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Abstract. In this paper, we determine region of variability for log f(z0)
z0

;

where z0 is a non zero �xed complex number in the open unit disk
U centered at origin, and f varies over a class of strongly starlike
functions determined by the subordination codition

zf
0
(z)

f(z)
� z; and zf

0
(z)

f(z)
� 1 + z ; (z 2 U) :

Nature of the region whether it is bounded, unbounded, compact or
not is studied, and comparison about how translation of superordinate
region used to de�ne above classess, a¤ects region of variability has been
undertaken.

1. Introduction

Based on geometry of range of an analytic function f(z) for z 2 U, many
subclasses of analytic functions are de�ned viz. starlike, close to convex,
convex, etc. It is insightfull to �nd the region to which a �xed complex
number z0 6= 0 and z0 2 U, is being mapped by the functions or functionals
related to these subclasses see ([2], [3], [5], [6], [8], [9] ). In this paper we
�nd the regionon which log f(z0)z0

is being mapped when f varies over class
of analytic functions de�ned in (2.1, 2.2), denoted as CS� and C1S� respec-
tively. This article is to �nd out how region of variability translates when
superordinate function used to determine the subclass of analytic functions
is being translated? Let H[a; n] denotes the class of functions of the form

f(z) = a+ anz
n + an+1z

n+1 + :::;

which are analytic in the open unit disk U = fz : jzj < 1g in the complex
plane C. Let A denotes a subclass of H[0; 1] whose members are of the form

f(z) = z +

1X
n=1

an+1z
n+1 (z 2 U): (1.1)
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2 RAJESH KUMAR MAURYA

Here we think of H as topological vector space endowed with the topology
of uniform convergence over compact subsets of U.
We say that an analytic function f(z) is subordinate to another analytic

function g(z) and write f � g; if and only if there exists a Schwarz class
function w analytic in U such that w(0) = 0 and jw(z)j < 1; 8 z 2 U with
f(z) = g(w(z)): In particular if g(z) is univalent in U. We have the following
equivalence

f � g , f(0) = g(0) and f(U) � g(U):
Let us denote

qf (z) = z
f 0(z)

f(z)
(1.2)

and let SS�(�) introduced in ([1], [4]) denotes a class of strongly starlike
functions of order �, de�ned by

SS�(�) = f f 2 A : j arg qf (z)j � �
�

2
; 0 < � � 1g: (1.3)

The class The class of strongly starlike functions SS�(1) becomes the well
known class S�of starlike functions.
In this paper, we consider the class LS� de�ned in [5] is given as

LS� = ff 2 A : jq2f � 1j � 1g (1.4)

which is associated with the right half of the lemniscate of Bernoulli [1].
Observe that L = fw 2 C : Rew > 0; jw2 � 1j < 1g is the interior of the
right half of the lemniscate of Bernoulli : 
 : (x2 + y2)2 � 2(x2 � y2) = 0: It
is easy to see that f 2 LS� if and only if

qf (z) � q0(z) =
p
1 + z; q0(0) = 1: (1.5)

Moreover

L � fw : j arg wj < �

4
g ) LS� � SS�(1

2
) � S�:

This paper, determines the region of variability V (z0; �) for the function
log f(z0)z0

; where z0 is a non zero �xed complex number in the unit disk U
and f 2 LS�. In recent years, the region of variability V (z0; �) for functions
belonging to various subclasses of A is studied by several authors ([2], [3],
[6], [7], [8]).

2. Main Results

In this paper, we consider subclass CS� and C1S� of analytic functions
given by

A1 =
(
f : f(z) = a0 +

1X
n=0

an+1z
n+1 (z 2 U)

)
;

de�ned by
CS� = ff 2 A1 : jqf j � 1g ) qf = �z; and (2.1)

C1S� = ff 2 A1 : jqf � 1 + i0j � 1g ) qf = 1 + �z (2.2)
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TRANSLATION OF REGION OF VARIABILITY 3

respectively, where j�j � 1; � 2 UU@U: Observe that C = fw 2 C :
Rew > 0; jwj < 1g is the interior of the right half of the circle centered at
origin and have unit radius and L = fw 2 C : Rew > 0; jw � 1j < 1g is
the interior of the circle centered at 1 + i0 with unit radius. Also see that
f 2 CS� and C1S� i¤

qf � z and qf � 1 + z respectively. (2.3)

For the regions of variability V (z0; �) and V 1(z0; �); for some � 2 U with
w0f (0) = � and z0 2 U; z0 6= 0;we have

V (z0; �) = flog
f(z0)

z0
: f 2 CS�g and V 1(z0; �) = flog

f(z0)

z0
: f 2 C1S�g:

Where log f(z0)z0
is single valued.

