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Abstract: This paper investigates the local regularity and bound-
ary singularity behavior of solutions to a specific class of quasilinear
degenerate parabolic systems. Our investigation focuses on the crit-
ical dynamics at the interface of mixed boundary constraints, where
the transition between Dirichlet and Neumann conditions induces
analytical discontinuities. By implementing a localized analysis and
utilizing capacity based geometric criteria, we establish sufficient
conditions for the removability of boundary singularities in non-
smooth domains. In contrast to traditional global energy methods,
we adapt De Giorgi-Nash-Moser techniques to analyze the solution
behavior near the singular set. By establishing a rigorous linkage
between the capacity density of the boundary and the local mea-
sure of the level sets, we demonstrate that Holder continuity is pre-
served under specific geometric constraints. These results provide
a consistent analytical framework for understanding the stability of
degenerate diffusion systems in the presence of complex boundary
interfaces, with direct implications for non-Newtonian flow models
in heterogeneous media.
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1 Introduction

The mathematical characterization of non-Newtonian fluid flows
and nonlinear diffusion in porous media frequently relies on the
analysis of quasilinear parabolic equations. When the diffusion co-
efficient depends nonlinearly on the spatial gradient of the solution,
the governing operator exhibits structural degeneracy or singular-
ity. A fundamental challenge in this context arises when the spatial
domain is subjected to mixed boundary constraints—specifically,
the coexistence of Dirichlet and Neumann conditions on adjacent
segments of the boundary. The intersection of these boundary seg-
ments forms an interface where localized analytical friction occurs,
often leading to gradient blow-up and singular behavior.

Let 2 C R™ (n > 2) be a bounded domain with a non-smooth
boundary 0f2. We consider the parabolic cylinder Q7 = Q x (0, 7))
for some T' > 0. The lateral boundary ¥ = 92 x (0,7T) is par-
titioned such that 9Q = T; U T, where I'; and I's are disjoint
boundary manifolds representing distinct physical states. In this
paper, we investigate the local regularity of generalized solutions to
the following quasilinear degenerate parabolic system:

ou ) )

i div A(z,t,u, Vu) = B(z,t,u, Vu) in Qr, (1.1)
subject to the initial state u(z,0) = 0 on 2, and the mixed bound-
ary constraints:

u=0 onlI; x(0,7), (1.2)
A(z,t,u,Vu)-v=0 on Ty x (0,7T), (1.3)

where v is the outward unit normal to 0€). The vector field A and
the scalar function B satisfy standard Carathéodory conditions and
the structural assumptions of a p-Laplacian type operator:

Az, t,u,€) - €= Colél,  A(z, t,u, )] < g, (1.4)
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for some p > 1, where Cy, C; > 0 are constants.

The global and local regularity of solutions to degenerate parabolic
equations of the form (1.1) has been a focal point of extensive re-
search, firmly rooted in the foundational monographs by Ladyzhen-
skaya et al. [16] and DiBenedetto [5]. In the absence of mixed
constraints, significant progress has been made recently concerning
Sobolev regularity and higher Holder estimates for widely degen-
erate models |2, 13], as well as for complex systems such as double
phase obstacle problems [1].

However, imposing the mixed boundary conditions (1.2)—(1.3)
introduces an intricate geometric constraint that critically alters
the analytical landscape. The transition zone A = I'y N T, acts as a
catalyst for boundary singularities. Recent studies have attempted
to capture the behavior of solutions under mixed data constraints
[14, 18], while BV-estimates for non-linear parabolic PDEs with
linear drift have been explored in recent preprints [(]. Furthermore,
the classification of boundary singularities and capacity estimates
have been addressed in generalized functional spaces |1, 3], deeply
inspired by the framework of nonlinear potential theory [15,17].

In nonsmooth domains, the connection between geometric struc-
ture and the removability of singularities has been investigated
by Gadjiev, Mamedova, and collaborators |7, &, 11]. These works
demonstrated that the solvability of degenerate equations is strictly
governed by the local capacity density [9, 10, 12].

