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Abstract
Consider the polynomially q-deformed Lie algebra, ℓpq :

[K+,K−]q = P (K0), [K0,K+]q = G (K+) , [K−,K0]q =
G (K−) , [K◦,K+]q = F (K+) , [K−,K◦]q = F (K−) , [K0,K◦]q =
(1− q)K0K◦, whose Hamiltonian isH = ω1K0+(ω1 + ω2)K◦+
λ (t)

(
K−e

iϕ +K+e
−iϕ

)
, (λ is a time-dependent coupling

parameter). The polynomially q-deformed Lie algebra, ℓpq
is introduced as a generalized model of the Tavis-Cummings
model in [31], namely:

[K1,K2] = K3, [K3,K1] = 2K1, [K3,K2] = −2K2, [K4,K1] =
−K1, [K4,K2] = K2 and [K3,K4] = 0, subject to the phys-
ical properties K3 and K4 are real diagonal operators and
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K2 = K†
1, whose Hamiltonian is H = ω1K3+(ω1 + ω2)K4+

λ (t)
(
K2e

iϕ +K1e
−iϕ

)
.

Faithful matrix representations of least degree of ℓpq are
discussed and conditions are given to guarantee the exis-
tence of the faithful representations. The Tavis-Cummings
model is itself an extension of the model of the double quan-
tized harmonic oscillator generated by K+,K− and K0, in
[13].

Math. Subject Classification: 17B10, 17B81, 35Q40,
81V80

Key Words and Phrases: Matrix representations of
Lie algebras, q-deformed Lie algebras, polynomially deformed
Lie algebras

1 Introduction

In quantum mechanics, faithful matrix representations of optical
models give more understanding of such models. The least degree
representation is ideal to handle such models.

In [27], two optical atom models were introduced, namely, the
model of two-level optical atom:

[K+, K−] = K0, [K0, K±] = ± 2K±, (1)

and the model of a light amplifier:

[K+, K−] = −2K0, [K0, K±] = ± K±. (2)

The Hamiltonian of these two coupled quantized harmonic oscilla-
tors models is of the form:

H = ω
(
a†a− b†b

)
+ λ (t)

(
a†b+ ab†

)
,

where λ (t) is an arbitrary time-dependent coupling parameter and
the Boson operators of the two-level optical atom obey the commu-
tation relations:
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[
a, a†

]
= 1 =

[
b, b†

]
(the symbol † denotes the Hermitian conjugate). As a combination
of the three operators namely, K0, K± , the Hamiltonian can be
written as

H = ωK0 + λ (t) (K+ +K−) ,

where K0 = a†a− b†b, and K+ = a†b = K†
−, with (K+ +K−) must

be real to satisfy the Hermiticity of the Hamiltonian H. In [9], it
was shown that the Lie algebra generated by the three operators,
K0, K± is the sl (2) algebra.

In [14], faithful matrix representations of least degree for the
two-level optical atom, were found to be:

K+ =

[
0 1
0 0

]
, K− = K†

+ =

[
0 0
1 0

]
and K0 =

[
1 0
0 −1

]
, (3)

while the model of a light amplifier has no faithful representation
satisfying the physical requirements. These representation matrices
were used to solve the Schrödinger’s wave equation by a method
introduced by S. Steinberg in [28] and [29]. The method was applied
in [17], to solve the Schrödinger’s wave equation of the q-deformed
coupled quantized oscillator.

Faithful matrix representations of least degree of the Lie algebra
l, were considered in [15], where

l : [K0, K±] = ±rK± and [K+, K−] = P (K0) , (4)

where P is a real polynomial function. The Lie algebra l, has been
introduced by Klimov and Romero in [22], as a polynomially de-
formed model of the coupled quantized optical atoms model in (1).

The Tavis-Cummings model in [31] and [4], namely,

[K1, K2] = K3, [K3, K1] = 2K1, [K3, K2] = −2K2,

[K4, K1] = −K1, [K4, K2] = K2, [K3, K4] = 0,
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subject to the physical propertiesK3, K4 are real diagonal operators
and K2 = K†

1, is actually, an extension of the coupled quantized
optical atoms by the diagonal operator, K4.

