
Multidimensional weighted Hardy operators and
their commutators in Morrey spaces

Zuleyxa O. Azizova a, , Javanshir J. Hasanov a,b , Reshad M. Tagiyev a ∗)

a Azerbaijan State Oil and Industry University, Baku, Azerbaijan
b Department of Science, Western Caspian University, Baku, Azerbaijan

Abstract

In this paper we take into account multidimensional weighted Hardy operators. We
investigate the conditions for the boundedness of weighted Hardy operator, Hardy-
Cesàro type operator and their commutators in Morrey spaces. Furthermore, we find
the sufficient conditions for the boundedness of these operators in the spaces LBθ(Rn)
and BMO(Rn), respectively.
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1 Introduction
Morrey spaces were introduced by C. B. Morrey in 1938 in connection with certain problems
in elliptic partial differential equations and calculus of variations (see [19]), they are defined
by the norm

‖f‖Lp,λ := sup
x, r>0

r−
λ
p ‖f‖Lp(B(x,r)),

where 0 ≤ λ < n, 1 ≤ p < ∞. In the theory of partial differential equations, together
with weighted Lebesgue spaces, Morrey spaces Lp,λ(Ω) play an important role.

Functions of bounded mean oscillation were introduced by John and Nirenberg in [17],
and shown to satisfy the by-now celebrated John-Nirenberg inequality. Mean oscillation
measures the average deviation of a locally integrable function from its mean on a certain
set. Classically, on Rn , the mean oscillation is measured on all cubes Q with sides parallel
to the axes; sometimes the cubes are restricted to lie in a fixed cube. The space of functions
of bounded mean oscillation, BMO , has proven useful in harmonic analysis and partial
differential equations as a replacement for L∞ , as well as as the dual of the Hardy space
H1 , and has important connections with the theory of quasi-conformal mappings.
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It is well known that the multidimensional Hardy-type operator is a very important op-
erator of harmonic analysis. The multidimensional Hardy-type operator closely connected
with a solution of certain nonlinear partial differential equations in classical Lebesgue spaces
(see, for example [6, 18, 21] etc.).

Investigating the boundedness of various operators and their commutators in various
function spaces contributes significantly to harmonic analysis studies. Such topics have been
examined by many mathematicians in different function spaces.The commutator of the p-
adic Hardy-Cesàro operator has been investigated by Dung et al. However they discussed
some sufficient criteria for the boundedness of commutators of Hardy-Cesàro operators with
symbols in central BMO spaces on the p-adic Herz spaces, p-adic Morrey spaces and p-adic
Morrey-Herz spaces. Boundedness of Hardy-Cesàro operators and their commutators were
investigated on variable exponent Morrey-Herz spaces in [10] and [9], respectively.

Motivated by above mentioned results, the goal of this paper is to establish multidi-
mensional weighet Hardy operators. We investigate the conditions for the boundedness of
weighet Hardy, Hardy-Cesàro type operator and their commutators in Morrey spaces. Fur-
thermore, we find the sufficient conditions for the boundedness of these operators in the
spaces LBθ(Rn) and BMO(Rn), respectively.

2 Preliminaries
We will use the following notation. For 1 ≤ p < ∞ , Lp(Rn) is the space of all classes of
measurable functions on Rn for which

‖f‖Lp =

∫
Rn

|f(x)|pdx

 1
p

<∞.

For p =∞ the space L∞(Rn) is defined by means of the usual modification

‖f‖L∞ = ess sup
x∈Rn

|f(x)|.

Let f be a locally integrable function on Rn . The so-called of Hardy-Littlewood max-
imal function is defined by the formula

Mf(x) = sup
r>0
|B(x, r)|−1

∫
B(x,r)

|f(y)|dy ≈ sup
r>0
|B(0, r)|−1

∫
B(0,r)

|f(z − y)|dy,

where |B(x, r)| is the Lebesgue measure of the ball B(x, r) .
Sharp maximal function M ] is defined by

M ]f(x) = sup
r>0
|B(x, r)|−1

∫
B(x,r)

|f(y)− fB(x,r)|dy,

where fB(x,r)(x) = |B(x, r)|−1
∫
B(x,r)

f(y)dy .
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Definition 2.1. Let 1 < θ < ∞ . We define the LBθ(Rn) space as the set of all locally
integrable functions f such that

‖f‖LBθ = sup
x∈Rn

∥∥∥∥|B(x, r)|−1
∫
B(x,r)

|f(y)− fB(x,r)|dy
∥∥∥∥
Lθ(0,∞)

<∞.