Let

B0 = fw 2 H; w(0) = 0; w
0
(0) 6= 0 and jw(z)j < 1 for z 2 Ug:

From (2.3) for CS� and C1S�, from the de�nition of qf (z);

qf (z) = wf (z) OR qf (z) = 1 + wf (z) (2.4)

respectively for some wf (z) 2 B0 and conversely. For some � 2 U with
w0f (0) = � and z0 2 U; z0 6= 0; we have

V (z0; �) = flog
f(z0)

z0
: f 2 CS�g and V 1(z0; �) = flog

f(z0)

z0
: f 2 C1S�g

(2.5)
where V (z0; �) is region of variability as f varies over CS�and C1S� respectively; log
f(z0)
z0

is single valued.

Lemma 1. Let f be an analytic function in U with

f(z) = zk +

1X
n=1

an+kz
n+k:

If

Re

�
1 + z

f 00(z)

f 0(z)

�
> 0 (z 2 U) ;

then f 2 (S�)k:

Theorem 1. For � 2 U and z0 2 Unf0g; the boundary @V (z0; �) and
@V 1(z0; �) are the Jordan curves given by

(��; �] 3 � ! log
Hei�;�(z0)

z0
=

Z z0

0

�(ei�"; �)"� 1
"

d":

and

(��; �] 3 � ! log
Hei�;�(z0)

z0
=

Z z0

0

1 + �(ei�"; �)"� 1
"

d"; respectively.
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If

log
f(z0)

z0
= log

Hei�;�(z0)

z0

for some f 2 CS� and C1S�respectively � 2 (��; �]; then f(z) = Hei�;�(z);
where Hei�;�(z) is given by

Ha;�(z) = expf
Z z

0

p
1 + �(a"; �)"

"
d"g: (2.6)

3. Region of Variability
Proposition 1. ([2], [3])For f 2 CS� we have����qf (z)� 1 + �z � (z + �)zz�1� zz��

���� � jzzjj1� ��j
1� zz��

(� 2 U) (3.1)

for each z 2 Unf0g. Equality in (3.1) holds if and only if f(z) = Hei�;�(z)
for some � 2 (��; �]:Where Hei�;�(z) is given by equation (2.6)

Proof. Let f 2 CS�: Then from (??) there exists a function wf 2 B0 such
that

qf (z) = wf (z);

where qf (z) is as de�ned by (1.2). It follows from the Schwarz lemma that�����
wf (z)
z � �

1� �wf (z)z

����� � jzj (z 2 U) (3.2)

or, �����wf (z)� �zz � �wf (z)

����� � jzj (z 2 U)

which from (??) is equivalent to������q
2
f (z)� 1� �z
z+�
�
� q2f (z)

������ � j�zj (3.3)

which implies that ����q2f (z)� A�BjEj21� jEj2

���� � jEjjB �Aj
1� jEj2 (3.4)

where
A = �z; B =

z

�
; E = �z: (3.5)

So we have

A�BjEj2
1� jEj2 =

�z � z2z�
1� zz��

;
jEjjB �Aj
1� jEj2 =

zzj1� ��j
1� zz��

; (3.6)
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TRANSLATION OF REGION OF VARIABILITY 5

which proves the inequality (3.1). Now from the inequality (3.1) and the
last two equations in (3.6), we check for the equality����qf (z)� �z � (z + �)zz�1� zz��

���� = jzzjj1� ��j
1� zz��

; (3.7)

where

qf (z) = �(az; �)z (3.8)

= 1 +
az + �

1 + �az
z (3.9)

from (??). Thus, we have����� az + �1 + �az

�
z � �z � z

2z�

1� zz��

���� = jzzjj1� ��j
1� zz��

: (3.10)

On solving (3.10) for a; we get

jaj =
����1� �z1� z�

���� = 1) a = ei�; (3.11)

hence equality occurs for any z 2 U in (3.1) when f = Hei�;� for some
� 2 (��; �]: Conversely if equality occurs for some z 2 Unf0g in (3.1), then
equality must hold in (3.4), thus from the Schwarz lemma 9 � 2 (��; �] such
that

wf (z) = z�(e
i�z; �) (3.12)

for 8 z 2 U this implies f = Hei�;�: Similarly we can prove that this is also
true for the class of functions f 2 C1S�: �

Corollary 1. Let V (z0; �) be given by (2.5). Let 
 : z(t); 0 � t � 1 be a
C1- curve in U with z(0) = 0, z(1) = z0: Then