In order to unify the notations, it is suggested to useK+, K−, K0

and K◦ for K1, K2, K3 and K4, respectively. Hence, with respect to
these notations, the Tavis-Cummings model becomes:

[K+, K−] = K0, [K0, K+] = 2K+, [K0, K−] = −2K−, (5)

[K◦, K+] = −K+, [K◦, K−] = K−, [K0, K◦] = 0,

and its Hamiltonian is : H = ω1K0+(ω1 + ω2)K◦+λ (t)
(
K−e

iϕ +K+e
−iϕ

)
.

In [10], the least degree representation matrices of the Tavis-
Cummings model were found to be

K+ =

[
0 a± i

√
1− a2

0 0

]
, K− = K†

+, K0 =

[
1 0
0 −1

]
and K◦ =

[
b 0
0 b+ 1

]
,

(6)

for a, b ∈ R such that a2 ≤ 1.
The q-deformed Lie algebras are introduced for more essential

generalizations in quantum mechanics. For instance, in [1], it was
considered for q to be in [0, 1], for the particular model of Fermion
Oscillators.

In [18], the q-deformed Lie algebra, tq is introduced as a gener-
alization of the Tavis-Cummings model in (5) as:

tq : [K+, K−]q = rK0, [K0, K+]q = sK+, [K−, K0]q = sK−, (7)

[K◦, K+]q = tK+, [K−, K◦]q = tK−, [K0, K±]q = (1 − q) K0K◦,

subject to the physical requirements, K− = K†
+, and K0 and K◦ are 

real diagonal operators. Faithful matrix representations of degree
2 was proved to be the least degree. Also, tq was given as an exten-
sion of the generalized model of the q-deformed couples quantized
harmonic oscillator by the operator K◦.
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The representation matrices, for tq, of degree 2 as least degree,
which satisfy the physical conditions, are given in Theorem 5 as
follows.

For q ̸= −1, and a, b ∈ R, such that a2 ≤ rs
1+q2

, we have

K+ =

[
0 a± i

√
rs−(1+q2)a2

1+q2

0 0

]
, K− = K†

+ =

[
0 0

a∓ i
√

rs−(1+q2)a2

1+q2
0

]
,

K0 =
s

1+q2

[
1 0
0 −q

]
and K◦ =

[
t+ bq 0
0 b

]
. The special case

q = −1 are dicussed in Theorem 4.
This manuscript is devoted to exhibiting the faithful matrix

representations of the polynomially q-deformed Tavis-Cummings
model ℓpq, generated by K+, K−, K0 and K◦, namely

ℓpq : [K+, K−]q = P (K0), [K0, K+]q = G (K+) , [K−, K0]q = G (K−) ,

[K◦, K+]q = F (K+) , [K−, K◦]q = F (K−) , [K0, K◦]q = (1− q)K0K◦,

subject to the physical properties, K0 and K◦ are real diagonal op-
erators and K− = K†

+, where P, F and G are polynomial functions.
Actually, ℓpq can be considered as the extension of the q-deformed
coupled quantized harmonic oscillators model given in [13], namely,

lq : [K0, K+]q = G (K+) , [K−, K0]q = G (K−) , [K+, K−]q = P (K0).

2 Preliminaries

Firstly, we define the q-deformed Lie bracket as given in [1],

Definition 1. Let X and Y be n×n matrices. The q-deformed
Lie bracket of X and Y is defined to be

[X, Y ]q = XY − qY X for q ∈ R. (8)

To be self contained, we copy the following properties of the
q-deformed Lie bracket from [13].
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Theorem 2. Let Mn×n (C) be the set of all n × n matrices
over a field C and q ∈ R. Let α, β ∈ C. Then for X, Y and Z in
Mn×n (C) , we have

1. tr
(
[X, Y ]q

)
= tr

(
[Y,X]q

)
.

2. [X,Y ]†q =
[
Y †, X†]

q
.

3. [X + Y, Z]q = [X,Z]q + [Y, Z]q .