For θ =∞ the space BMO(Rn) is defined as the set of all locally integrable functions
f such that

‖f‖BMO = sup
x∈Rn, r>0

|B(x, r)|−1
∫
B(x,r)

|f(y)− fB(x,r)|dy <∞.

Definition 2.2. For any f ∈ BMO(Rn) and r > 0 , we define

η(r) = sup
x∈Rn,ρ≤r

1

|B(x, ρ)|

∫
B(x,ρ)

|f(y)− fB(x,ρ)|dy <∞.

We say that any f ∈ BMO(Rn) from the space VMO(Rn) if η(r)→ 0 for r → 0+ .

We will need the following lemma while proving our main theorems.

Lemma 2.3. [25] Let b ∈ BMO(Rn) . Then there exists a positive constant C such that
for any balls B(x1, r1) , B(x2, r2) , we have∣∣bB(x1,r1) − bB(x2,r2)

∣∣ ≤ C‖b‖BMO for r2 ≤ r1 ≤ 2r2.

The following theorem was proved in [8].

Theorem 2.4. Let 1 ≤ p < ∞ and 0 ≤ λ < n . Then M maximal operator is bounded
on Lp,λ(Rn) .

3 Weighted Hardy operator in Morrey spaces
In this section firstly we give the necessary and sufficient condition for the boundedness of
weighted Hardy operator in Morrey spaces. After that we give the sufficient conditions for
the boundedness of Hψ in LBθ(Rn) and BMO(Rn) spaces, respectively. Moreover we
give the sufficient condition for the boundedness of weighted Hardy commutator Hψ,b in
Morrey spaces.

Definition 3.1. Let f be locally integrable function on Rn and ψ be a locally integrable
function from Rn to [0,∞) . The so-called weighted Hardy operator Hψ is defined by the
formula

Hψf(x) =

∫
B(0,1)

|f(x|y|)|ψ(y)dy.

The following theorem gives the necessary and sufficient condition for the boundedness
of weighted Hardy operator in Morrey spaces.
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Theorem 3.2. Let 1 ≤ p < ∞ and 0 ≤ λ < ∞ . Then weighted Hardy operator Hψ is
bounded on Lp,λ(Rn) if and only if∫

B(0,1)

|y|
λ−n
p ψ(y)dy <∞. (3.1)

Proof. If part. We represent f as(∫
B(x,r)

(Hψf(z))p dz

) 1
p

=

(∫
B(x,r)

(∫
B(0,1)

|f(z|y|)|ψ(y)dy

)p
dz

) 1
p

≤
∫
B(0,1)

(∫
B(x,r)

|f(z|y|)|pdz
) 1

p

ψ(y)dy

≤
∫
B(0,1)

(∫
B(x|y|,r|y|)

|f(z)|pdz
) 1

p

|y|−
n
pψ(y)dy

≤ Cr
λ
p ‖f‖Lp,λ(Rn)

∫
B(0,1)

|y|
λ−n
p ψ(y)dy.

Only if part. Let f(x) = |x|
λ−n
p ∈ Lp,λ(Rn) . Then

Hψf(x) =

∫
B(0,1)

|x|y||
λ−n
p ψ(y)dy

= |x|
λ−n
p

∫
B(0,1)

|y|
λ−n
p ψ(y)dy

= f(x)

∫
B(0,1)

|y|
λ−n
p ψ(y)dy.

Therefore we obtain

C‖f‖Lp,λ(Rn) ≥ ‖Hψf‖Lp,λ(Rn) ≥ ‖f‖Lp,λ(Rn)
∫
B(0,1)

|y|
λ−n
p ψ(y)dy.

In the following theorem we give the sufficient conditions for the boundedness of Hψ in
LBθ(Rn) and BMO(Rn) spaces, respectively.

Theorem 3.3. 1) Let 1 < θ < ∞ and ψ be a positive measurable function on satisfying
the condition ∫

B(0,1)

ψ(y)dy <∞. (3.2)

Then weighted Hardy operator Hψ is bounded on LBθ(Rn) .
2) Let θ = ∞ and ψ be a positive measurable function on satisfying the condition

(3.2).
Then weighted Hardy operator Hψ is bounded on BMO(Rn) .
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Proof. First estimate (Hψf)B(a,r) :

(Hψf)B(a,r) =
1

|B(a, r)|

∫
B(a,r)

Hψf(z)dz

=
1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

|f(z|y|)|ψ(y)dy

)
dz

=

∫
B(0,1)

(
1

|B(a, r)|

∫
B(a,r)

|f(z|y|)|dz
)
ψ(y)dy

=

∫
B(0,1)

