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Introduction

Multipoint boundary value problem (BVP) plays an important part in various fields, such as
fluid mechanics, physics, engineering, and many other branches of applied mathematics.
Recently certain three point boundary value problems for nonlinear ordinary differential
equations have been studied by many authors. The literature concerning these problems is
extensive and application of theorems of functional analysis has attracted more interest see
[1,3-11,13-15] .
In 2003, Chen Yang [2] considered a nonlinear third-order three-point boundary value problem
and gave the existence and uniqueness of solutions by constructing Green's function and using
its properties
In 2018, N. Bouteraa and S. Benaicha [1 2] by imposing certain conditions on the nonlinear term
f, they constructed a lower and a higher solution to prove that a solution exists for a type of
nonlinear third-order nonlocal boundary value problem.

The aim of this work is to study the existence and the positivity of solutions for the following
nonlinear fifth-order three-point boundary value problem.

{ u® + f(t,u(t)) =0, re (0,1)
u(0)=u'(0)=u"(0)=u"(0)=0. u(1)=Buln)
where f e C((0,1)xR*,R"), g>0, 0<n<l.

Motivated by several results, we consider the three-point boundary value problem for fifth-
order differential equations (1.1). By applying Krasnosel'skii's fixed-point theorem, we discuss
the existence solutions, to demonstrate the existence results, we transformed the posed problem
into a sum of a contraction and a compact operator. To prove the positivity results : we
expressed the Green function associated to the posed problem, then we apply the well-known
Guo-Krasnoselskii fixed point theorem in cone. We ended this work with two examples

(1.1)
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illustrating the obtain results.
Throughout this paper we make the following assumptions.

(I): >0, 0<p<land f eC((0,1)x[0;00),[0;0)).

(I,) : We will use the classical Banach spaces, £ =C [0,1] , equiped with the norm
||u||E = max u(t]

t€f0,1]

Preliminaries
In this section, we presente several important preliminary lemma.

Lemma 01: Let Bn*#1 and ye [0,1], then the problem
u® +y(t)=0, 0<r<l (2.1)
u(0)=u'(0)=u"(0)=u"(0)=0, u(1)=puln). (2.2

has a unique solution

(0= =55 0= »ls)as

14

+W(f(1 s)' ys)ds - B [ (- )dsj (2.3)

Proof : Integrating the equation in (2.1) over the interval [O,t] for t e [0,1], we have

and
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then,

which implies the Lemma 01.
We need some properties of functions G(t, S).

Existence results
Now we give some existence results for the BVP (1.1).

We state a known result due to Krasnoselskii.

Theorem 02 : [1] Let E be a closed convex and nonempty subset of a Banach space E . Let

A and B be two operators such that
1. Ax+ By € E, whenever x,y € E.

2. A is compact and continuous.
3. B is a contraction.
Then there exists z € E such that z = Az + Bz.

Theorem 03 : Assume that fn* #1 and there exists a nonnegative function y(t) e L'(0,1)
such that
|f(t,u)—f(t,v)| < 7/(t)||u —v|, Vu,veR", tel0,1]=1. (3.1)

Then problem (1.1) has at least one solution on E.

Proof : Let ¢ =1{f(1,0), 7 €[0,1]} Consider the set B, = {u eX @ |ul< r}, then B, is a

closed, bounded, and convex set of £ . We define the operators 4 and B on E as

Au(t)z% [{(e=s)* f(souls))ds.

Bult)= ﬂfW) [05) 7(s.uls))es
‘ﬂfﬁﬁw) [ =s)" f(s.uls))ds.

For any u € B, and ¢ € I, we get with the help of inequality (3.1)

Au(e) < i [ (6= s)'|f (suuls)) s
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< i [t~ ) (s.uls))- f(s,O]ds+$ [t~ s)'[f(s.0)ds.

<L (t s)'y )|u(s)ds+2—a£(t—s)4ds
Hence, we get
7 1+ 2

where, 7" = [, y(s)ds.

Similarly, we estimate |By|| Let ve B, and € I, then

|Bv(tj < ﬂlfw)ﬂ (1 - s)4 |f(s,v(s))| ds
+§(fiﬂw) /7= 1 (s.0(s s

N A
24 gy )" 241- ')
L A L
24— s ) 2401 - prr?)
|BY] < (1+8)r (1+5)e (3.3)

<l ﬂn)llll 2= )

Taking estimates (3.2) and (3.3) into account, we get for any u,ve B, and t e/,

[+ Bv] < [l du] + IIBVII

<L+ Gl )n i+ “(ﬂ) o
7 ” ” 1"‘,3) /B)

W” 5 2 )

iAok

24 24(1- pn*) 24 24(1- Bn
Since if
o oapl-nt)
24(1- )~y 2+ plL-1*))
Then,

||Au + Bv” <r.