4. [X,Y + Z]q = [X, Y ]q + [X,Z]q .

5. [X,Y ]q = q [X,Y ] + (1− q)XY.

6. [αA, βB]q = αβ [A,B]q .

7. [X,Y ]q = [X, Y ] + (1− q)Y X.

8. [X,X]q = (1− q)X2.

9. [Y,X]q = [X, Y ]q − (1 + q) [X, Y ] .

10.
[
X, [Y, Z]q

]
q
+
[
Y, [Z,X]q

]
q
+
[
Z, [X, Y ]q

]
q

= (1− q) [(XY Z + Y ZX + ZXY )−q (XZY + Y XZ + ZY X)].

It should be noticed that, for q = 0, the q-deformed Lie bracket,
is the ordinary matrix multiplication of X and Y. Whereas, for
q = 1, it is the ordinary Lie bracket. Thus, we always, write [X, Y ]1
as [X,Y ], whenever needed. The matrix representation of the Tavis-
Cummings model were given for q = 1 in [10]. So, the cases where
q ∈ R−{0, 1} will be always in our interest.
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3 Faithful Representations of ℓpq

Consider the polynomially q-deformed Tavis-Cummings model ℓpq,
generated by K+, K−, K0 and K◦, namely

ℓpq : [K+, K−]q = P (K0), [K0, K+]q = G (K+) , [K−, K0]q = G (K−) , (9)

[K◦, K+]q = F (K+) , [K−, K◦]q = F (K−) , [K0, K◦]q = (1− q)K0K◦,

subject to the physical properties, K0 and K◦ are real diagonal op-
erators and K− = K†

+, where P, F and G are polynomial functions.
Clearly, from (8), the commutator [K0, K◦]q = 0 if and only

if q = 1, or K0K◦ = 0. Also, being diagonal matrices K0 and K◦,
then their commutator [K0, K◦]q = (1− q)K0K◦ = (1− q)K◦K0 =
[K◦, K0]q , which is too trivial to be included in the defining relations
of ℓpq.

Unless otherwise stated, the square matrices A,A†, B and C
denote the representation matrices of the operatorsK+, K−, K0 and
K◦, respectively, of model (9), and 0 is the zero square matrix of
appropriate size. The set Nn denotes the set {1, 2, ..., n} for positive
integer n. All representations are supposed to satisfy the physical
requirements namely, K− = K†

+, and K0 and K◦ are real diagonal
operators.

Theorem 3. The defining relations of ℓpq can be either:

[K+, K−]q = P (K0), [K0, K+]q = G (K+) , [K−, K0]q = G (K−) ,

[K◦, K+]q = F (K+) , [K−, K◦]q = F (K−) ,

or

[K+, K−]q = P (K0), (10)

[K0, K+]q = G (K+) , (11)

[K◦, K+]q = F (K+) , (12)

subject to the physical conditions: K0 and K◦ are real diagonal 
operators and K− = K†

+.
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Proof. From part 2 of Theorem 1, we have ([K0, K+]q)
† = (G (K+))

† ,
which implies that, [K−, K0]q = G (K−) . Similarly, taking the Her-
mitian conjugate of both sides of the commutator, [K◦, K+]q =
F (K+) , we get [K−, K◦]q = F (K−) .

The polynomial functions G (x) and F (x) of x, satisfy, respec-
tively,

G (K−) = [K0, K−]q − (1 + q) [K0, K−]

= −q [K0, K−]q +
(
1− q2

)
K−K0,

and

F (K−) = [K◦, K−]q − (1 + q) [K◦, K−]

= −q [K◦, K−]q +
(
1− q2

)
K−K◦.

Proof. By using parts 2 and 9 of Theorem 1, we have
G (K−) = (G (K+))

† = [K0, K+]
†
q = [K−, K0]q = [K0, K−]q −

(1 + q) [K0, K−] . Also, −q [K0, K−]q + (1− q2)K−K0 = [K−, K0]q ,
by using (8).