(
1

|B(a|y|, r|y|)|

∫
B(a|y|,r|y|)

|f(z)|dz
)
ψ(y)dy

=

∫
B(0,1)

|f |B(a|y|,r|y|)ψ(y)dy. (3.3)

Let 1 < θ <∞ and f ∈ LBθ(Rn) . Then∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

|Hψf(z)− (Hψf)B(a,r) |dz
∥∥∥∥
Lθ(0,∞)

≤
∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

||f(z|y|)| − |f |B(a|y|,r|y|)|ψ(y)dy

)
dz

∥∥∥∥
Lθ(0,∞)

≤
∫
B(0,1)

∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

||f(z|y|)| − |f |B(a|y|,r|y|)|dz
∥∥∥∥
Lθ(0,∞)

ψ(y)dy

=

∫
B(0,1)

∥∥∥∥ 1

|B(a|y|, r|y|)|

∫
B(a|y|,r|y|)

||f(z)| − |f |B(a|y|,r|y|)|dz
∥∥∥∥
Lθ(0,∞)

ψ(y)dy

≤ C‖f‖LBθ
∫
B(0,1)

ψ(y)dy.

Let θ =∞ and f ∈ BMO(Rn) . From (3.3) we have

1

|B(a, r)|

∫
B(a,r)

|Hψf(z)− (Hψf)B(a,r) |dz

≤ 1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

||f(z|y|)| − |f |B(a|y|,r|y|)|ψ(y)dy

)
dz

=

∫
B(0,1)

(
1

|B(a, r)|

∫
B(a,r)

||f(z|y|)| − |f |B(a|y|,r|y|)|dz
)
ψ(y)dy

=

∫
B(0,1)

(
1

|B(a|y|, r|y|)|

∫
B(a|y|,r|y|)

||f(z)| − |f |B(a|y|,r|y|)|dz
)
ψ(y)dy

≤ C‖f‖BMO

∫
B(0,1)

ψ(y)dy.
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Definition 3.4. The so-called commutator weighted Hardy operator Hψ,b is defined by the
formula

Hψ,bf(x) =

∫
B(0,1)

|b(x|y|)− b(x)| |f(x|y|)|ψ(y)dy.

The following theorem gives the sufficient condition for the boundedness of commutator
weighted Hardy operator Hψ,b in Morrey spaces.

Theorem 3.5. Let 1 ≤ p < ∞ , 0 ≤ λ < ∞ , b ∈ BMO(Rn) and ψ be a positive
measurable function on satisfying the condition (3.1).

Then commutator weighted Hardy operator Hψ,b is bounded on Lp,λ(Rn) .

Proof. Let 1 ≤ p < ∞ , 0 ≤ λ < ∞ , b ∈ BMO(Rn) and f ∈ Lp,λ(Rn) . It is obvious
that f(x) ≤Mf(x) , then

1

|B(0, r)|

∫
B(0,r)

|Hψ,bf(x− z)| dz

≤ 1

|B(0, r)|

∫
B(0,r)

(∫
B(0,1)

|b(x− z)− b((x− z)|y|)| |f((x− z)|y|)|ψ(y)dy

)
dz

≤ 1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b(x− z)− b((x− z)|y|)| |f((x− z)|y|)|dz
)
ψ(y)dy

≤ 1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b(x− z)− bB(x,r)| |f((x− z)|y|)|dz
)
ψ(y)dy

+
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|bB(x,r) − bB(x|y|,r|y|)| |f((x− z)|y|)|dz
)
ψ(y)dy

+
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b((x− z)|y|)− bB(x|y|,r|y|)| |f((x− z)|y|)|dz
)
ψ(y)dy

= A1 + A2 + A3.

Estimate A1 :

A1 ≤ C

∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|b(x− z)− bB(x,r)|s
′
dz

) 1
s′

×
(

1

|B(0, r)|

∫
B(0,r)

|f((x− z)|y|)|sdz
) 1

s

ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(
1

|B(0, r|y|)|

∫
B(0,r|y|)

|f(x− z)|sdz
) 1

s

ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x|y|))
1
s ψ(y)dy.
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Estimate A2 : by the Hólder inequality and Lemma 2.3, we have

A2 =
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|f((x− z)|y|)|dz
)
|bB(x,r) − bB(x|y|,r|y|)|ψ(y)dy

≤
∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|f((x− z)|y|)|sdz
) 1

s

|bB(x,r) − bB(x|y|,r|y|)|ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x|y|))
1
s ψ(y)dy.

Estimate A3 :

A3 =
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b((x− z)|y|)− bB(x|y|,r|y|)| |f((x− z)|y|)|dz
)
ψ(y)dy

≤
∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|b((x− z)|y|)− bB(x|y|,r|y|)|s
′
dz

) 1
s′

×
(

1

|B(0, r)|

∫
B(0,r)

|f((x− z)|y|)|sdz
) 1

s

ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x|y|))
1
s ψ(y)dy.

