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Introduction 

  Multipoint boundary value problem (BVP) plays an important part in various fields, such as 

fluid mechanics, physics, engineering, and many other branches of applied mathematics. 

Recently certain three point boundary value problems for nonlinear ordinary differential 

equations have been studied by many authors. The literature concerning these problems is 

extensive and application of theorems of functional analysis has attracted more interest see 

 1513 ,113 ,1 −−  . 

In 2003, Chen Yang  2  considered a nonlinear third-order three-point boundary value problem 

and gave the existence and uniqueness of solutions by constructing Green's function and using 

its properties 

In 2018, N. Bouteraa and S. Benaicha  12  by imposing certain conditions on the nonlinear term 

f, they constructed a lower and a higher solution to prove that a solution exists for a type of 

nonlinear third-order nonlocal boundary value problem. 

 

The aim of this work is to study the existence and the positivity of solutions for the following 

nonlinear fifth-order three-point boundary value problem. 
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where  ( ) ),,1,0( ++ RRCf    ,0    .10    

Motivated by several results, we consider the three-point boundary value problem for fifth-

order differential equations (1.1). By applying Krasnosel'skii's fixed-point theorem, we discuss 

the existence solutions, to demonstrate the existence results, we transformed the posed problem 

into a sum of a contraction and a compact operator. To prove the positivity results : we 

expressed the Green function associated to the posed problem, then we apply the well-known 

Guo-Krasnoselskii fixed point theorem in cone. We ended this work with two examples 
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illustrating the obtain results. 

Throughout this paper we make the following assumptions. 

 ,0:)( 1 I  10   and ( ) )).;0[),;0[1,0( Cf   

 :)( 2I  We will use the classical Banach spaces,  1,0CE = , equiped with the norm  

 
( )tuu

tE 1,0
max


= . 

 

Preliminaries  

In this section, we presente several important preliminary lemma. 

 

 Lemma 01 :  Let  14    and   ,1,01Ly   then the problem 

( ) 10,0)5( =+ ttyu                 (2.1) 

             ( ) ( ) ( ) ( ) ( ) ( ),1  ,00000 uuuuuu =====      (2.2)   

has a unique solution 
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 Proof :  Integrating the equation in ( )1.2  over the interval  t,0  for  ,1,0t  we have 
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then, 
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which implies the Lemma 01. 

 

We need some properties of functions ( )stG , . 

 

Existence results 

Now we give some existence results for the BVP ( ).1.1   

We state a known result due to Krasnoselskii. 

 

 Theorem 02 :  1   Let E  be a closed convex and nonempty subset of a Banach space E . Let 

A  and B  be two operators such that 

 .1  ,EByAx +  whenever ., Eyx    

 .2  A  is compact and continuous. 

 .3  B  is a contraction. 

Then there exists Ez  such that .BzAzz +=   

 

 Theorem 03 : Assume that 14   and there exists a nonnegative function  )1,0()( 1Lt   

such that 

( ) ( ) ( )   .1,0 ,R, ,,, Itvuvutvtfutf =−− +     (3.1) 

Then problem )1.1(  has at least one solution on .E   

 Proof : Let ( )   1,0 ,0, = ttf  Consider the set  , : ruXuBr =  then rB   is a 

closed, bounded, and convex set of E . We define the operators A  and B  on E  as 
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For any rBu  and ,It   we get with the help of inequality )1.3(   
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Similarly, we estimate .Bv  Let rBv  and ,It   then 
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Taking estimates ( )2.3  and ( )3.3  into account, we get for any rBvu ,  and ,It   
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Now, we prove that B  is a contraction. Let ,, rBuv   and It . Then, thanks to  ( ),1.3  it 

yields 
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Let us prove that A  is compact and continuous. The continuity of f  implies that  A  is 

continuous. Also A  is uniformly bounded on rB  indeed, from ( )2.3  we have 
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Hence, if ,12 tt →  then  ( ) ( ) .012 →− tAutAu  Then A  is equicontinuous and so, by Arzela-

Ascoli theorem, we deduce that A  is compact on rB . So the operator A  is completely 

continuous. Thus, by Theorem02, problem )1.1(  has at least one solution in E . The proof is 

complete. 

 

Positive results 

To establish the existence of positive solutions to the posed problem, we employ the following 

Guo-Krasnosel'skii fixed point theorem. 

 

 Theorem 04 :  4   Let E  be a Banach space, and let ,EK   be a cone. Assume 21 ,  are 

open subsets of E  with ,0 1  ,21   and let  

( ) ,\: 12 KK →A  
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 ( ) ,uuii A  ,1Ku  and ,uu A  ,2Ku   

holds. Then A  has a fixed point in ( ).\ 12 K   
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And, that is equivalent to 
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The proof is complete. 