V (z0; �) � fw 2 C : jwj � R(�; 
)g;
where

R(�; 
) =

������
Z 1

0

0@s�z � z2z�+ zz(1� ��)ei�
1� zz��

� 1

1A z0(t)

z(t)
dt

������ ;
8 � 2 (��; �]:

Proof. For f 2 CS� we have equality (3.7) in Proposition (1) for the extremal
function, hence, for any � 2 (��; �];

qf (z) =
�z � z2z�+ zz(1� ��)ei�

1� zz��
which implies that

qf (z) =

s
�z � z2z�+ zz(1� ��)ei�

1� zz��
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6 RAJESH KUMAR MAURYA

or,

zf 0(z)

f(z)
=

s
�z � z2z�+ zz(1� ��)ei�

1� zz��
:

Hence,Z 1

0

�
f 0(z)

f(z)
� 1

z(t)

�
z0(t)dt =

Z 1

0

24s�z � z2z�+ zz(1� ��)ei�
1� zz��

� 1

35 z0(t)
z(t)

dt

which implies that

log
f(z0)

z0
= w =

Z 1

0

24s�z � z2z�+ zz(1� ��)ei�
1� zz��

� 1

35 z0(t)
z(t)

dt

which implies
V (z0; �) � fw 2 C : jwj � R(�; 
)g:

Similarly we can prove that this is also true for the class of functions
f 2 C1S�: �

Proposition 2. ([2], [3])Let z0 2 Unf0g: Then for � 2 (��; �] log
H
ei�;�

(z0)

z0
2

@V (z0;�). Furthermore if log
f(z0)
z0

= log
H
ei�;�

(z0)

z0
for some f 2 CS� and

� 2 (��; �], then f = Hei�;�:

Proof. From (2.6)

log
Ha;�(z)

z
=

Z z

0

�(a"; �)"� 1
"

d" (� 2 U)

we easily obtain that

H 0
a;�(z)

Ha;�(z)
� 1
z
=
�(a"; �)"� 1

z
(3.13)

which implies that

z

 
H 0
a;�(z)

Ha;�(z)

!
= �(az; �)z:

Hence, on using (3.5), we get

qHa;�(z)�A = z�(az; �)� �z (3.14)

and
B � qf (z) =

z

�
� z�(az; �) (3.15)

which on substituting a = ei�, from (3.5), (3.13), (3.14) and (3.15), we have����qHa;�(z)� A�BjEj21� jEj2

���� =

���� jzj2(1� ��)(ei� + �z)(1� zz��)(1 + �zei�)

���� (3.16)

=
jEjjB �Aj
1� jEj2

���� ei� + �z1 + �zei�

���� (3.17)
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TRANSLATION OF REGION OF VARIABILITY 7

since
��� ei�+�z
1+�zei�

��� � 1 (� 2 U); from (3.16) and (3.1) we have

qHa;�(z) =
jEjjB �Aj
1� jEj2

���� ei� + �z1 + �zei�

���� ei� + �z � z2z�1� jEj2 ; � 2 R

which implies that

z
H 0
a;�(z)

Ha;�(z)
=

�
jEjjB �Aj
1� jEj2

���� ei� + �z1 + �zei�

���� ei� + �z � z2z�1� jEj2

�
: (3.18)

On integrating (3.18) along 
 : z(t), 0 � t � 1 which is a C1- curve in U
with z(0) = 0; z(1) = z0; we obtain

log
Hei�;�(z0)

z0
= R(�; 
) (� 2 U) (3.19)

where R(�; 
) is de�ned in Corollary 1, thus we have log Hei�;�(z0) �
V (z0;�) � D , where D is de�ned by

D = fw 2 C : jwj � R(�; 
)g

which concludes that log
H
ei�;�

(z0)

z0
� @V (z0;�): Finally, we prove the unique-

ness of the curve, suppose that

log
f(z0)

z0
= log

Hei�;�(z0)

z0

for f 2 CS� and � 2 (��; �]; we introduce
h(t)

=
f 0(z)

f(z)
� 1
z
� 1

z(t)

��
jEjjB �Aj
1� jEj2

���� ei� + �z1 + �zei�

���� ei� + �z � z2z�1� jEj2

�
� 1
�
z0(t)

where 
 : z(t) = z ; 0 � t � 1 is given in Corollary 1, then h(t) is continuous
function in the interval [0; 1] andZ 1

0
Reh(t)dt (3.20)

=

Z 1

0
Re

��
f 0(z)

f(z)
� 1
z

�
�
 
1

z(t)

�
jEjjB �Aj
1� jEj2

���� ei� + �z1 + �zei�

���� ei� + �z � z2z�1� jEj2

� 1
2

� 1

z(t)

!)
z0(t)dt

= Re

�
log

f 0(z0)

z0
�R(�; 
)

