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Abstract 

 

This paper presents an SI model to study the impact of risk behaviours on HIV 

transmission among sex workers and their clients, divided into high, medium, and low-risk 

groups. Fundamental properties are established, and the basic reproduction number ℛ0 is 

computed. Local and global stability are analyzed using Varga’s theorem and the Lyapunov 

method. Numerical simulations show that migrations of high-risk individuals to lower-risk 

groups strongly affect HIV spread. The model highlights the importance of awareness and 

counselling to reduce risky behaviours and limit transmission in key populations. 
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1 Introduction 

Significant progress has been made in the fight against HIV/AIDS. According to the World 

Health Organization (WHO), more than half of people living with HIV have access to 

antiretroviral treatment (ART), and AIDS-related deaths have halved since 2005 [1]. 

Prevention of mother-to-child transmission (PMTCT) is also a priority, with nearly 76% of 

pregnant women living with HIV having access to antiretroviral drugs in 2016, an increase of 

47% from 2010 [2]. However, despite this progress, the fight against AIDS remains threatened 

by the persistence of new infections among key populations (sex workers, men who have sex 

with men and injecting drug users), who are at increased risk of HIV infection [2]. In West 

Africa, for example, sex workers are the main key population (KP) involved in HIV 

transmission, with more than 75% of HIV infections among heterosexual men attributed to 

their relationships with sex workers (FSWs) [3]. While the main strategy for combating HIV 

remains the use of ART, this is accompanied by other preventive measures such as male 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026 

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

 

Received: Aug 09, 2025 1288 

circumcision, condom use and, more recently, pre-exposure prophylaxis (PrEP), all of which 

have been shown to be effective in reducing HIV transmission in the general population [4]. 

The current challenge lies in the persistence of new infections in key populations, highlighting 

the need to adopt a targeted approach for these at-risk groups. In line with the new UNAIDS 

guidelines, a large number of studies have been carried out to gain a better understanding of 

the dynamics of HIV transmission in these populations and to assess the effectiveness of 

prevention and treatment strategies specifically adapted to these groups [5], [6], [7], [8], [9], 

[10], [11], [12], [13], [14], [15]. Among this work, that of Mukandavire et al. led to the 

development of a dynamic HIV transmission model based on data from Senegal, making it 

possible to assess the impact of commercial sex and relations between men on the spread of 

HIV. A similar study was conducted by [16] using epidemiological data from South Africa. 

Several other studies, such as those by Nsanzimana et al [17], Low et al [18], Geidelberg et al. 

[19], and Omondi et al [4], have analysed the impact of condom use, ART and PrEP among 

injecting drug users and injecting drug users. In parallel, Bhunu et al[20] explored how 

counselling and testing, combined with a reduction in sexual activity, could influence the HIV 

epidemic in resource-limited communities. Their work has all shown that these strategies can 

make a significant contribution to reducing new HIV infections among KP and thus consolidate 

the gains made in the fight against this disease. 

Our research is therefore in line with the work of Bhunu et al. [20] and Low et al. [18]. Our 

study population consists of FSWs and their clients, divided into three risk groups: high, 

medium and low, with the aim of analysing how changes in risk behaviour, symbolised by the 

migration of high-risk individuals to lower-risk groups, may influence the spread of HIV in the 

context of Burkina Faso. We therefore developed a compartmental model that follows the key 

stages of HIV infection, using parameters estimated or taken from the literature. The model 

assumes that migration occurs only from groups at high risk of infection to medium and low 

risk groups, symbolising the change in risk behaviour of FSWs. 

The paper is organised as follows: Section 2 formulates the model describing HIV transmission 

between sex workers and their clients. Section 3 presents the mathematical analysis of the 

model. The results of the model simulation are presented in section 4. Finally, the discussion 

and concluding remarks are presented in section 5. 

2 Mathematical model formulation 

In this section, we present a model of HIV spread among Femal Sex Workers (FSWs) and their 

Clients, based on a slightly modified adaptation of the model developed by Low et al. in their 

2015 study [18]. Consistent with this approach, our study population was stratified by gender 