 

 Lemma 06:  ( )stG ,  is strictly increasing in the first variable, and satisfies the following 

properties 
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 Lemma 08:  An operator is called completely continuous if it is continuous and maps 

bounded sets into precompact sets. 
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( ) ( ) ( )( ) .
1

1
1
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1
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dssufsasGu

E 








−
+






 

Hence 

( ) ( ) ( )( ) .
1

1 11

1

0

1

4
dssufsasGu

E 








−
+

−




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On the other hand, for all  t  ,1→,   we obtain 

ut4 1


14


0

1

G1sasf1usds.

 

Therefore, we have 

 
( ) .min 5

1, Et
utu 





 

The proof is complete. 

 

 Definition 10:  We define the cone K  by 

( )
 

( ) .min ,0 , 5

1, Et
ututuXuK 


=


 

 K  is a non-empty closed and convex subset of E. 

 Lemma 11:  8  The operator defined in )3.4(  is completely continuous and satisfies 

( ) .KKT    

The main result of this section is the following 

 Theorem 12:  Let )( 1Q  and )( 2Q  hold, 10 4    and assume that  

( ) ( )
.lim  ,lim 11

0
0

u

uf
f

u

uf
f

uu →


→
==  

Then problem ( )1.1  has at least one positive solution in the case  

 ( )i  00 =f  and =f , ( )rsuperlinea   or 

 ( )ii  =0f  and 0=f  ( ).sublinear   

 Proof :  We shall prove that problem BVP  ( )1.1  has at least one positive solution in both 
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cases, superlinear and sublinear, for this we use Theorem04. We prove the superlinear case. 

Since ,00 =f  then for any  ,0  ,01   such that ( ) ,1 uuf    for 1u  . Let 1  be an 

open set in E  defined by  

 ,/ 11 = yXy  

then, for any ,1Ku  it yields  

( ) ( ) ( ) ( )( ) .
1

1
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11
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Therefore 
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
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If we choose ( ) ( ) ( )  ,1
1

1

1

01

1
4

−

− += dssasG




  then it yields 

.  , 1 KuuTu
EE

 

Now from ,=f  then ,0M  ,0H  such that ( ) uMuf 1  for Hu  . Let  

.,2max 11









= HH



  

 Denote by 2  the open set  

 ./ 12 HyXy =  

For any ,2Ku  have 

 
( ) ,min

1, Et
utu 





 

 

       ,1 HH =   

alors, .21   Let 2Ku  then 

( ) ( ) ( ) ( )( ) ,
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1 111
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
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



−
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
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And choosing ( ) ( ) ( )  ,1
1

1

1

01

4
1

−

−
+= − dssasGM 

  we get 

., 2 KuuTu
EX

 

By the first part of Theorem04, T  has at least one fixed point in ( ).\ 12 K  such that, 

.1HyH   This completes the superlinear case of Theorem12.   

Case II Now, we assume that =0f  and 0=f  (sublinear case). Proceding as above and by 

the second part of Theorem04, we prove the sublinear case. This achieves the proof of 
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Theorem12. 

 

Example 

In order to illustrate our results, we give the following examples 

 

 Example 01:  Consider the following boundary value problem 

 
( )( )

( ) ( ) ( ) ( ) ( ) ( )



=====

=+

,1  ,00000

,10,0
2

cos5 2

uuuuuu

tutu t

 

We have ( ) uutf t
2

cos 2

, = . 

And, 

( ) ( ) .
2

cos
,,

2

vu
t

vtfutf −−  

 

Therefore, by Theorem03, problem ( )1P  has at least one solution in rB  with  

( )( )
( )( ) ( )

.
111

12
4

4

 ++−−

−−





r   

 

 Example 02:  Consider the following boundary value problem  
( )( ) ( )( )

( ) ( ) ( ) ( ) ( )



====

=+ +

,1  ,0000

,10,01225

uuuuu

teuttu tu

 

where, 

( ) ( )( )( ) ( ) ( ),, 1

122 uftaeututf tu == +
 

 ( ) ( )( ),R,1,02 += Ctta  ( ) ( ).R,R1

++Cuf  

 Then 

( ) ( )
.lim  ,0lim 1

0

1

0
0 ====

→


→ u

uf
f

u

uf
f

uu
 

By Theorem12 ( ),i  the boundary value problem ( )2P  has at least one positive solution. 

 

Conclusion 

The objective of this work is to study the existence and the positivity of solutions to a nonlinear 

boundary value problem generated by a fifth-order differential equation by applying 

Krasnosel'skii fixed point theorem and the well-known Guo-Krasnoselskii fixed point theorem 

in cone. The boundary conditions are imposed at a three-points in the domain. We ended this 

work with two examples illustrating the obtain results. 
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