�
: (3.21)

Since logarithm function is single valued therfore from (3.19), and (3.20),
we have

f 0

f
=
H 0
ei�;�

Hei�;�
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8 RAJESH KUMAR MAURYA

on the curve 
, using the identity theorem for analytic function we conclude
that last equality holds in U and hence we have f = Hei�;�:Similarly we can
prove that this is also true for the class of functions f 2 C1S�: �

Proof of Theorem 3.1. We need to prove that the closed curve (��; �] 3 �
! log

H
ei�;�

(z0)

z0
is simple. Suppose that log

H
ei�1 ;�

(z0)

z0
= log

H
ei�2 ;�

(z0)

z0
for

some �1; �2 2 (��; �] with �1 6= �2; then from proposition (2), we have ,

Hei�1 ;� = Hei�2 ;�:

Let us de�ne �(z; �) = z��
1��z , from the equality wH

ei�;�
= z�(ei�z; �); we

have

ei�1z = �

�wH
ei�1 ;�

z
; �

�
= �

�wH
ei�2 ;�

z
; �

�
= ei�2z ;

which is contrary to the fact that �1 6= �2, thus the curve is simple. Since
V (z0;�) is a compact convex subset of C and has non empty interior, the
boundary @V (z0;�) is a simple closed curve. From Proposition 3 the curve

@V (z0;�) contains the curve (��; �] 3 � ! log
H
ei�;�

(z0)

z0
; since a simple

closed curve can not contain any simple closed curve other than itself. Thus

@V (z0;�) is given by (��; �] 3 � ! log
H
ei�;�

(z0)

z0
(� 2 U): �

Theorem 2. (Translation) For f 2 A1; two subclasses L and L� of
A1; determined by subordination conditions f 2 L if f

0(z)
f(z) � 
 and f 2

L� if f
0(z)
f(z) � 
 + c0; where 
 is a simply connected and bounded region of

complex plane and c0 is a complex number by which 
 is being translated,
and z0 2 Unf0g then V (z0;�) and V (z0;�)+c0 log z0 are regions of variability
for the class L and L� respectively. Where

V (z0;�) =

�
log

f(z0)

z0
: f 2 L and j�j � 1; � 2 U

�
:

Proof. From equations (2.6, ??, ??, ??) it is obvious that for class CS�

log
Ha;�(z)

z
=
z

�
� (1� �) log(1 + �e

i�z)

�
2 � log z:

anf for class C1S�

log
Ha;�(z)

z
=
z

�
� (1� �) log(1 + �e

i�z)

�
2 :

For boundary of the region of variability (3)(4) put � = ei�; for class CS�

@V (z0;�) = @V (z0;e
i�) = ei�z0 � log z0:

Similarly for class C1S� @V 1(z0; �) = �z; thus

@V 1(z0; �) = @V (z0;�) + log z0;
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TRANSLATION OF REGION OF VARIABILITY 9

to conclude this suppose if 
 is given by g(z); z 2 U; then equation (2.6)
can be modi�ed as

log
Ha;�(z)

z
=

�Z z

1

g(�(a"; �)")� 1
"

d"

�
: (3.22)

This modi�cation has no e¤ect on the other parts and equation (3.22) can
be written as

log
Ha;�(z)

z
=

�Z z

1

c0 + g(�(a"; �)")� 1
"

d"

�
: (3.23)

On integration of equation (3.22) for class L

log
Ha;�(z0)

z0
=

�Z z0

1

g(�(a"; �)")� 1
"

d"

�
= V (z0;�):

On integratin equation (3.23)

log
Ha;�(z0)

z0
=

�Z z0

1

g(�(a"; �)")� 1
"

d"+

Z z0

1

c0
"
d"

�
;

and for class L�

log
Ha;�(z0)

z0
= V (z0;�) + c0 log z0: (3.24)

This completes the proof. �
Basic Properties of V (z0; �) and V 1(z0; �)
From equation (3.24) ([2], [6]) for � 2 UU@U conclude,

Proposition 3. 1) V (z0; �) and V 1(z0; �) is compact.
2) V (z0; �) and V 1(z0; �) is convex.
3) for j�j = 1; V (z0; �) = �z0 � log z0 and V 1(z0; �) = �z0:
4) forj�j < 1 and z0 2 Unf0g, V (z0; �) and V 1(z0; �) has �z0� log z0 and

�z0 as interior point.

Remark 1. For f 2 S�class of starlike functions we have log f(z0)
z0

=

log 1
(1�z0)2 which is not bounded when z0 2 @U, but in case f 2 CS� OR

C1S� log f(z0)
z0

is bounded even when z0 2 @U.
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