Now, we prove that B is a contraction. Let v,u € B,, and ¢ € /. Then, thanks to (3.1), it

yields
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|Bu WI —-s |fs uls (s,v(s))|ds
t'B

mf n-)' | (s.u(s)) - £ (s.9(s)) ds.
< i O ) o)

tﬂ 7
MI (7 =) ys)fu(s) = v(s) ds.
7"_") [ s)ds

24\1- pn

+ﬂ(1_ﬂW)J: y(s)ds.

<Py,
=240 - g )"

l+ﬂ
so, if m <1, we conclude that B is a contraction.

Let us prove that A4 is compact and continuous. The continuity of f implies that A4 is

continuous. Also A is uniformly bounded on B, indeed, from (3.2) we have

4l < 25 ||u||+

24°
< y—r+£.
24 24

Set L= max{[f(s,u(s))L ueBb, } Let ueB,, t,,t, €l, with t, <t,. We have

Au(t)=ir(t—s)4f(s uls))ds

ule,)— Ault ‘_ [5(s —5)" flsuls)ds
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Hence, if ¢, — ¢, then |Au(t2)—Au(tll — 0. Then A is equicontinuous and so, by Arzela-

Ascoli theorem, we deduce that 4 is compact on B,. So the operator A4 is completely
continuous. Thus, by Theorem02, problem (1.1) has at least one solution in £ . The proof is

complete.

Positive results
To establish the existence of positive solutions to the posed problem, we employ the following
Guo-Krasnosel'skii fixed point theorem.

Theorem 04 : [4] Let E be a Banach space, and let K c E, be a cone. Assume €2,,€2, are
open subsets of E with 0e€€),, (Tl cQ,, and let
A Km(Q_z\Ql)—>K,
be a completely continuous operator. In addition suppose either
(i) “Au” S‘u , ue KnoQ,, and HAu” Z‘u , ue KMoQ,; or

(ii)“Au” 2 |u

, ue KMoQ,, and ||Au||£|u

ueKnoQ,,

b

holds. Then A has a fixed point in K N ((Tz \ Ql)

Lemma 05: The solution of boundary value problem (1 . 1) can be expressed as

1 st
u(l‘)ZJ.OG(I,S)y(S)dS-l- =

j; G(?],s)y(s)ds, (4.1)

where

Proof : We have

So,
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And, that is equivalent to

u(t)= [ Gle.s)y(s)ds + 1_ﬁ;4n4 [} Gl.5)y(s)ds.

The proof is complete.

Lemma 06: G(t, s) is strictly increasing in the first variable, and satisfies the following
properties

(i) Glt,s)>0 and G(t,s)e C([0,1]x[0,1,R") .

(ii) If t,se [r,l], >0, then

£G,(s)< Glt,5) < %q (s),

where G,(s)= ﬂlgjs(l - S)4 .
Proof : In the case, s <7 :

Glt,s)= %a) 4= sy — (- s)]=Gi(0.s).
In the case, t<s :

Glt,s)= t'(t—s) =G,(t,5)

1
@)
It is easy to check that G, (t,s) is strictly increasing on [s,l] and, G, (l,s) is strictly increasing
on [0,51
For: t,,t, <s and ¢, <t,, we have Gz(tl,s)< Gz(tz,s) .

For: s <t,t, and ¢, <t,, we have Gl(tl,s)< Gl(tz,s) .
Then, we obtain: G(tl,s) < G(tz,s).
In the case, #, <s <%, and t, <?,, we have
Gz(t, ,s) < Gz(s, s) =G, (s,s) <G, (lz,s)
We claim that
G, (tl,s) <G, (tz,s).
In fact, if G, (tl,s)= G, (tz,s) then, G,(t,,5)=G,(s,s)=G, (s,s)= G, (tz,s) , and from the
monotonicity of G, and G,, we have ¢, = s =t,, which contradicts with #, <7,. This fact
implies that G(t,,s)< G(t,,s).
(i) The continuity of G is easily checked. For 0<¢ <s <1, it is obvious that

44
G(t,s)z%zo.

In the case, 0 <s <t <1, we have
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(it)
If0<t<s<l,
Glt,s)= ﬁ(l—s)“t“ <G,(s)

If 0<s<r<I1, we have

then
Gli,s)< %Gl (s) Vs,r<[o,1]
Consequently
Gli,s)< %c;l (s) Vselr1] o]
Now we look for lower bounds of G(¢,s). If 0<¢<s<1,

G(t,s)zﬁt“(l—s)‘l > (la)t4s(1—s)4,

Glt,5)>1*G,(s), Vs,t€[0,1]

then

If 0<s<r<1, we have

Glr.s)=—[1-s)¢* —(t-s5)]>0,

I(e)
G(t,s)> "G, (s), Vs,te [0,11
Consequently
G(t,5)=7*G,(s), fort,s €[z,1].

The proof is complete.

We make the following additional assumptions.
(0)) f@tu)=a(t)f(u) where a e C((0,1),R") and f; € C(R",R").