Therefore we have

M (Hψ,bf(x)) ≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x|y|))
1
s ψ(y)dy.

From the Theorem 2.4 we get

sup
a∈Rn, r>0

r−
λ
p

(∫
B(a,r)

(M (Hψ,bf(x)))p dx

) 1
p

≤ C‖b‖BMO

∫
B(0,1)

sup
a∈Rn, r>0

r−
λ
p

(∫
B(a,r)

(Mf s(x|y|))
p
s dx

) 1
p

ψ(y)dy

≤ C‖b‖BMO‖f‖Lp,λ(Rn)
∫
B(0,1)

|y|
λ−n
p ψ(y)dy.

By the Theorem 3.5 we have the following corollary.

Corollary 3.6. Let 1 ≤ p < ∞ , 0 ≤ λ < ∞ , b ∈ VMO(Rn) and ψ be a positive
measurable function on satisfying the condition (3.1). Then commutator weighted Hardy
operator Hψ,b is bounded on Lp,λ(Rn) .
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4 Hardy-Cesàro type operator in Morrey spaces
In this section firstly we give the necessary and sufficient condition for the boundedness of
Hardy-Cesàro type operator H̃ψ in Morrey spaces. After that we give the sufficient condi-
tions for the boundedness of H̃ψ in LBθ(Rn) and BMO(Rn) spaces, respectively. More-
over we give the sufficient condition for the boundedness of Hardy-Cesàro type commutator
H̃ψ,b in Morrey spaces.

Definition 4.1. Let f , ψ be locally integrable functions on Rn . The so-called Hardy-
Cesàro type operator H̃ψ is defined by the formula

H̃ψf(x) =

∫
B(0,1)

|f(x+ y)|ψ(y)dy.

In the following theorem we give the sufficient condition for the boundedness of Hardy-
Cesàro type operator H̃ψ in Morrey spaces.

Theorem 4.2. Let 1 ≤ p <∞ , 0 ≤ λ <∞ and ψ be a positive measurable function on
satisfying the condition (3.2).

Then Hardy-Cesàro type operator H̃ψ is bounded on Lp,λ(Rn)

Proof. We represent f as(∫
B(x,r)

(
H̃ψf(z)

)p
dz

) 1
p

=

(∫
B(x,r)

(∫
B(0,1)

|f(z + y)|ψ(y)dy

)p
dz

) 1
p

≤
∫
B(0,1)

(∫
B(x,r)

|f(z + y)|pdz
) 1

p

ψ(y)dy

≤
∫
B(0,1)

(∫
B(x+y,r)

|f(z)|pdz
) 1

p

ψ(y)dy

≤ Cr
λ
p ‖f‖Lp,λ(Rn)

∫
B(0,1)

ψ(y)dy.

The following theorem gives the sufficient conditions for the boundedness of H̃ψ in
LBθ(Rn) and BMO(Rn) spaces, respectively.

Theorem 4.3. Let 1 < θ ≤ ∞ and ψ be a positive measurable function on satisfying the
condition (3.2).

Then Hardy-Cesàro type operator H̃ψ is bounded on LBθ(Rn) .
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Proof. First estimate
(
H̃ψf

)
B(a,r)

:

(
H̃ψf

)
B(a,r)

=
1

|B(a, r)|

∫
B(a,r)

H̃ψf(z)dz

=
1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

|f(y + z)|ψ(y)dy

)
dz

=

∫
B(0,1)

(
1

|B(a, r)|

∫
B(a,r)

|f(y + z)|dz
)
ψ(y)dy

=

∫
B(0,1)

(
1

|B(a+ y, r)|

∫
B(a+y,r)

|f(z)|dz
)
ψ(y)dy

=

∫
B(0,1)

|f |B(a+y,r)ψ(y)dy. (4.1)

Let 1 < θ <∞ and f ∈ LBθ(Rn) . Then∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

|H̃ψf(z)−
(
H̃ψf

)
B(a,r)

|dz
∥∥∥∥
Lθ(0,∞)

≤
∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

||f(y + z)| − |f |B(a+y,r)|ψ(y)dy

)
dz

∥∥∥∥
Lθ(0,∞)

≤
∫
B(0,1)

∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

||f(y + z)| − |f |B(a+y,r)|dz
∥∥∥∥
Lθ(0,∞)

ψ(y)dy

=

∫
B(0,1)

∥∥∥∥ 1

|B(a+ y, r)|

∫
B(a+y,r)

||f(z)| − |f |B(a+y,r)|dz
∥∥∥∥
Lθ(0,∞)

ψ(y)dy

≤ C‖f‖LBθ
∫
B(0,1)

ψ(y)dy.