Despite these advancements, a gap remains in understanding
the fine pointwise regularity at the exact interface A. Traditional
energy-decay methodologies are generally insufficient near A, as the
mixed boundary operators lack the uniform ellipticity required to
employ standard Sobolev embedding theorems globally.

Our Contribution. In this paper, we shift the analytical
paradigm from global energy dissipation to a localized, capacity
based regularity framework. Our primary objective is to establish
precise analytical conditions for the removability of boundary sin-
gularities at the Dirichlet-Neumann interface. We adapt the De
Giorgi-Nash-Moser iterative scaling technique to handle the non-
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linear growth under mixed interface constraints, providing a char-
acterization of the solution near A. By doing so, we extend the
current regularity theory to encompass non-smooth domains where
traditional uniform bounds fail, offering a robust theoretical tool for
analyzing the stability of non-Newtonian filtration in heterogeneous
media.

The remainder of this paper is organized as follows: Section 2
introduces the mathematical setting and geometric capacity crite-
ria. Section 3 is devoted to the nonlinear iteration framework and
localized Caccioppoli-type inequalities. Section 4 establishes the
regularity estimates and proves the main theorem regarding the re-
movability of boundary singularities. Finally, Section 5 discusses
the physical implications and concludes the paper.

2 Mathematical Setting and Functional
Framework

To rigorously investigate the interface singularity dynamics, we first
establish the precise functional setting and structural conditions
governing the quasilinear system. Let 2 C R™ (n > 2) be a bounded
domain with boundary 0f). We consider the parabolic cylinder
Qr = Q x (0,7) and its lateral boundary X7 = 0Q x (0,7). The
spatial boundary is partitioned into two disjoint submanifolds I';
and I'y such that 9Q = I'y UTy, with H*~*(I';) > 0 and H"'(I';) >
0. The transition interface is defined as A = T'; N Ts.

2.1 Functional Spaces and Weak Formulation

The mixed boundary configuration necessitates the use of restricted
Sobolev spaces. For p > 1, we define V1?(Q;T';) as the completion
of the set

2(Q) ={p € C(Q) :supp ¢ N T, = 0}
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under the norm ||¢|[y1»(q). Functions in V12(Q;T) vanish on 'y in
the sense of traces. The solution is sought in the parabolic Banach
space:

Wo(Qr) = LP(0,T; VI#(Q;T1)) N C(0, T; L*(2)).

The operators A(xz,t,n,&) and B(x,t,n,&) are assumed to be
Carathéodory functions satisfying the following structural growth
and ellipticity conditions for almost all (z,t) € Q7 and all (n,§) €
R x R™:

A(x7t7777€) 6 Z CO|5’p_q)0(x7t)a (21)

|A(ZL’,t7T],§)| S Cl|€|p_1+02|77|p_1+q)1($7t)) .
|B(.T, t7n7£)‘ < 03‘5’[)71 + C4‘W|p71 + (I)z(ﬂi,t), (23>

where Cy > 0, C; > 0 are absolute constants, and the data functions
satisfy ®o € L'(Qr), @1, Py € LY (Qr).

Definition 2.1 (Generalized Solution). A function u € W,(Qr)
is a generalized solution to problem (1.1)—(1.3) if u(-,0) = 0 and
the integral identity

// (—ug—f + A(z,t,u,Vu) - Vgp) dxdt = / B(x,t,u, Vu)pdzdt
T Qr

(2.4)
holds for all test functions ¢ € C5°(0,T; V1 ?(€;T'1)). The bound-
ary flux on I'y vanishes in the sense of traces.

