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Abstract

In this paper we take into account multidimensional weighted Hardy operators. We
investigate the conditions for the boundedness of weighted Hardy operator, Hardy-
Cesaro type operator and their commutators in Morrey spaces. Furthermore, we find
the sufficient conditions for the boundedness of these operators in the spaces LBy(R")
and BMO(R™), respectively.
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1 Introduction

Morrey spaces were introduced by C. B. Morrey in 1938 in connection with certain problems
in elliptic partial differential equations and calculus of variations (see [19]), they are defined
by the norm

_2A
”f”[,p»\ ‘= sup r prHLp(B(:p,r))a

z, r>0

where 0 < A < n, 1 < p < oco. In the theory of partial differential equations, together
with weighted Lebesgue spaces, Morrey spaces L, (€2) play an important role.

Functions of bounded mean oscillation were introduced by John and Nirenberg in [17],
and shown to satisfy the by-now celebrated John-Nirenberg inequality. Mean oscillation
measures the average deviation of a locally integrable function from its mean on a certain
set. Classically, on R™ , the mean oscillation is measured on all cubes () with sides parallel
to the axes; sometimes the cubes are restricted to lie in a fixed cube. The space of functions
of bounded mean oscillation, BMO , has proven useful in harmonic analysis and partial
differential equations as a replacement for L., , as well as as the dual of the Hardy space
H, , and has important connections with the theory of quasi-conformal mappings.
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It is well known that the multidimensional Hardy-type operator is a very important op-
erator of harmonic analysis. The multidimensional Hardy-type operator closely connected
with a solution of certain nonlinear partial differential equations in classical Lebesgue spaces
(see, for example [6, 18, 21] etc.).

Investigating the boundedness of various operators and their commutators in various
function spaces contributes significantly to harmonic analysis studies. Such topics have been
examined by many mathematicians in different function spaces.The commutator of the p-
adic Hardy-Cesaro operator has been investigated by Dung et al. However they discussed
some sufficient criteria for the boundedness of commutators of Hardy-Cesaro operators with
symbols in central BMO spaces on the p-adic Herz spaces, p-adic Morrey spaces and p-adic
Morrey-Herz spaces. Boundedness of Hardy-Cesaro operators and their commutators were
investigated on variable exponent Morrey-Herz spaces in [10] and [9], respectively.

Motivated by above mentioned results, the goal of this paper is to establish multidi-
mensional weighet Hardy operators. We investigate the conditions for the boundedness of
weighet Hardy, Hardy-Cesaro type operator and their commutators in Morrey spaces. Fur-
thermore, we find the sufficient conditions for the boundedness of these operators in the
spaces LBy(R™) and BMO(R™), respectively.

2 Preliminaries

We will use the following notation. For 1 <p < oo, L,(R") is the space of all classes of
measurable functions on R™ for which

p

11, = | [ 1f@Pds ) <.

For p = oo the space L..(R™) is defined by means of the usual modification

[/l = ess sup|f(x)].

z€eR™

Let f be alocally integrable function on R" . The so-called of Hardy-Littlewood max-
imal function is defined by the formula

r>0 r>0

Mf(z) = sup|B(z, )| / Wy = s B0, / Ly

where |B(z,r)| is the Lebesgue measure of the ball B(x,r) .
Sharp maximal function M* is defined by

r>0

M#f(z) = sup | B(a, )| / W)= Sl

where fe(w) = | B, 7| [,y LAy -
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Definition 2.1. Let 1 < 6§ < oo. We define the LBy(R™) space as the set of all locally
integrable functions f such that

< 00.
L6(07OO)

1FllzB, = sup

zeR"

Bla,r)| / W)~ Sl

For 6 = oo the space BMO(R") is defined as the set of all locally integrable functions
f such that

Iflmmo = sup  |Bla,r)[! / W) = Stanldy < o0
B(x,r

z€R™, r>0

Definition 2.2. For any f € BMO(R"™) and r > 0, we define

n(r) = / — Foepldy < oo.
zeR"p<7" |B Z,p | (z,p) i’

We say that any f € BMO(R") from the space VMO(R") if n(r) — 0 for r — 0" .
We will need the following lemma while proving our main theorems.