Let θ =∞ and f ∈ BMO(Rn) . From (4.1) we have

1

|B(a, r)|

∫
B(a,r)

|H̃ψf(z)−
(
H̃ψf

)
B(a,r)

|dz

≤ 1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

||f(y + z)| − |f |B(a+y,r)|ψ(y)dy

)
dz

=

∫
B(0,1)

(
1

|B(a, r)|

∫
B(a,r)

||f(y + z)| − |f |B(a+y,r)|dz
)
ψ(y)dy

=

∫
B(0,1)

(
1

|B(a+ y, r)|

∫
B(a+y,r)

||f(z)| − |f |B(a+y,r)|dz
)
ψ(y)dy

≤ C‖f‖BMO

∫
B(0,1)

ψ(y)dy.
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Definition 4.4. Let f , ψ be locally integrable functions on Rn . The so-called Hardy-
Cesàro type commutator is defined by the formula

H̃ψ,bf(x) =

∫
B(0,1)

|b(x+ y)− b(x)| |f(x+ y)|ψ(y)dy.

Now we give the sufficient condition for the boundedness of Hardy-Cesàro type commu-
tator Hψ,b in Morrey spaces.

Theorem 4.5. Let 1 ≤ p <∞ , 0 ≤ λ <∞ and ψ be a positive measurable function on
satisfying the condition (3.2).

Then Hardy-Cesàro type commutator H̃ψ,b is bounded on Lp,λ(Rn) .

Proof. Let 1 ≤ p < ∞ , 0 ≤ λ < ∞ , b ∈ BMO(Rn) and f ∈ Lp,λ(Rn) . It is obvious
that f(x) ≤Mf(x) , then

1

|B(0, r)|

∫
B(0,r)

∣∣∣H̃ψ,bf(x− z)
∣∣∣ dz

≤ 1

|B(0, r)|

∫
B(0,r)

(∫
B(0,1)

|b(x− z)− b(x+ y − z)| |f(x+ y − z)|ψ(y)dy

)
dz

≤ 1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b(x− z)− b(x+ y − z)| |f(x+ y − z)|dz
)
ψ(y)dy

≤ 1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b(x− z)− bB(x,r)| |f(x+ y − z)|dz
)
ψ(y)dy

+
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|bB(x+y,r) − bB(x,r)| |f(x+ y − z)|dz
)
ψ(y)dy

+
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b(x+ y − z)− bB(x+y,r)| |f(x+ y − z)|dz
)
ψ(y)dy

= C1 + C2 + C3.

Estimate C1 :

C1 ≤ C

∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|b(x− z)− bB(x,r)|s
′
dz

) 1
s′

×
(

1

|B(0, r)|

∫
B(0,r)

|f(x+ y − z)|sdz
) 1

s

ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x+ y))
1
s ψ(y)dy.

Estimate C2 : by the Hólder inequality and Lemma 2.3, we gate

C2 =

∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|f(x+ y − z)|dz
)
|bB(x+y,r) − bB(x,r)|ψ(y)dy

≤
∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|f(x+ y − z)|sdz
) 1

s

|bB(x+y,r) − bB(x,r)|ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x+ y))
1
s ψ(y)dy.
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Estimate C3 :

C3 =
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b(x+ y − z)− bB(x+y,r)| |f(x+ y − z)|dz
)
ψ(y)dy

≤
∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|b(x+ y − z)− bB(x+y,r)|s
′
dz

) 1
s′

×
(

1

|B(x, r)|

∫
B(0,r)

|f(x+ y − z)|sdz
) 1

s

ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x+ y))
1
s ψ(y)dy.

Therefore we obtain

M
(
H̃ψ,bf(x)

)
≤ C‖b‖BMO

∫
B(0,1)

(Mf s(x+ y))
1
s ψ(y)dy.

From the Theorem 2.4 we get

sup
a∈Rn, r>0

r−
λ
p

(∫
B(a,r)

(
M
(
H̃ψ,bf(x)

))p
dx

) 1
p

≤ C‖b‖BMO

∫
B(0,1)

sup
a∈Rn, r>0

r−
λ
p

(∫
B(a,r)

(Mf s(x+ y))
p
s dx

) 1
p

ψ(y)dy

≤ C‖b‖BMO‖f‖Lp,λ(Rn)
∫
B(0,1)

ψ(y)dy.

