let v be a factor of t2,3. Then, there exist factors
w, δ1 and δ2 in t2,3 such that v = δ1µ2,3(w)δ2, |δ1|, |δ2| ≤ 1. The
decomposition is unique if |v| ≥ 7.

Proposition 9. Let v be a factor of t2,3. Then v is left (resp.
right) tri-extendable if and only if µ2,3(v) is left (resp. right) tri-
extendable.

Proof. Let v be a right tri-extendable factor of t2,3. Therefore,
for all i ∈ A, vi is a factor of t2,3. As a result, µ2,3(vi) is in t2,3.
Thus, µ2,3(v)i is also a factor of t2,3, for all i ∈ A since µ2,3(i) begins
with i. Conversely, let v be a factor of t2,3 such that µ2,3(v) is right
tri-extendable. If |v| ≤ 1, then µ2,3(v) is right tri-extendable.
Suppose that, |v| ≥ 2. Then, µ2,3(v)i is a factor of t2,3, for all
i ∈ A. Note that i is a proper prefix of µ2,3(i). Therefore, µ2,3(v)01,
µ2,3(v)12 and µ2,3(v)20 are factors of t2,3. These three factors are
written as µ2,3(v0), µ2,3(v1) and µ2,3(v2). This proves that v is
right tri-extendable in t2,3.
The same procedure is followed for left tri-extendable factors.
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Corollary 10. Let v be a factor of t2,3. Then v is tri-
extendable if and only if µ2,3(v) is tri-extendable.

Proof. The proof follows from Proposition 9.

Proposition 11. Let v be a tri-extendable factor of t2,3. If
|v| ≥ 3, then there exists a tri-extendable factor v′ of t2,3 such that
v = µ2,3(v

′).

Proof. Let v be a tri-extendable factor such that |v| ≥ 3. Note
that every factor of t2,3 of length greater than 3 contains an image
of at least one letter. According to Lemma 8, there are factors v′,
δ1 and δ2 in t2,3 such that v = δ1µ2,3(v

′)δ2 and |δ1|, |δ2| ≤ 1. Since
v is tri-extendable, then either both δ1 = δ2 = ε. Otherwise, δ20,
δ21 and δ22 will be factors of t2,3. Thus, one of these factors would
be a square of a letter. However, this is impossible since no image
of a letter is a square of a letter. Therefore, v = µ2,3(v

′), and v′ is
tri-extendable, according to Corollary 10.

Theorem 12. The set of tri-extendable factors of t2,3 is given
by:

TE(t2,3) =
⋃
i∈A3

{
µ2,3(i)

}⋃
{ε}.

Proof. Let v be a tri-extendable factor of t2,3 such that |v| ≥ 3.
According to Proposition 9, there exists a tri-extendable factor v′ in
t2,3 such that v = µ2,3(v

′). To obtain the entire set of tri-extendable
factors of t2,3, we only need to find its elements of length at most 1.
The other elements are obtained by successive applications of µ2,3.
The elements of TE(t2,3) of length at most 1 are letters of A.

Proposition 13. Let v be a left tri-extendable factor of t2,3
such that |v| = 2k, k ≥ 0. Thus, v is right tri-extendable.

Proof. Let v be a left tri-extendable factor of t2,3 such that
|v| = 2k, k ≥ 0. According to Lemma 8 , we can decompose v as
v = δ1µ2,3(v1)δ2 where |δ1|, |δ2| ≤ 1. Since v is left tri-extendable,
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then necessarily δ1 = ε. Therefore, v = δ1µ2,3(v1). Since v is 2-
uniform and |v| = 2k, then we have that |v1| = 2k. According to
Proposition 9, v = µ2,3(v1) and v′ is a left tri-extendable factor of
length 2k−1. Similarly, the word v1 breaks down as v1 = δ′1µ2,3(v2)δ

′
2

where |δ′1|, |δ′2| ≤ 1. Proceeding as before, we show that both δ′1 =
δ′2 = ε. Therefore, v1 = µ2,3(v2), where v2 is left tri-extendable of
length 2k−2. Thus, v = µ2,3(v1) = µ2

2,3(v2). Successively, v will be
written in the form v = µk

2,3(vk) where vk is a letter. According to
Theorem 12, vk is tri-extendable. We use Corollary 10 to conclude.

Proposition 14. Let v be a left tri-extendable factor of t2,3.
If v is right special, then v is right tri-extendable.

Proof. Let v be a left tri-extendable and right special factor
of t2,3 . According to Lemma 8, v can be decomposed as v =
δ1µ2,3(v1)δ2 where |δ1|, |δ2| ≤ 1. As v is left tri-extendable, δ1 = ε.
Moreover, δ2 = ε since v is right special. Thus, v = µ2,3(v1). Ac-
cording to Proposition 9, v1 is left tri-extendable and let special
since µ2,3 is marked. Similarly, we can show that v1 can be decom-
posed in the forme v1 = µ2,3(v2) where v2 is left tri-extendable and
and right special. We then arrive at v = µk

2,3(vk), k ≥ 0 where vk is
a letter. According to Theorem 12, v is right tri-extendable.

Proposition 15. The only bispecial factors of t23 are the
tri-extendable ones.

Proof. Suppose that t23 has bi-extendible factors v. Proceeding
as in the previous proof, we show that v can be decomposed as
v = µk

2,3(vk), where k ≥ 0 and vk is a bi-extendable factor of t2,3
of length at most 1. Therefore, vk ∈ {ε, 0, 1, 2} and therefore vk is
tri-extendable according to Theorem 12.
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