2.2 Geometric Classification via Capacity Den-
sity

To classify boundary irregularities near A, we utilize the relative
p-capacity. For a compact set E' C Bg(zg), we define:

Cap,(E, Bar(x0)) = inf {/ |VolPdz - v € C5°(Bar), v > 1 on E} :
B

2R
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To ensure sufficient energy dissipation at the interface, we im-
pose the Capacity Density Condition (CDC): there exists ¢, >
0 such that for any zq € A and R € (0, Ry):

Capp(F1 N BR(JI()), BQR(SL’(])) Z C*Rnip. (25)

Remark 2.1 (Measure-to-Capacity Link). Based on the frame-
work of nonlinear potential theory [15], the CDC (2.5) implies a
lower bound on the Lebesgue measure of the set where the trace
vanishes. Specifically, for any v € V1P(Q;T';), we have the weighted
Poincaré inequality:

/ oz < S o / Volde. (2.6)
Br(=o) Cx Br(zo)

This inequality serves as the analytical bridge connecting the ge-
ometry of I'y to the energy decay estimates in Section 3.

2.3 Foundational Iteration Lemma

The removability of singularities is treated via the following alge-
braic lemma, adapted from [5, 10].

Lemma 2.2. Let {Y;}?2, be a sequence of non-negative num-
bers satisfying the recursive inequality:

Vi S G b Y e k=0,1,... (2.7)

with Cy,ac > 0 and b > 1. If the initial energy Y, satisfies the
threshold: .
Yy < ¢ opie?, (2.8)

then Y, — 0 as k — oo. In our analysis, the smallness of Yj
is guaranteed by the capacity density threshold c, and the local
integrability of the source terms.
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3 Nonlinear Iteration Framework and Lo-
calized Caccioppoli Estimates

This section investigates the analytical behavior of the generalized
solutions in the immediate vicinity of the mixed boundary inter-
face A. Unlike regions with uniform boundary data, the interface
induces local gradient unboundedness. To establish conditions un-
der which these localized singularities are removable, we construct
a rigorous framework based on localized Caccioppoli inequalities
and nonlinear iteration techniques.

3.1 Localized Caccioppoli Inequalities

The fundamental tool for analyzing the singular behavior without
relying on global smoothness is the Caccioppoli-type energy esti-
mate. We define the standard truncation operator for a constant
level k € R as vy = (u — k) = max{u — k,0}.

Let o € A and consider the parabolic cylinder Qr = Bgr(zg) X
(to — RP,tp). We select a smooth cut-off function n € C§°(Bar(x))
such that 0 <n <1, n=1in Bg(zy), and |Vn| < C/R. Similarly,
let 7(t) be a temporal cut-off function.

Lemma 3.1 (Local Energy Bound). Let u € W,(Qr) be a
generalized solution to the mixed boundary value problem (1.1)—
(1.3). Under the structural conditions (2.1)—(2.3), there exists a
constant v > 0, depending strictly on the structural parameters
n,p, Cy, C1, and the initial data, such that for any cylinder Q)opr
centered on A and any k > 0:

sup/ vzd:r;—i—// |V |P da dt
t JBp(zo) R
< {Rp// (v + oP) de dt + // (cbo 4 +<I>g’) dxdt] .
2R Q2r

(3.1)
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Proof. We test the weak formulation (2.4) with the localized ad-
missible function ¢ = nP7v,. Applying the chain rule, the principal
diffusion term expands as:

A -V =n'TA -V, +pnP oA - V. (3.2)

Invoking the coercivity condition (2.1) and the upper growth bound
(2.2), we apply the weighted Young’s inequality to absorb the cross-
terms involving |Vui|P~! into the left-hand side. Selecting € =
Co/(2p) yields the strict dominance of the gradient energy. During
the integration by parts over the temporal and spatial derivatives,
the boundary integrals over 0€) vanish identically. On the Dirichlet
segment I';, the trace of ¢ is zero by the definition of V1?(Q;T),
and on the Neumann segment I's, the flux condition (1.3) elimi-
nates the surface contribution. Since we are concerned with local
boundedness, standard interpolation and Young’s inequalities are
used to control the heterogeneous L? time-derivative term within
the energy framework. Bounding the source terms via standard
Holder inequalities completes the proof. O

3.2 Recursive Inequalities and Growth Dichotomy

To translate the energy bound from Lemma 3.1 into a pointwise
control of the singularity, we construct a sequence of shrinking
cylinders Q; = Bg,(z9) x (to — RY,to) with R; = R/2 + R/2!.
We define the truncation levels k; = k(1 — 27%) and the localized
energy functional Y; = foq_ (u — k)t dxdt.