5 Cesàro operator in Morrey spaces
In this section firstly we give the necessary and sufficient condition for the boundedness of
Cesàro operator Cψ in Morrey spaces. After that we give the sufficient conditions for the
boundedness of Cψ in LBθ(Rn) and BMO(Rn) spaces, respectively. Moreover we give
the sufficient condition for the boundedness of Cesàro commutator Cψ,b in Morrey spaces.

Definition 5.1. Let f be locally integrable function on Rn and ψ be a locally integrable
function from Rn to [0,∞) . The so-called Cesàro operator Cψ is defined by the formula

Cψf(x) =

∫
B(0,1)

∣∣∣∣f ( x

|y|

)∣∣∣∣ψ(y)dy.

Theorem 5.2. Let 1 ≤ p < ∞ and 0 ≤ λ < ∞ . Then Cesàro operator Cψ is bounded
on Lp,λ(Rn) if and only if ∫

B(0,1)

|y|
n−λ
p ψ(y)dy <∞. (5.1)
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Proof. If part. We represent f as(∫
B(a,r)

(Cψf(z))p dz

) 1
p

=

(∫
B(a,r)

(∫
B(0,1)

∣∣∣∣f ( z

|y|

)∣∣∣∣ψ(y)dy

)p
dz

) 1
p

≤
∫
B(0,1)

(∫
B(a,r)

∣∣∣∣f ( z

|y|

)∣∣∣∣p dz) 1
p

ψ(y)dy

≤
∫
B(0,1)

(∫
B( a
|y| ,

r
|y|)
|f(z)|pdz

) 1
p

|y|
n
pψ(y)dy

≤ Cr
λ
p ‖f‖Lp,λ(Rn)

∫
B(0,1)

|y|
n−λ
p ψ(y)dy.

Only if part. Let f(x) = |x|
λ−n
p ∈ Lp,λ(Rn) . Then

Cψf(x) =

∫
B(0,1)

∣∣∣∣ x|y|
∣∣∣∣λ−np ψ(y)dy

= |x|
λ−n
p

∫
B(0,1)

|y|
n−λ
p ψ(y)dy

= f(x)

∫
B(0,1)

|y|
n−λ
p ψ(y)dy.

Therefore we obtain

C‖f‖Lp,λ(Rn) ≥ ‖Cψf‖Lp,λ(Rn) ≥ ‖f‖Lp,λ(Rn)
∫
B(0,1)

|y|
n−λ
p ψ(y)dy.

Theorem 5.3. 1) Let 1 < θ < ∞ , ψ be a positive measurable function on satisfying the
condition (3.2).

Then Cesàro operator Cψ is bounded on LBθ(Rn) .
2) Let θ =∞ , ψ be a positive measurable function on satisfying the condition (3.2).
Then Cesàro operator Cψ is bounded on BMO(Rn) .

Proof. First estimate (Cψf)B(a,r) :

(Cψf)B(a,r) =
1

|B(a, r)|

∫
B(a,r)

Cψf(z)dz

=
1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

∣∣∣∣f ( z

|y|

)∣∣∣∣ |ψ(y)dy

)
dz

=

∫
B(0,1)

(
1

|B(a, r)|

∫
B(a,r)

∣∣∣∣f ( z

|y|

)∣∣∣∣ dz)ψ(y)dy

=

∫
B(0,1)

(
1

|B( a
|y| ,

r
|y|)|

∫
B( a|y| ,

r
|y| )

|f(z)|dz

)
ψ(y)dy

=

∫
B(0,1)

|f |B( a|y| ,
r
|y| )
ψ(y)dy. (5.2)
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Let 1 < θ <∞ and f ∈ LBθ(Rn) . Then∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

|Cψf(z)− (Cψf)B(a,r) |dz
∥∥∥∥
Lθ(0,∞)

≤
∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

∣∣∣∣∣∣∣∣f ( z

|y|

)∣∣∣∣− |f |B( a|y| ,
r
|y| )

∣∣∣∣ψ(y)dy

)
dz

∥∥∥∥
Lθ(0,∞)

≤
∫
B(0,1)

∥∥∥∥ 1

|B(a, r)|

∫
B(a,r)

∣∣∣∣∣∣∣∣f ( z

|y|

)∣∣∣∣− |f |B( a|y| ,
r
|y| )

∣∣∣∣ dz∥∥∥∥
Lθ(0,∞)

ψ(y)dy

=

∫
B(0,1)

∥∥∥∥∥ 1

|B( a
|y| ,

r
|y|)|

∫
B( a|y| ,

r
|y| )

||f(z)| − |f |B( a|y| ,
r
|y| )
|dz

∥∥∥∥∥
Lθ(0,∞)

ψ(y)dy

≤ C‖f‖LBθ
∫
B(0,1)

ψ(y)dy.