Lemma 2.3. [25] Let b € BMO(R") . Then there exists a positive constant C' such that
forany balls B(xy1,r1), B(x2,72), we have

‘bB(xLTl) - bB(Cvzﬂ"z)’ < CHbHBMO for 1o <1y < 2r9.
The following theorem was proved in [8].

Theorem 2.4. Let 1 < p < oo and 0 < X\ < n. Then M maximal operator is bounded
on L, (R").

3 Weighted Hardy operator in Morrey spaces

In this section firstly we give the necessary and sufficient condition for the boundedness of
weighted Hardy operator in Morrey spaces. After that we give the sufficient conditions for
the boundedness of H, in LBy(R") and BMO(R™) spaces, respectively. Moreover we
give the sufficient condition for the boundedness of weighted Hardy commutator H,; in
Morrey spaces.

Definition 3.1. Let f be locally integrable function on R™ and 1 be a locally integrable
function from R” to [0, 00) . The so-called weighted Hardy operator H,, is defined by the
formula

H,f(x) = /B T

The following theorem gives the necessary and sufficient condition for the boundedness
of weighted Hardy operator in Morrey spaces.
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Theorem 3.2. Let 1 < p < 0o and 0 < X\ < co. Then weighted Hardy operator H, is
bounded on L, »(R") if and only if

/ |7 v (y)dy < oo (3.1)
B(0,1)

Proof. If part. We represent f as

(/B(I,r) (o)) dz); N (/B(x,r) </B(o,1) ! (z|y!)lw(y)dy)pdz);
- /B(o,n (/B(x,r) 1/ (Z\yDlde) : W (y)dy

</ ( / |f<z>|pdz>" 5 o(y)dy
B(0,1) B(z|yl,r|yl)

A A—n
<Ol [ 1ol P o)y

B(0,1)

Only if part. Let f(z) = \:c|kfn € L, \(R") . Then

H, f(x) = /B o Il vy

A—n A—n
= |a| 7 / [yl 2 (y)dy
B(0,1)

A—n

5@ [ 1ol P v
B(O,l)
Therefore we obtain
A=n
Cllfllzpa@ny > 1 Hy fllz, A@n) > ||f\|Lp,A(R")/ lyl 7 ¥ (y)dy.
B(0,1)
]

In the following theorem we give the sufficient conditions for the boundedness of Hy, in
LBy(R"™) and BMO(R") spaces, respectively.

Theorem 3.3. /) Let 1 < 6 < oo and 1 be a positive measurable function on satisfying
the condition

/ Y(y)dy < oo. (3.2)
B(0,1)

Then weighted Hardy operator H,, is bounded on LBy(R"™).

2) Let 8 = oo and 1 be a positive measurable function on satisfying the condition
(3.2).
Then weighted Hardy operator H,, is bounded on BMO(R").
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Proof. Firstestimate (Hyf) g,

1
<wa>B(a,r) N W /B(a,r) wa(Z)dZ

= B Lo (L DIy ) 0
- o (G o 1eilas) vy

1
— - - d d
/3(0,1) (|B(a|y|,7“|?/|)| /B(a|y|,r|y|) |f(2)| 2) @b(y) Y
= / | f1Balylrlun ¥ (v)dy. (3.3)
B(0,1)

Let 1 <6 < oo and f € LBy(R"). Then

1
H |B(a,r)| /B(a,r) |H¢f(z) - (quf)B(a,r) |dz

Ly(0,00)

1
= HW B(a,r) (/3(071) £yl = ‘le(aly»rly)‘qﬂ(y)dy) dz

LG(OvOO)
: /
< LflyD] = | fl Bty iyl dz U(y)dy
/B(O,l) |B(CL,T’)| B(a,r) (alulriv Lo (0,00)
1 /
= 1f ()] = [f|Balylrin]dz U(y)dy
/3(0,1) |B(alyl, r[y|)| Bl(alyl,rly]) (alvl.rlsl) Lo (0,00)

< C1f s / b(y)dy.