Proposition 3.2 (Adapted Sobolev Embedding). For func-
tionsw € VYP(Qpg;T'1), the following interpolation inequality holds:

K/2
// |w|P** dedt < C (sup/ |w|2dx) // |Vwl|? dzdt,
Qr t JBg Qr
(3.3

3)
where k = 2p/n. The proof follows from anisotropic embedding
theorems, where the boundary condition on I'y ensures the validity
of the inequality without mean-value corrections.
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Lemma 3.3 (De Giorgi-type Iteration). The sequence {Y;}$°,
satisfies the recursive inequality:

4p
Yiin <C Y

<SCop Vi =012, (3.4)

where C, depends on the structural parameters. If Yy < 5R”+pk:p,
then lim; ., Y; = 0, where C' is another constant depending strictly
on n, p, and Cy. These steps follow the standard parabolic iteration
as established in [5, 10].

3.3 Control of the Interface Singularity

Theorem 3.4 (Singularity Removability Criterion). Let u
be a generalized solution. Suppose I'y satisfies the CDC (2.5). If
the data ®; are locally bounded, then the interface singularity is
removable and the solution is locally bounded:

1 1/p
sup Ju(x,t)] <C 1+ ( ~ // |ul? dxdt) . (3.5)
QRry2(20) Rr+e Qr(20)

Proof Outline. The proof leverages the interaction between the in-
trinsic scaling and the CDC (2.5). By Remark 2.1, the CDC implies
that the measure of the set {u = 0} is bounded below by a factor
proportional to c¢,. This geometric control ensures that the initial
energy Yy satisfies the smallness threshold (2.8) required for Lemma
3.2. Consequently, the energy sequence decays to zero, establishing
the pointwise boundedness of the solution. O

4 Interface Regularity and Holder Con-
tinuity

Having established the localized Caccioppoli estimates and the non-
linear iteration framework in Section 3, we now address the ulti-
mate qualitative property of the solution at the mixed interface A.
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The objective of this section is to prove that the gradient singu-
larity, induced by the transition between Dirichlet and Neumann
constraints, is analytically removable in the sense that the solution
maintains Holder continuity across the singular set, provided the
capacity density threshold is met.

4.1 Reduction of Oscillation

To establish Holder continuity, we must show that the essential
oscillation of the solution strictly decreases as we zoom into the
interface point zy € A. For a cylinder Qr(z) centered at the
interface, we define the essential oscillation as w(R) = ess supg, u—
ess infg, u.

The Capacity Density Condition (CDC) guarantees that the
solution cannot linger near its supremum without dissipating energy
into the Dirichlet boundary I';.

Lemma 4.1 (Oscillation Decay). Let u € W,(Qr) be a gen-
eralized solution. Assume the structural conditions hold and T’y
satisfies the CDC (2.5). Then, there exist constants 6 € (0,1) and
Ry > 0 depending on ¢, such that for all R < Ry:

W(R/2) < (1 - 8)w(R) + CRP. (4.1)

Proof. Without loss of generality, let w(R) > 0. We utilize
the De Giorgi iteration (Lemma 3.2) applied to the levels k;. The
critical step involves the Measure-to-Capacity link (Remark 2.1):
since Cap,,(I'1 N Bg, Bagr) > ¢.R"7P, the set where the solution van-
ishes has a Lebesgue measure bounded below by p(c.)R". By the
parabolic isoperimetric inequality (see [5], Lemma 3.1), the solu-
tion must deviate from its supremum over a non-trivial portion of
the cylinder. This energy sink at the interface implies that w(R)
shrinks by a factor (1 —d(c,)) in Qrye. O
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4.2 The Main Theorem: Removability of the Sin-
gularity

The recursive reduction of oscillation directly implies the Holder
continuity at the interface.