(1: Client, 2: FSWs) and risk level (1: High risk, 2: Medium risk, 3: Low risk), using data from 

epidemiological and behavioural surveys [18], [21], [22], to capture the diversity of risk 

behaviours and interactions within these groups, essential elements for accurately modelling 

the spread of HIV. In contrast to Low’s model, our model was developed taking into account 

the key stages in the evolution of HIV infection, namely the Primo-infection phase, the Latent 

phase comprising the Asymptomatic and Symptomatic phases of the disease, and the AIDS 

phase, representing the terminal phase of HIV infection. The transition mechanism between 
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the different risk levels, reflecting the reality that high-risk behaviour can evolve towards 

lower-risk behaviour, is also taken into account, and this information is captured by the 

parameter σi. This is the main component of our analysis. The model has 24 compartments 

represented by: Sij, Pij, Lij, Aij. The classes S, P, L and A represent respectively the population 

of Susceptibles and those infected in the Primo-infection, Latent, and AIDS phases; the indices 

i and j correspond respectively to the gender and risk groups defined above. The total 

population in each sub-group is defined by Nij such that (1): 

𝑁𝑖𝑗(𝑡) = 𝑆𝑖𝑗(𝑡) + 𝑃𝑖𝑗(𝑡) + 𝐿𝑖𝑗(𝑡) + 𝐴𝑖𝑗(𝑡), ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3}  (1) 

The total population size at time 𝑡 is the sum of the population sizes of the three risk groups 

at time 𝑡, and is given by (2): 

𝑁(𝑡) =∑∑𝑁𝑖𝑗

3

𝑗=1

2

𝑖=1

(𝑡)       (2) 

The calculation of infection rates for susceptible individuals is based on parameters such as the 

average annual number of sexual partners, the stages of infection, the probability of HIV 

transmission during sexual intercourse, and the additional risk factors Γ and Υ which increase 

this probability pi during the P and A phases. These elements make it possible to realistically 

quantify the force of HIV infection within these specific groups, as described by equations (3) 

& (4): 

𝜆1𝑗 =
𝛤𝑝2𝛽2𝑗

𝑃2𝑗𝑃2𝑗 + 𝑝2𝛽2𝑗
𝐿2𝑗𝐿2𝑗 + 𝛶𝑝2𝛽2𝑗

𝐴2𝑗𝐴2𝑗

𝑁2𝑗
    (3) 

𝜆2𝑗 =
𝛤𝑝1𝛽1𝑗

𝑃1𝑗𝑃1𝑗 + 𝑝1𝛽1𝑗
𝐿1𝑗𝐿1𝑗 + 𝛶𝑝1𝛽1𝑗

𝐴1𝑗𝐴1𝑗

𝑁1𝑗
     (4) 

where : 

• 𝜒𝑖𝑗 = {𝑃𝑖𝑗 , 𝐿𝑖𝑗 , 𝐴𝑖𝑗} are the infected compartments; 

• 𝛽𝜒𝑖𝑗 is the average number of contacts a susceptible individual makes with infected 

individuals per unit of time; 

• 𝑝𝑖 is the probability of HIV transmission during vaginal intercourse; 

• 𝛤 and 𝛶 are parameters that increase the risk of HIV transmission during the P and A 

phases respectively. 

Recruitment into each risk sub-group is carried out at a rate 𝛬𝑖𝑗 defined as follows (5): 

𝛬𝑖𝑗 = 𝛼 × 𝑍𝑖𝑗 × 𝑁𝑖     (5) 
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Finally, individuals leave the system either through natural death (𝜇𝑖) or because of AIDS 

(𝑑𝑖). 
The other parameters of the model and the other assumptions made are described as follows. 

Table 1: Description of parameters used in the model 

Parameters Description 

𝛼 Population growth parameter per year 

𝑁𝑖 Initial size of sexually active population 

𝛽𝑖𝑗 Mean years number of sexual partners in each risk group 

𝜇𝑖 Death rate based on life expectancy at age 15 

𝜎𝑖 Rate of leaving high risk groups 

𝑍𝑖𝑗 Proportion of people entering sexually active population who enter each risk group 

𝛬𝑖𝑗 Recruitment rate on each group 

𝛤 Co-factor increases in probability of HIV transmission during the primary infection phase 

𝛶 Co-factor increases in probability of HIV transmission during the AIDS phase 

𝑝𝑖 HIV transmission probabilities through sex 

𝛾 Duration taken to move from asymptomatic stage to AIDS 

𝛿 Duration taken to move from primary infection to asymptomatic stage of disease 

𝜃 and (1 − 𝜃) Fraction of individuals who join the medium and low risk 

𝑑𝑖 AIDS death rates by gender 

The flow and the interactions between the compartments are shown in the figure (1) below. 

 

Figure 1: Flow diagram of AIDS dynamics in three sub-populations. 

The squares represent the male population and the circles the female population. The solid 

black arrows indicate the direction of transfer from one infection stage to another. The dotted 

red arrows indicates the direction of the heterosexual contact which can transmit the virus. 

The dashed blue arrows indicates the possible move of the individuals from one risk group to 

a lower group. 