Let θ =∞ and f ∈ BMO(Rn) . From (5.2) we have

1

|B(a, r)|

∫
B(a,r)

|Cψf(z)− (Cψf)B(a,r) |dz

≤ 1

|B(a, r)|

∫
B(a,r)

(∫
B(0,1)

∣∣∣∣∣∣∣∣f ( z

|y|

)∣∣∣∣− |f |B( a|y| ,
r
|y| )

∣∣∣∣ψ(y)dy

)
dz

=

∫
B(0,1)

(
1

|B(a, r)|

∫
B(a,r)

∣∣∣∣∣∣∣∣f ( z

|y|

)∣∣∣∣− |f |B( a|y| ,
r
|y| )

∣∣∣∣ dz)ψ(y)dy

=

∫
B(0,1)

(
1

|B( a
|y| ,

r
|y|)|

∫
B( a|y| ,

r
|y| )

||f(z)| − |f |B( a|y| ,
r
|y| )
|dz

)
ψ(y)dy

≤ C‖f‖BMO

∫
B(0,1)

ψ(y)dy.

Definition 5.4. The so-called Cesàro commutator Cψ,b is defined by the formula

Cψ,bf(x) =

∫
B(0,1)

∣∣∣∣b( x

|y|

)
− b(x)

∣∣∣∣ ∣∣∣∣f ( x

|y|

)∣∣∣∣ψ(y)dy.

The following theorem gives the sufficient condition for the boundedness of Cψ,b on
Lp,λ(Rn) .

Theorem 5.5. Let 1 ≤ p < ∞ , 0 ≤ λ < ∞ , b ∈ BMO(Rn) and ψ be a positive
measurable function on satisfying the condition (5.1).

Then Cesàro commutator Cψ,b is bounded on Lp,λ(Rn) .

Proof. Let 1 ≤ p < ∞ , 0 ≤ λ < ∞ , b ∈ BMO(Rn) and f ∈ Lp,λ(Rn) . It is obvious
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that f(x) ≤Mf(x) , then

1

|B(0, r)|

∫
B(0,r)

|Cψ,bf(x− z)| dz

≤ 1

|B(0, r)|

∫
B(0,r)

(∫
B(0,1)

∣∣∣∣b(x− z|y|
)
− b(x− z)

∣∣∣∣ ∣∣∣∣f (x− z|y|
)∣∣∣∣ψ(y)dy

)
dz

≤ 1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

∣∣∣∣b(x− z|y|
)
− b(x− z)

∣∣∣∣ ∣∣∣∣f (x− z|y|
)∣∣∣∣ dz)ψ(y)dy

≤ 1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|b(x− z)− bB(x,r)|
∣∣∣∣f (x− z|y|

)∣∣∣∣ dz)ψ(y)dy

+
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

|bB(x,r) − bB( x
|y| ,

r
|y|)
|
∣∣∣∣f (x− z|y|

)∣∣∣∣ dz)ψ(y)dy

+
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

∣∣∣∣b(x− z|y|
)
− bB( x

|y| ,
r
|y|)

∣∣∣∣ ∣∣∣∣f (x− z|y|
)∣∣∣∣ dz)ψ(y)dy

= B1 +B2 +B3.

Estimate B1 :

B1 ≤ C

∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

|b(x− z)− bB(x,r)|s
′
dz

) 1
s′

×
(

1

|B(0, r)|

∫
B(0,r)

∣∣∣∣f (x− z|y|
)∣∣∣∣s dz) 1

s

ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(
Mf s

(
x

|y|

)) 1
s

ψ(y)dy.

Estimate B2 : by the Hólder inequality and Lemma 2.3, we have

B2 =
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

∣∣∣∣f (x− z|y|
)∣∣∣∣ dz) |bB(x,r) − bB( x

|y| ,
r
|y|)
|ψ(y)dy

≤
∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

∣∣∣∣f (x− z|y|
)∣∣∣∣s dz) 1

s

|bB(x,r) − bB( x
|y| ,

r
|y|)
|ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(
Mf s

(
x

|y|

)) 1
s

ψ(y)dy.
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Estimate B3 :

B3 =
1

|B(0, r)|

∫
B(0,1)

(∫
B(0,r)

∣∣∣∣b(x− z|y|
)
− bB( x

|y| ,
r
|y|)

∣∣∣∣ ∣∣∣∣f (x− z|y|
)∣∣∣∣ dz)ψ(y)dy

≤
∫
B(0,1)

(
1

|B(0, r)|

∫
B(0,r)

∣∣∣∣b(x− z|y|
)
− bB( x

|y| ,
r
|y|)

∣∣∣∣s′ dz
) 1

s′

×
(

1

|B(0, r)|

∫
B(0,r)

∣∣∣∣f (x− z|y|
)∣∣∣∣s dz) 1

s

ψ(y)dy

≤ C‖b‖BMO

∫
B(0,1)

(
Mf s

(
x

|y|

)) 1
s

ψ(y)dy.