Similarly, by using parts 2 and 9, of Theorem, and using (8), we
have

F (K−) = (F (K+))
† = [K◦, K+]

†
q =

[
K†

+, K
†
◦

]
q
= [K−, K◦]q =

[K◦, K−]q − (1 + q) [K◦, K−] = −q [K◦, K−]q + (1− q2)K−K◦.

Unless otherwise stated, A,B,C and D are representation ma-
trices for K+, K−, K0 and K◦ respectively. All representations into
consideration are supposed to satisfy the physical properties, namely,
C and D are real diagonal matrices and B = A†. Also, P (x) , G (x)
and F (x) are polynomial functions in R [x] .

The matrix P (C) is a Hermitian matrix.

Proof. From Part 2 of Theorem 1, we have

(P (C))† =
(
[A,B]q

)†
=

([
A,A†]

q

)†
=

[(
A†)† , A†

]
q
=

[
A,A†]

q
= P (C) .

International Journal of Applied Mathematics 

Volume 39 No. 1s, 2026
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

Received: April 04, 2026 1359



The following lemma shows that interchanging the position of
two diagonal elements of C leads to a conjugate representation of
ℓpq, satisfying the physical requirements.

Let u, v ∈ Nn, and α = (u, v) be a transposition. The represen-
tation obtained by applying α to the rows as well as to the columns
of matrices A,B,C and D is a conjugate representation for ℓpq and
satisfies the physical requirements.

Proof. Let X be the elementary matrix obtained by applying
α to the rows of In. Since X = X−1 = X

T
= X† = (X−1)

†
,

then A′ = X−1AX,B′ = (A′)† = (X−1AX)
†
= X†A† (X−1)

†
=

X−1BX,C ′ = X−1CX and D′ = X−1DX are representation ma-
trices for K+, K−, K0 and K◦, respectively, satisfying:
[A′, B′]q = [X−1AX,X−1BX]q = (X−1AX) (X−1BX)−q (X−1BX) (X−1AX)

= X−1 (AB − qBA)X = X−1
(
[A,B]q

)
X = X−1P (C)X = P (X−1CX) =

P (C ′).
Similarly, [C ′, A′]q = X−1 [C,A]q X = X−1G (A)X = G (A′) and
[D′, A′]q = F (A′) .

So, we can consider C to be consisted of k diagonal blocks of
scalar matrices corresponding to different scalars. That is C =
diag(δ1In1 , δ2In2 , . . . , δkInk

), for different real numbers δ1, δ2, . . . , δk

with
k∑

i=1

ni = n, where n is the degree of the representation.

The following equations are necessary relations for A,B and
C, which are obtained from (10) - (12), respectively. For i, j =
1, 2, . . . , n, we have∑n

t=1
(aitājt − qatj āti) = 0 for i ̸= j (13)∑n

t=1

(
|ait|2 − q |ati|2

)
= P (cii) . (14)

(15)

(16)

aij (cii − qcjj ) = (G (A))ij 

aij (dii − qdjj ) = (F (A))ij
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4 Faithful Matrix Representations of

ℓpq of degree 2, where F and G are

Real Linear Polynomials

Since ℓpq is generated by 4 generators, namely, K+, K−, K0 and
K◦, then the least possible degree of a faithful matrix representa-
tion is 2, if any. In such a case, A,B = A†, C = diag (c1, c2) and
D = diag (d1, d2) with c1, c2, d1, d2 ∈ R; are linearly independent
2 × 2 matrices satisfying the physical conditions. It should be no-
ticed that when a contradiction occurs in a representation of degree
2, whenever c1 ̸= c2, a contradiction is going to occur in represen-
tations of higher degrees between two different diagonal blocks of
the representation matrix of K0. Also, if a contradiction may occur
when c1 = c2, then it will occur in representations of higher degrees
in the same diagonal block of the representation matrix of K0. This
is why representations of degree 2 are of particular importance. The
q-deformed Lie algebra ℓpq, is a generalization model to the models
in [9], [13], [15] and many other models. This is why the case where
P, F , and G are linear polynomials is practically important.