Following the above description, the following non-linear ordinary differential equations are 

obtained. 

For the high risk group, we have 
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(HR)

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
𝑑𝑆11
𝑑𝑡

= 𝛬11 − 𝑆11(𝜆11 + 𝜇1) − 𝜎1[𝜃𝑆12 + (1 − 𝜃)𝑆13],

𝑑𝑃11
𝑑𝑡

= 𝜆11𝑆11 − 𝑃11(𝜇1 + 𝛿) − 𝜎1[𝜃𝑃12 + (1 − 𝜃)𝑃13],

𝑑𝐿11
𝑑𝑡

= 𝛿𝑃11 − 𝐿11(𝜇1 + 𝛾) − 𝜎1[𝜃𝐿12 + (1 − 𝜃)𝐿13],

𝑑𝐴11
𝑑𝑡

= 𝛾𝐿11 − 𝐴11(𝜇1 + 𝑑1) − 𝜎1[𝜃𝐴12 + (1 − 𝜃)𝐴13],

𝑑𝑆21
𝑑𝑡

= 𝛬21 − 𝑆21(𝜆21 + 𝜇2) − 𝜎2[𝜃𝑆22 + (1 − 𝜃)𝑆23],

𝑑𝑃21
𝑑𝑡

= 𝜆21𝑆21 − 𝑃21(𝜇2 + 𝛿) − 𝜎2[𝜃𝑃22 + (1 − 𝜃)𝑃23],

𝑑𝐿21
𝑑𝑡

= 𝛿𝑃21 − 𝐿21(𝜇2 + 𝛾) − 𝜎2[𝜃𝐿22 + (1 − 𝜃)𝐿23],

𝑑𝐴21
𝑑𝑡

= 𝛾𝐿21 − 𝐴21(𝜇2 + 𝑑2) − 𝜎2[𝜃𝐴22 + (1 − 𝜃)𝐴23].

     (6) 

For the medium risk group, we have 

(MR)

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
𝑑𝑆12
𝑑𝑡

= 𝛬12 − 𝑆12[𝜆12 + 𝜇1 − 𝜃𝜎1]

𝑑𝑃12
𝑑𝑡

= 𝜆12𝑆12 − 𝑃12[𝜇1 + 𝛿 − 𝜃𝜎1]

𝑑𝐿12
𝑑𝑡

= 𝛿𝑃12 − 𝐿12[𝜇1 + 𝛾 − 𝜃𝜎1]

𝑑𝐴12
𝑑𝑡

= 𝛾𝐿12 − 𝐴12[𝜇1 + 𝑑1 − 𝜃𝜎1]

𝑑𝑆22
𝑑𝑡

= 𝛬22 − 𝑆22[𝜆22 + 𝜇2 − 𝜃𝜎2]

𝑑𝑃22
𝑑𝑡

= 𝜆22𝑆22 − 𝑃22[𝜇2 + 𝛿 − 𝜃𝜎2]

𝑑𝐿22
𝑑𝑡

= 𝛿𝑃22 − 𝐿22[𝜇2 + 𝛾 − 𝜃𝜎2]

𝑑𝐴22
𝑑𝑡

= 𝛾𝐿22 − 𝐴22[𝜇2 + 𝑑2 − 𝜃𝜎2]

      (7) 

For the low risk group, we have 
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(LR)

{
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
𝑑𝑆13
𝑑𝑡

= 𝛬13 − 𝑆13[𝜆13 + 𝜇1 − (1 − 𝜃)𝜎1]

𝑑𝑃13
𝑑𝑡

= 𝜆13𝑆13 − 𝑃13[𝜇1 + 𝛿 − (1 − 𝜃)𝜎1]

𝑑𝐿13
𝑑𝑡

= 𝛿𝑃13 − 𝐿13[𝜇1 + 𝛾 − (1 − 𝜃)𝜎1]

𝑑𝐴13
𝑑𝑡

= 𝛾𝐿13 − 𝐴13[𝜇1 + 𝑑1 − (1 − 𝜃)𝜎1]

𝑑𝑆23
𝑑𝑡

= 𝛬23 − 𝑆23[𝜆23 + 𝜇2 − (1 − 𝜃)𝜎2]

𝑑𝑃23
𝑑𝑡

= 𝜆23𝑆23 − 𝑃23[𝜇2 + 𝛿 − (1 − 𝜃)𝜎2]

𝑑𝐿23
𝑑𝑡

= 𝛿𝑃23 − 𝐿23[𝜇2 + 𝛾 − (1 − 𝜃)𝜎2]

𝑑𝐴23
𝑑𝑡

= 𝛾𝐿23 − 𝐴23[𝜇2 + 𝑑2 − (1 − 𝜃)𝜎2]