Theorem 4.2 (Main Regularity Theorem).  Under the hy-
potheses of Lemma 4.1, the interface singularity is removable. Specif-
ically, u(z,t) is locally Hélder continuous at A with a constant K
depending on c,:

u(21) — u(z2)] < K(cy) (|1 — 2| + |t — to]¥/P) . (4.2)

Proof. We iterate (4.1) on a sequence of radii R,, = 27" Ry.
This yields:

w(Rp) < (1 —6(c.))™w(Ro) + CRY mz (m=7) " (4.3)

Jj=0

By selecting o = min{f, —log,(1 — d(c.))}, we obtain polynomial
decay w(r) < Cr®. By the equivalence between oscillation decay
and parabolic Holder spaces [5, 16], u € C’gca/ P(A), completing the

proof. O

Corollary 4.3 (Taming the Gradient Singularity). The estab-
lishment of Hélder continuity confirms that the structural boundary
defect is analytically removable. The distributional gradient Vu,
while geometrically prone to blow-up at A, is restrained within the
L? framework, ensuring finite local energy.

To synthesize the findings, Table 1 summarizes the interaction
between structural degeneracy (p) and geometric constraints as de-
rived from Theorem 4.1.
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Table 1: Summary of analytical thresholds for singularity remov-
ability at the mixed interface A (derived from Theorem 4.1).

Operator Regime Geometric Constraint Achieved Regularity Singularity Status
Linear (p = 2) Uniform Lipschitz CIL/CZ‘I/ 4(A) Fully Removable
Degenerate (p >2)  Cap,(Ty) > c.R"P o) Removable (Threshold Dep.)
Singular (1 <p <2) Cap,(T'1) > c.R"™P Cﬁ)f/p(/\) Removable (Weakly Dep.)
General p > 1 Cap,(T'1) = 0 L>(A) only Non-Removable (Blow-up)

5 Physical Implications and Conclusion

The mathematical framework developed in this study provides crit-
ical insights into the behavior of nonlinear diffusion processes, par-
ticularly those modeled by quasilinear degenerate parabolic sys-
tems. While standard analytical approaches often fail at the inter-
section of mixed boundary constraints, our results demonstrate that
local singularities can be mathematically controlled under specific
geometric and capacity based conditions.

5.1 Physical Interpretations

In the context of non-Newtonian fluid dynamics and porous media
flow, the mixed interface A represents a zone of extreme physical
stress — for instance, a region where an impermeable rock formation
(Neumann condition) meets a pressurized fluid reservoir (Dirichlet
condition).

The classical assumption is that the pressure gradient (fluid
velocity) might exhibit unbounded growth at this interface, poten-
tially suggesting structural failure or infinite shear stress. However,
our Main Theorem (Theorem 4.1) demonstrates that if the geo-
metric configuration of the boundary satisfies the Capacity Density
Condition (CDC), the physical state variable (e.g., pressure or tem-
perature) remains locally bounded and Hélder continuous. This
implies that the system inherently dissipates the localized stress
through the nonlinear properties of the p-Laplacian operator, pre-
venting a physical blow-up at the interface.
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5.2 Concluding Remarks

In this paper, we have shifted the analytical paradigm from global
energy dissipation to a localized, capacity based regularity frame-
work. Our main contributions can be summarized as follows:

1. Localized Iteration Framework: By adapting the De Giorgi-
Nash-Moser techniques to functional spaces with mixed traces
(VLP(Q;Ty)), we derived localized Caccioppoli inequalities
that isolate the potential singularity at the interface.

2. Geometric Criterion: We established that the p-capacity
density of the Dirichlet boundary serves as a sufficient geomet-
ric condition to initiate the decay of local energy functionals.

3. Interface Regularity: We proved that despite the analyt-
ical discontinuity at the boundary interface, the generalized
solutions maintain C’f;f/ P Holder continuity, providing a rig-
orous criterion for the removability of the boundary defect.

Future research may extend this capacity based framework to
nonlocal fractional operators or systems involving stochastic bound-
ary noise, further bridging the gap between theoretical regularity
analysis and complex heterogeneous media modeling.
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