Unless otherwise stated we consider, from now on, P (x) = µx+
ν,G (x) = αx+ β and F (x) = γx+ δ for real µ, ν, α, β, γ, δ and

A =

[
a b
c d

]
, B = A† and C = diag (c1, c2) , D = diag (d1, d2) ,

(17)
where c1, c2, d1, d2 ∈ R. Thus, we have from (10)-(12), that the
diagonal matrix P (C) =

[A,B]q =

 (1− q) |a|2 + |b|2 − |c|2 q
(
ac̄+ bd̄

)
− (bā+ dc̄) q(

ac̄+ bd̄
)
− (bā+ dc̄) q |c|2 − |b|2 q + (1− q) |d|2

 = µC+νI,

(18)
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G (A) = [C,A]q =

 (1− q) ac1 b (c1 − qc2)

c (c2 − qc1) (1− q) dc2

 = αA+ βI,

(19)
and

F (A) = [D,A]q =

 (1− q) ad1 b (d1 − qd2)

c (d2 − qd1) (1− q) dd2

 = γA+ δI.

(20)
In the following theorem, we state some basic and necessary

properties of the representation matrices, enough to find and de-
cide whether the Lie algebra ℓpq has a faithful representation of
degree 2 and the polynomials P,G and F are all chosen to be linear
functions.

Theorem 4. Consider the representation matrices A,B =
A†, C = diag (c1, c2) and D = diag (d1, d2) of K+, K−, K0 and K◦,
respectively as in (17), where P (C) = µC + νI,G (A) = αA + βI
and F (A) = γA+ δI. Then

1. a and d are real and b ̸= c̄.

2. (a) If b ̸= 0, then α = c1 − qc2 and γ = d1 − qd2.

(b) If c ̸= 0, then α = c2 − qc1 and γ = d2 − qd1.

3. If bc ̸= 0, then either q = −1 or both C and D are scalar
matrices.

4. (a) β = [(1− q) c1 − α] a = [(1− q) c2 − α] d.

= 1
2
[(1− q) (ac1 + dc2)− α (a+ d)] .

(b) δ = a [(1− q) d1 − γ] = d [(1− q) d2 − γ]

= 1
2
[(1− q) (ad1 + dd2)− γ (a+ d)] .

5. µc1 + ν = (1− q) a2 +
(
|b|2 − q |c|2

)
and

µc2 + ν = (1− q) d2 +
(
|c|2 − q |b|2

)
.
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6. µ (c1 − c2) = (1− q) (a2 − d2) + (1 + q)
(
|b|2 − |c|2

)
.

7. b (d− qa) + c̄ (a− qd) = 0.

Proof. On comparing the diagonal elements on both sides of
(19), we get (1 − q) ac1 = αa + β, and (1 − q) dc2 = αd + β. On
solving for β, we get a [(1 − q) c1 − α] = β = d [(1 − q) c2 − α] .
This shows that a and d must be real numbers. If b = c̄, then A is
a Hermitian matrix, B = A, and the representation is not faithful.
This proves Part 1 and by addition, we get Part 4(a). Similarly,
when comparing the diagonal elements of both sides of (20) and
solving for δ, we get a [(1 − q) d1 − γ] = δ = d [(1 − q) d2 − γ] . By
addition, we get 2δ = (1 − q) (ad1 + dd2) − γ (a + d) . This proves
Part 4(b).
On comparing the non-diagonal elements on both sides of (19) and
(20) and solving for α and γ, respectively, we prove Part 2(a) and
Part 2(b).
If bc ̸= 0, then from Part 2(a) and Part 2(b), by subtraction to elimi-
nate α and γ, we get (c1 − c2) (q + 1) = 0 and (d1 − d2) (q + 1) = 0,
respectively. Thus, either q = −1, or c1 = c2 and d1 = d2. This
proves Part 3.
Proof of Part 5 is by comparing the diagonal elements on both sides
of the matrices in (18).
Part 6 is a consequence of Part 5, by subtraction.
From Lemma Chapter 4, we have (P (C))12 = (P (C))21 = 0, as
P (C) is diagonal. On using Part 1, we get Part 7.