B(0,1)

Let § =00 and f € BMO(R") . From (3.3) we have

1
Bla.r)| /B(w) |Hy f(2) = (Hyf) oy ldz
1

< 5007 o o 11 = Uttt o

1
B |B(a, )| - alyl,r d d
/B(o,l) (|B(aﬂ‘)! Blar) L C=lyDI = 1By riwn| 2) Y(y)dy

1
= T=7 1 1 1 INT - a T d d
/3(0,1) (|B(a|y|,r|y\)| Bl(alyl,rly|) Hf(z)! lf’B( i ly‘)‘ Z) w(y) Y
< Clfllmmo / b(y)dy.

B(0,1)
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Definition 3.4. The so-called commutator weighted Hardy operator H, ; is defined by the
formula

Hyof (2) = /B . etl) = b el o)

The following theorem gives the sufficient condition for the boundedness of commutator
weighted Hardy operator H,; in Morrey spaces.

Theorem 3.5. Let 1 < p < o0, 0 < A < oo, b € BMO(R") and v be a positive

measurable function on satisfying the condition (3.1).
Then commutator weighted Hardy operator H,;, is bounded on L, \(R") .

Proof. Let 1 <p<oo, 0 <A<oo, be BMO(R") and f € L, (R"™). Itis obvious
that f(z) < M f(x), then

1
B0 e Hyaf(e =)l dz
S—| ; / (L, == = a1 = bty )
(L = =l = a1 = bl vty
[ ([, =2 bV = M) vl
( S0, )Ibsm )~ OBy rly)] If((l’—Z)|y|)|dZ> U(y)dy
yBor / < 01«) b((z = 2)ly]) = |y,r|y)||f(($—2)|yl)ld2) b(y)dy
—A1+A2‘|‘A3.

Estimate A; :

1 / 1
. ¢ bz — —bpan|”d
5 o (07 a2 =)
L !
_ e ]
: (|B(0,r)| /B(Om) [f((z = 2)lyD)] Z) b (y)dy

. 1

Cllb -_— — 2)|%d d

=l ”BMO/B<0,I)(|B<o,r|y|>|/B(o,ly)'f(x )l ) vy
< O|lbllzaro / (M f*(zly]))} ¥ (y)dy.

B(0,1)
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Estimate A, : by the Holder inequality and Lemma 2.3, we have

1
A:—/ </ fl(x —2)y dz)bm_bmm b(y)dy
2 = B0 oo o (&~ DI ) o) = o] )

= / BO.1) (yB(é " e |f((z = Z)|y|)|5d2) 0B(2,r) = bB(alyl.ry)| ¥ (Y)dy
< Clbllao [ (MF aly))* vl)dy

B(0,1)

Estimate As :

o= gt oo (L It =20l) =Bl 16 = s ) o

1
7

S b _Z|y _b olulr S,dz)s
/01) (|B<O 7)| B(0,r) b(( lyl) B(zlyl \yl)’

(IB 0,7) |/ o) 2y dZ)S U(y)dy

gmwmm/' (M f*(ly]))* w(y)dy.

B(0,1)
Therefore we have
MU%J@DSQMmm/(“MFMW%Mw@
B(0,1

From the Theorem 2.4 we get

A

sup 1 » </ (M (Hypf(x)))" dx) ’
a€R™, >0 Blayr)

< Cllso [ s 7‘2(/2()(ALFCHMDzdx>pw@ﬁ@

B(0,1) a€R™, >0

SﬂMm@W@ﬂm/ w7 (y)dy.

B(0,1)

By the Theorem 3.5 we have the following corollary.

Corollary 3.6. Let 1 < p < oo, 0 < XA < oo, b e VMOR") and ) be a positive
measurable function on satisfying the condition (3.1). Then commutator weighted Hardy
operator H,, is bounded on L, \(R").
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4 Hardy-Cesaro type operator in Morrey spaces

In this section firstly we give the necessary and sufficient condition for the boundedness of
Hardy-Cesaro type operator H, in Morrey spaces. After that we give the sufficient condi-

tions for the boundedness of H,, in LBy(R™) and BMO(R") spaces, respectively. More-
over we give the sufficient condition for the boundedness of Hardy-Cesaro type commutator
Hy, in Morrey spaces.

Definition 4.1. Let f, ¢ be locally integrable functions on R™. The so-called Hardy-
Cesaro type operator Hy, is defined by the formula

ofe) = [ I+ )lo)dy
B(0,1)
In the following theorem we give the sufficient condition for the boundedness of Hardy-
Cesaro type operator H,, in Morrey spaces.