(©,) 1,Gi(s)a(s)ds >o.
Definition 07: We define an operator T : E — E by
st
1-pn’

f; Gr7,5)a(0) £, (u(s))ds, ¢ €[0,1]
(4.3)

Tu(t) = J:G(t,s)a(t)f] (u(s))ds +

The function u € E is a solution of the BVP (1.1) if and only if Tu (t) =u(t),
(is a fixed point of T).
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Lemma 08: An operator is called completely continuous if it is continuous and maps
bounded sets into precompact sets.

Lemma 09: Let u € E, the unique solution u of the boundary value problem (1.1)

nonnegative and satisfies
n[nn u(t) 27 Hu”E

tez‘l

Proof: Letuek, te [O 1] it is obvious that u( ) is nonnegative. From Lemma06, we have

ij £ (uls)ds.

@<l@+

[, G (s)als) £ (uls s

0

[ / ; ]

Hence
T[ 1ﬂnJ”” < [1G()als) ;).

On the other hand, for all ¢ <A< we obtain
© )
uPO H 1 EH——— G LY, @OWs.
1l &% ) o

Therefore, we have
min u(t) >z’ ||u||E

te[r,]]
The proof is complete.

Definition 10: We define the cone K by
K= %4 e X, u(t)>0, g[lflrll]u(t) > TSHZ,{”E}

K 1is a non-empty closed and convex subset of E.
Lemma 11 [8] The operator defined in (4.3) is completely continuous and satisfies

T(K)c K.
The main result of this section is the following
Theorem 12: Let (Q,) and (Q,) hold, 0< fn* <1 and assume that
‘u‘~>0 |u| ‘u‘ﬁoo |u|

Then problem (1.1) has at least one positive solution in the case
(i) fo =0 and fOO =00, (Superlinear) or

(i) f, = and f, =0 (sublinear ).
Proof : We shall prove that problem BVP (1.1) has at least one positive solution in both

1659

Received: March 05, 2026



International Journal of Applied Mathematics

Volume 39 No. 1s, 2026
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

cases, superlinear and sublinear, for this we use Theorem04. We prove the superlinear case.
Since f, =0, then for any >0, 30, >0, such that fl(u)S Elu |u| <0, .Let Q, be an

open set in E defined by
Q = {y € X/||y|| < 51},

then, for any u € K N 0oQ,, it yields

Tu(t)< l(1+ p J

T 1—ﬂ774

{6/ (s)als) ;(u(s))as.

Therefore

< el 1455 |6 )

If we choose ¢ = [(l+ z )jo G,(s)a(s)d } then it yields

[7u], <

o VueKnoQ,.
Now from f, =, then YM >0, 3H >0, such that f,(u)> M|u| for |u| >H . Let

H = max{251 ,ZH}.
Y7,

Denote by €, the open set
Q, = {y € X/||y|| <H, }
Forany ue K NoQ,, have

b

trer[lrlrlllu(t >z Hu

=rt"H >2H,
alors, (Tlc Q,. Let ue KNoQ, then

Tufe)z o[ [1 R Llj G, ()as) £ (uls))ds.

oL 1-8n"

Tu(t)zf4(1+1_/fn ij G (s)als)

And choosing M = [1'4(1 + #)L’) G, (S)a(s)dsr, we get
[7u], =

oo Vu e KNMaoQ,.
By the first part of Theorem04, T has at least one fixed point in K N ((TZ \ Ql) such that,

H< || y|| < H,. This completes the superlinear case of Theorem12.

Case II Now, we assume that f, = and f, =0 (sublinear case). Proceding as above and by

the second part of Theorem04, we prove the sublinear case. This achieves the proof of
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Theorem12.

Example
In order to illustrate our results, we give the following examples

Example 01: Consider the following boundary value problem
{ u®()+eLy =0, 0<r<l,
u(0)=u'(0)=u"(0)=u"(0)=0, u(1)=puln)
We have f(t u)— cost” gy
And,

cost’
e =]

|f(t,u)—f(t,vl <

Therefore, by Theorem03, problem (Pl) has at least one solution in B, with

2(2-8ln* 1)
r= (1—7*)(1—/;;“ J(1+8)7°

Example 02: Consider the following boundary value problem
u® () +Pue ) =0, 0<r<1,
u(

0)=1/(0)=u"(0)=0, u(1)=fulnn).

Slea)=2uwe )= ale) )
al)=* < C(0.0R") fi(w)e C[R*.R")

Then

where,

fozhmfl( ) =0, fw—hmf‘( )

|u[—>0 |u| |u|—>0 |u|

By Theorem12 (i), the boundary value problem ( 2) has at least one positive solution.

Conclusion

The objective of this work is to study the existence and the positivity of solutions to a nonlinear
boundary value problem generated by a fifth-order differential equation by applying
Krasnosel'skii fixed point theorem and the well-known Guo-Krasnoselskii fixed point theorem
in cone. The boundary conditions are imposed at a three-points in the domain. We ended this
work with two examples illustrating the obtain results.
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