Now, we discuss some special cases, where we can have faithful
representations. And focus on the faithful representations of some
important cases as a generalization of some physical models.

Let b ̸= 0 or c ̸= 0. If C is a scalar matrix, then β = 0. If D is
a scalar matrix, then δ = 0.

Proof. Let C = rI2, for some scalar r ∈ R. As c1 = c2 = r, then
from Part 2(a), α = (1 − q) r. From Part 4(a), β = [(1 − q) r − α] a =
0.
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Similarly, Let D = sI2, for s ∈ R. As d1 = d2 = s, then from
Part 2(a), γ = (1− q) s. From Part 4(b), δ = [(1− q) s− γ] a =
0.

Theorem 5. Let bc ̸= 0. If β ̸= 0, then ℓpq has no faithful
representation of degree 2.

Proof. The proof depends on Theorem . So, from Part 3, as
bc ̸= 0, then either q = −1 or C and D are scalar matrices.
If C and D are scalar matrices, then they are linearly dependent
and in such case, the representation is not faithful.
If q = −1, then from Part 2(a), and Part 2(b), we get α = c1 +
c2 ̸= 0 and γ = d1 + d2, respectively. From part 4(a), we have
[(1− q) c1 − α] a = [(1− q) c2 − α] d. Then by substituting for q =
−1 and α = c1 + c2, we get

(a+ d) (c1 − c2) = 0. (21)

Similarly, from Part 4(b) as q = −1 and γ = d1 + d2, we get

(a+ d) (d1 − d2) = 0. (22)

Let us consider the following cases.
Case 1: if a ̸= −d, then from (21) and (22), we have c1 = c2 and
d1 = d2, respectively. Thus, C and D are scalar matrices. Hence,
the representation is not faithful.
Case 2: if a = −d. Thus, from Part 5, as q = −1 and a2 = d2. So, we
get µc1+ν = 2a2+

(
|b|2 − q |c|2

)
and µc2+ν = 2d2+

(
|c|2 − q |b|2

)
.

By subtracting we get

µ (c1 − c2) = 0. (23)

From (23), we have the following two cases.
If c1 − c2 = 0. Then C = 0, and the representation is not faithful.
If c1 ̸= c2, then µ = 0, then from (18), we have P (C) = νI2, is a
scalar matrix, and hence, C is a scalar matrix. Then from Lemma
, β = 0, which is a contradiction.

International Journal of Applied Mathematics 

Volume 39 No. 1s, 2026
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

Received: April 04, 2026 1364



It should be pointed out that if b = c = 0, then the represen-
tation is not faithful. Because A,B,C, and D are going to be four
diagonal matrices and hence are linearly dependent.

Indeed, representation matrices obtained when b = 0 and c ̸= 0
are equivalent to those when b ̸= 0 and c = 0, just by interchanging
A and B.

So, we always discuss representations with b ̸= 0 and c = 0.
That is when A is an upper triangular matrix.

In the following theorem, we introduce conditions and a proce-
dure to calculate A,C, and D to guarantee faithful matrix repre-
sentations for ℓpq.

Theorem 6. Let q2 ̸= 1 and α ̸= 0. A necessary and sufficient
condition for ℓpq to have a faithful representation with c = 0 and
ab ̸= 0 is that a is a real root of equation (24), satisfying that
|b|2 > 0, where the elements of these representation matrices are
given by the following sequence of equations:

1. a is calculated as a real root of the following equation satis-
fying that |b|2 > 0,

a3q2 (1 + q) (1− q)2−aq (1 + q) (ν − qν + αµ)−βµ
(
1 + q2

)
= 0,

(24)

2.

|b|2 = −βµ+ a3q (1− q)2 (1 + q)

aq (1 + q)
. (25)

3.
d = aq. (26)

4.

c1 =
αa+ β

(1− q) a
and c2 =

αaq + β

(1− q) qa
. (27)

5.

d1 =
γa+ δ

(1− q) a
and d2 =

γaq + δ

(1− q) qa
. (28)
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Proof. The proof depends on Theorem . As c = 0 and b ̸= 0,
we get from Part 7 that

d = aq.

proving (26).