Theorem 4.2. Let 1 < p < oo, 0 < A< oo and ¢ be a positive measurable function on
satisfying the condition (3.2). B
Then Hardy-Cesaro type operator H, is bounded on L, \(R"™)

Proof. We represent f as

( / B (ffmz))pdz)’l’ - ( / B ( / L y>|w<y>dy)pdz)'l’
</ » ( / N y>|pdz) ’ o)y

<[ ([ isere) v
B(0,1) B(z+y,r)

< Cr3 | fllo, @ / by)dy.

B(0,1)
L]

The following theorem gives the sufficient conditions for the boundedness of f[w in
LBy(R™) and BMO(R"™) spaces, respectively.

Theorem 4.3. Let 1 < 0 < oo and ) be a positive measurable function on satisfying the
condition (3.2). B
Then Hardy-Cesaro type operator H, is bounded on LBy(R").
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Proof. First estimate (H@ f) ( ):
B(a,r

~ 1 B
(B4 oy = TBTarr)] Sy P02
1
" |B(a,r)] < dy | dz
|B(a, )| B(a,r) (/B(O,l) Fly+2)lely) y)
1
B Bla M 2)|dz d
Fuon (BT 0020 ) b
1

_ - d d

/B(O,l) <|B(CL +, T)| B(a+y,r) |f(2)| Z) d)(y) Y

:/ |f’B(a+y,r)z/}(y>dy' (41)
B(0,1)

Let 1 <0 < oo and f € LBy(R™). Then

1 / ~ ~
| V() - (Haf) 1
H |B a, T | (a,r) B(a,r) Ly (0,00)

< |z / (L W = s )

L@(0,00)
< IFeypmmmy 1y + 2)[ = | flBaty.ndz U(y)dy
/3(0,1) |B(“77“)| /B(am) e Lg(0,00)
: /
= I1f ()] = | f|Ba+yn|dz ¥(y)dy
/B(O,l) |B(a+y,7)| JBatyr) ()

Lp(0,00)

< C)fllze, / b(y)dy.

B(0,1)

Let § =00 and f € BMO(R") . From (4.1) we have

1 ~ -
5.7 /Bw Hof () = (Aot ), 12

= | B( a,r)] ar) (/B ) 1/ (y+2)] = |f|B(a+y,r)|¢(y)dy> dz

(0,

B(Ol( b ny+z>\—|f\3a+yr\dz) U(y)dy

1Bl(a+u - a+y,r d d
B(0,1) (\B(a—i— y77*)| /B(a-&-y,r) Hf(Z)‘ |f‘B( +y, )‘ Z) w(y) Y
= C”f”BMO/ U(y)dy.
B(0,1)
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Definition 4.4. Let f, v be locally integrable functions on R". The so-called Hardy-
Cesaro type commutator is defined by the formula

iﬁﬁwwaémUWx+w—wmuﬂm+wwwmu

Now we give the sufficient condition for the boundedness of Hardy-Cesaro type commu-
tator [, ; in Morrey spaces.

Theorem 4.5. Let 1 <p < oo, 0 <\ < oo and Y be a positive measurable function on
satisfying the condition (3.2). _
Then Hardy-Cesaro type commutator Hyp is bounded on L, \(R").

Proof. Let 1 <p<oo, 0 <A<oo, be BMO(R") and f € L,,(R"™). Itis obvious
that f(x) < M f(x), then

1
1B(0,7)] 50

1
SPWQﬂLé@w(émnWx_@_b@+y—@Hﬂx+y—@W@M0dz

1
Suﬂammé@u x—@—b@+y—znuu+y—zwh)w@My

(/B(O,r)
<07 o U
N |B(077’)| B(0,1) B(0,r)

</B(Or)

(/];’(Or)

ﬁwa(x — z)‘ dz

o
|wx—w—menuw+y—zmn)w@wy

),
+ —_— b P 7r_b x,r fx+y—z dz)wydy
1B(0,)] /504 boterur) = baen |11 Itz ) o)

B0,
+
|B(0,7)] B(0,1
- 01 + 02 + 03.
Estimate C :

1 /
Ogc/ (_/ b(z — 2) — b M|sdz)
' B(0,1) |B(0,7)] B(0,r) P

1 o)
X(ﬁﬂaﬁLé@MV“+y‘Z”d) bly)dy
scmmMg/ (M@ +9))* d)dy.