Therefore, we get

M (Cψ,bf(x)) ≤ C‖b‖BMO

∫
B(0,1)

(
Mf s

(
x

|y|

)) 1
s

ψ(y)dy.

From the Theorem 2.4 we get(∫
B(a,r)

(M (Cψ,bf(x)))p dx

) 1
p

≤ C‖b‖BMO

∫
B(0,1)

(∫
B(a,r)

(
Mf s

(
x

|y|

)) p
s

dx

) 1
p

ψ(y)dy

≤ C‖b‖BMOr
λ
p ‖f‖Lp,λ(Rn)

∫
B(0,1)

|y|
n−λ
p ψ(y)dy.

6 Applications

Let us consider the operator

Lu = Hψ,b(u)− u

and the equation

Lu = f.

Theorem 6.1. Let 1 ≤ p < ∞ , 0 ≤ λ < ∞ , b ∈ VMO(Rn) and ψ be positive mea-
surable functions satisfying the condition (3.1). There exist positive numbers C = C(n, p)
and any u we have

‖u‖Lp,λ(Rn) ≤ C‖Lu‖Lp,λ(Rn).
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Proof. From Lu = f , it follows

u = Hψ,b(u)− f.

Estimating u , we have

‖u‖Lp,λ(Rn) ≤ ‖[b,H](u)‖Lp,λ(Rn) + ‖f‖Lp,λ(Rn).

From Corollary 3.6 we get

‖u‖Lp,λ(Rn) ≤ Cp,n‖b‖VMO‖u‖Lp,λ(Rn) + ‖f‖Lp,λ(Rn).

Since b ∈ VMO(Rn) , for all ε > 0 from the Definition 2.2 we have

‖u‖Lp,λ(Rn) ≤ Cp,nε‖u‖Lp,λ(Rn) + C‖f‖Lp,λ(Rn).

Therefore we get

‖u‖Lp,λ(Rn) − Cp,nε‖u‖Lp,λ(Rn) ≤ C‖Lu‖Lp,λ(Rn).

References
[1] D.R. Adams, A note on Riesz potentials, Duke Math. J., 42 (1975), 765-778.

[2] A. Almeida, J.J. Hasanov, S.G. Samko, Maximal and potential operators in variable
exponent Morrey spaces, Georgian Math. J., 15(2) (2008), 1-15.

[3] C. Aykol, Z.O. Azizova, J.J. Hasanov, Generalized weighted Hardy operators and their
commutators in the local ”complementary” generalized variable exponent weighted
Morrey spaces, J. Math. Anal., 13(1) (2022), 14-27.

[4] Z.O. Azizova, J.J. Hasanov, The weighted Hardy operator and it is commutator on
Orlicz-Morrey spaces, Inter. J. Pure Appl. Math., 118 (2) (2018), 385-395.

[5] C. Bennett, Another characterization of BLO , Proceedings of the American Mathe-
matical Society, 85 (1982), 552-556.

[6] J. Bradley, Hardy inequalities with mixed norms, Can. Math. Bull., 21 (1978), 405-408.

[7] S. M. Buckley, Inequalities of John-Nirenberg type in doubling spaces, J. Anal. Math.,
79 (1999), 215-240.

[8] F. Chiarenza, M. Frasca, Morrey spaces and Hardy-Littlewood maximal function, Rend.
Math., 7 (1987), 273-279.

[9] K.H. Dung, D.L.C. Minh, T.T. Nang, Commutators of Hardy-Cesàro operators on
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able exponent Morrey-Herz spaces, Filomat, 37 (4) (2023), 1001-1016.

[11] J. Garcia-Cuerva, J.L. Rubio de Francia, Weighted norm inequalities and related topics,
North Holland Math. Studies 116, North Holland, Amsterdam, (1985).

[12] Y. Komori, S. Shirai, Weighted Morrey spaces and a singular integral operator, Math.
Nachr. 282 (2), 219-231 (2009)

[13] G. H. Hardy, J. Littlewood, G. Polya, Inequalities. 2nd ed. London/New York: Cam-
bridge University Press, (1952).

[14] J. Hart, R. H. Torres, John-Nirenberg inequalities and weight invariant BMO spaces, J.
Geom. Anal., 29 (2) (2019), 1608-1648.
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