In Part 4(a), as β = [(1− q) c1 − α] a, we get that c1 =
αa+ β

(1− q) a
.

Also, from Part 4(a), as β = [(1− q) c2 − α] d and substitute for d
from (26), we have β = [(1− q) c2 − α] aq. Then solving for c2, we

get c2 =
αaq + β

(1− q) qa
. This proves (27).

Similarly, from Part 4(b) as δ = [(1− q) d1 − γ] a. Solving for d1,

we get d1 =
γa+ δ

(1− q) a
.Also, from Part 4(b), and as δ = [(1− q) d2 − γ] d,

and substitute for d from (26), then solve for d2, we get d2 =
γaq + δ

(1− q) qa
. This proves (28).

Substituting from (27) in Part 5, we get,

µ

[
αa+ β

(1− q) a

]
+ ν = (1− q) a2 + |b|2 (29)

and

µ

[
αaq + β

(1− q) qa

]
+ ν = (1− q) d2 − q |b|2

= (1− q) q2a2 − q |b|2 , by using (26).(30)

By subtracting both sides of (29) and (30), we get

µ

[
αa+ β

(1− q) a
− αaq + β

(1− q) qa

]
= (1− q)

(
1− q2

)
a2 + (1 + q) |b|2 .

Thus,

(1 + q) |b|2 = µ

[
β + aα

a (1− q)
− β + αaq

aq (1− q)

]
− (1− q)2 (1 + q) a2.

International Journal of Applied Mathematics 

Volume 39 No. 1s, 2026
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version) 

Received: April 04, 2026 1366



Hence,

|b|2 = µ

(
β + aα

a (1− q2)
− β + αaq

aq (1− q2)

)
− (1− q)2 a2

= − βµ

aq (1 + q)
− (1− q)2 a2

= −βµ+ a3q (1− q2) (1− q)

aq (1 + q)

= −βµ+ a3q (1− q)2 (1 + q)

aq (1 + q)
.

So, we proved (25).
Substitute for c1 from (27) and for |b|2 , from (25) in Part 5, and

as |c|2 = 0, we get that

µ (αa+ β)

(1− q) a
+ ν = (1− q) a2 − βµ+ a3q (1− q)2 (1 + q)

aq (1 + q)
.

Hence,

µ (αa+ β)

(1− q) a
+ ν − (1− q) a2 +

βµ+ a3q (1− q)2 (1 + q)

aq (1 + q)
= 0.

Thus,

βµ− a3q2 + a3q3 + a3q4 − a3q5 + aqν − aq3ν + q2βµ+ aqαµ+ aq2αµ

aq (1− q2)
= 0.

As q /∈ {−1, 0, 1} , this leads to the equation

βµ−a3q2+a3q3+a3q4−a3q5+aqν−aq3ν+q2βµ+aqαµ+aq2αµ = 0,

−a3q2+a3q3+a3q4−a3q5+aqαµ+aq2αµ+aqν−aq3ν+q2βµ+βµ = 0,

which can be further simplified to

a3q2 (1 + q) (1− q)2 − aq (1 + q) (ν − qν + αµ)− βµ
(
1 + q2

)
= 0.

This proves (24).
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Therefore, ℓpq has a faithful representation if and only if a is
calculated as a real root of equation (24) satisfying that |b|2 > 0 in
(25).

In the following example, we take different values of µ, ν, α, β, γ, δ
to exhibit the faithful matrix representation found by Theorem 5.

Given that q = 2, ν = −4, α = 19, µ = 2, β = −24, γ = 1, and
δ = 1.

Thus, from (24), we get the equation: a3−21a+20 = 0. Its real
roots are a1 = 1, a2 = −5 and a3 = 4. Applying in (25), we reject
a2 = −5 and a3 = 4, since |b|2 < 0. So, we choose, a1 = 1. Using
equations (26) - (28), we calculate, b = ±

√
7, c = 0, d = 2, c1 =

5, c2 = −7, d1 = −2 and d2 = −3
2
.
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