B(0,1)

)
| \Mx+y—zw—@@wﬂuﬂx+y—zwu)¢@wy

1
o7

Estimate C) : by the Hélder inequality and Lemma 2.3, we gate

1
C’:/ <—/ fa:+y—zdz>bm ) — bpien| (y)dy
* Jeon \IBO.7)] B(O,r)|( Nz | DBty = bpn] ¥ (Y)

1
1 s
< L f@+ﬂ—ZWW>|bx,r—b%Hwydy
/B(o,l) <|B(077”)| B(O,r)‘ ‘ Bleryn) Blen) ( )
someq/ (Mf*(x +))* d(y)dy.
B(0,1)
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Estimate C}5 :

1
1B, s B(O,T)| (@ +y = 2) = by | [ (@ +y — 2)|dz | P(y)dy

1
7

1 N
< _ bz +y — 2) — bpatyr ]Sdz)
/3(0,1) (’B(Oﬂ”)’ B(O,r) (etr)

1

1 sds
X (—|B(x,r)| /3(0,7«) \fz+y—2)°d > Y(y)dy
< Clbllswo / (M +y))* d()dy.

B(0,1)

Therefore we obtain

M (Hoaf @) < Clblawo [ (7% +9)* (o).

B(0,1)

From the Theorem 2.4 we get

sup rp (/ (M (]:lwvbf(x)>>pdx> ’
a€R™, >0 Bla,r)

< Clbllswo [ s+ ( / ( )(Mfs<x+y>>fdx>pw<y>dy

B(0,1) a€R™,r>0

< Cllmroll fllz, @ / by)dy.

B(0,1)

5 Cesaro operator in Morrey spaces

In this section firstly we give the necessary and sufficient condition for the boundedness of
Cesaro operator C, in Morrey spaces. After that we give the sufficient conditions for the
boundedness of C, in LBy(R™) and BMO(R™) spaces, respectively. Moreover we give
the sufficient condition for the boundedness of Cesaro commutator Cy,; in Morrey spaces.

Definition 5.1. Let f be locally integrable function on R™ and ) be a locally integrable
function from R" to [0, c0) . The so-called Cesaro operator C, is defined by the formula

wa@):/w (m)‘“’

Theorem 5.2. Let 1 < p < oo and 0 < X\ < 0o. Then Cesaro operator Cy, is bounded
on L, \(R"™) if and only if

/ Y7 (y)dy < oc. (5.1)
B(0,1)
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Proof. If part. We represent f as

(/B(aﬂ,) (C’wf(z))pdzy _ (/B(w) </ o f <§)’ oy )dZJ)pdz);
<o (LG ) v
: /B<0,1) (/B(a,r) |f<z)|pdz>p [yl e(y)dy

Iyl Tyl

A n—»X
SC?”PHJ”HL,,,A(RH)/ lyl 7 Y(y)dy.
B(0,1)

Only if part. Let f(z) = || 7" € L,A(R") . Then

X

C — il
wf (@) /B(o,l) Y|

A=n n-x
= o) / "5 () dy
B(0,1)

~ f(2) / n

n—X\

»h(y)dy.

Therefore we obtain

n—>X
Cll Ny sieer 2 1€ Sy 2 Il [ ll'F vw)ay

B(0,1)
OJ

Theorem 5.3. 1) Let 1 < 6 < oo, ¥ be a positive measurable function on satisfying the
condition (3.2).
Then Cesaro operator Cy, is bounded on LBy(R").

2) Let 0 =00, Y be a positive measurable function on satisfying the condition (3.2).
Then Cesaro operator Cy, is bounded on BMO(R") .

Proof. Firstestimate (Cy.f)p,,)

1
(wa)B(a,r) = T?"‘/ ) C’wf(z)dz

= 0 o (1) 160080
= Lo e fo 7 () 22) vt
-/ " (‘B(l—ﬂ » )!f(2>!d2> b(y)dy

- / s o yb(y)dy. (5.2)
B(0,1)
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Let 1 <6 < oo and f € LByp(R™). Then

1Cyf(2) — (wa)B(a,r) |dz

H ’B<a7 7’)’ B(a,r)

Lg(0,00)
1
: H |B(a,r)| B(a,r) (/B(o,l) ‘f <é)‘ B ’f|B(Z’£|)' w(y)dy) dz L0
1
SN = N G R L
:/B(Ol) 1B L\/ £ = sy, 2 Y (y)dy
’ SoRm Ly (0,00)

< Cfllus, /B Ly

Let § = oo and f € BMO(R") . From (5.2) we have

1
o] [ 1t Cuf

m B(a,r) (/3(01) ‘f(|y|)' | Fla y)‘w dy) dz
/01 <|Bar\/ar ‘f<|y|)“’f'5<;7;|> dz)wy)dy

:/ol <|B T |/ 17 ()] = |f|B(§|7|{,)’dZ> Y (y)dy

IN

\y\H

Definition 5.4. The so-called Cesaro commutator Cy,; is defined by the formula

cor= b))

The following theorem gives the sufficient condition for the boundedness of Cy; on
L, \(R").

Theorem 5.5. Letr 1 < p < o0, 0 < XA < oo, b € BMO(R™) and v be a positive
measurable function on satisfying the condition (5.1).
Then Cesaro commutator Clyy, is bounded on L, z(R™) .

Proof. Let 1 <p<oo, 0 <A<oo, be BMO(R") and f € L, (R"™). Itis obvious
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that f(x) < M f(z), then

1
—| / (Cuad e = 2|z
Or

|/or </> (x@f)‘b(‘”‘z)

</0r> (x@f) ~ e =) f(ﬂ;f) dz) b(y)dy
(/BOT) T —2) = bplen| ‘f (my;f) dz) W(y)dy
/B BB = bp(= | ’f (x‘;lz) dz) b(y)dy

AA

()~ tutn

um/ o

—Bl+BQ~|—Bg,.

Estimate Bj :

1
Blgc/B(Ol (‘B (0,7)] BOr)|b<x_Z>_ 2l dz)
dz) ()
<\BOM/M ( vl ) ) vlw)dy
2\ ¢
Cllb M [ dy.
<C| ”BMO/B(O,l)( f (|y|)> Y(y)dy

Estimate Bs : by the Hélder inequality and Lemma 2.3, we have

= Or\/m)(/fgm 1(57)
Lo (o L DG
< Cllplauro | » (207 (25)) wlopas

) oot~ by ) )
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Estimate Bs :

- \B(éﬂ")\ /3(0,1) (/B(O,T) (
S/B(o,l) <|B<3,r>| b (
(i |/M (H)

y
< Cllsuo | ( (
B(0,1)

Therefore, we get

M (Conf(2) < Clvo | . <Mfs (%))iwy)dy.

From the Theorem 2.4 we get

b

_H
=
\_/

x
[yl

</B(a,r) (M (Cospf (2)))" dm) ’
< C||bllzmo /B(m) (/BW) (Mfs (y)>§dx>;¢(y)dy

ES n=XA
< Cllllwor sy [ 1ol vl

B(0,1)

6 Applications

Let us consider the operator

Lu= Hw’b(u) —Uu
and the equation
Lu = f.

Theorem 6.1. Let 1 < p < oo, 0 <A <oo, b e VMO(R™) and 1 be positive mea-
surable functions satisfying the condition (3.1). There exist positive numbers C' = C(n,p)
and any u we have

lullz, s@ny < CllLullz, \ @)
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Proof. From Lu = f, it follows
u = Hd,?b(u) - f

Estimating w« , we have

[z, aemy < 110, HI (W], 0@y + [ 1], 02 -
From Corollary 3.6 we get

[ullz, s@ny < Comllbllvarollulle, s@m) + I F]lL, @m)-

Since b € VMO(R™), forall € > 0 from the Definition 2.2 we have

lullz, s < Copmellullz, @ + ClLF L, A@n)-

Therefore we get

[l z@ny = Cpnellullr, y@n) < CllLullL, \@n).
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