    (8) 

Thus, for all (𝑖, 𝑗) ∈ {1,2} × {1,2,3}, the system of equations can be written as follows: 

(S∗)

{
 
 
 
 

 
 
 
 
𝑑𝑆𝑖𝑗

𝑑𝑡
= 𝛬𝑖𝑗 − (𝜆𝑖𝑗 + 𝜇𝑖)𝑆𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝑆𝑖2 + (2 − 𝑗)(1 − 𝜃)𝑆𝑖3)

𝑑𝑃𝑖𝑗

𝑑𝑡
= 𝜆𝑖𝑗𝑆𝑖𝑗 − (𝜇𝑖 + 𝛿)𝑃𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝑃𝑖2 + (2 − 𝑗)(1 − 𝜃)𝑃𝑖3)

𝑑𝐿𝑖𝑗

𝑑𝑡
= 𝛿𝑃𝑖𝑗 − (𝜇𝑖 + 𝛾)𝐿𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝐿𝑖2 + (2 − 𝑗)(1 − 𝜃)𝐿𝑖3)

𝑑𝐴𝑖𝑗

𝑑𝑡
= 𝛾𝐿𝑖𝑗 − (𝜇𝑖 + 𝑑𝑖)𝐴𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝐴𝑖2 + (2 − 𝑗)(1 − 𝜃)𝐴𝑖3)

 

The system of equations in (6)– (8) is subject to the following initial conditions: 

 

𝑆𝑖𝑗(0) > 0, 𝑃𝑖𝑗(0) > 0, 𝐿𝑖𝑗(0) > 0, 𝐴𝑖𝑗(0) > 0, ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3}. 

3 Mathematical analysis 

3.1 Positivity and boundedness properties 

Lemma 1. 

The positivity of the initial conditions entails the positivity of all state variables for all time 

𝑡 > 0. Moreover, 

 

limsup
𝑡→+∞

𝑁(𝑡) ≤
𝛬

𝜇
. 

Proof. 

To prove this, we use proof by contradiction. 
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Let 𝐼(𝑡) = min{𝑧𝑖𝑗(𝑡)}, ∀𝑡 > 0, and assume that there exists 

𝑡1 = sup{𝑡 > 0 ∣ 𝑧𝑖𝑗(𝑡) > 0, ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3}} ∈ [0, 𝑡] 

and 𝑇max, the final duration of the study, such that 𝑡1 < 𝑇max. 

• We now show that 𝑆11(𝑡) > 0. 

  By definition, 𝜎1 = 𝐾1𝑆11 with 𝐾1 ∈ (0,1). Assume, for contradiction, that 𝑆11(𝑡1) =

0. Define 

 

𝜌𝑆11(𝑡) = exp(∫ ((𝜆11 + 𝜇1) + 𝐾1(𝜃𝑆11(𝑠) + (1 − 𝜃)𝑆13(𝑠)))
𝑡

0

𝑑𝑠). 

  Differentiating 𝑆11(𝑡)𝜌
𝑆11(𝑡) with respect to time gives 

𝑑

𝑑𝑡
(𝑆11(𝑡)𝜌

𝑆11(𝑡)) = 𝜌𝑆11(𝑡)𝛬11. 

  Integrating from 0 to 𝑡1: 

𝑆11(𝑡1) =
1

𝜌𝑆11(𝑡1)
[𝑆11(0) + ∫ 𝛬11

𝑡1

0

𝜌𝑆11(𝑡)𝑑𝑡] > 0, 

  which is a contradiction. 

• We now show that 𝑆12(𝑡) > 0. 

  Assume 𝑆12(𝑡1) = 0 and define 

 

𝜌𝑆12(𝑡) = exp(∫ (𝜆12 + 𝜇 − 𝜃𝜎1)
𝑡

0

𝑑𝑠). 

  Differentiating 𝑆12(𝑡)𝜌
𝑆12(𝑡): 

𝑑

𝑑𝑡
(𝑆12(𝑡)𝜌

𝑆12(𝑡)) = 𝜌𝑆12(𝑡)𝛬12. 

  Integrating from 0 to 𝑡1: 

𝑆12(𝑡1) =
1

𝜌𝑆12(𝑡1)
[𝑆12(0) + ∫ 𝛬12

𝑡1

0

𝜌𝑆12(𝑡)𝑑𝑡] > 0, 

  which is also a contradiction. 

The same procedure applies to all other states of the system -. We conclude that the solution 

is strictly positive. 

Moreover, from equations -, the total population size is 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026 

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

 

Received: Aug 09, 2025 1294 

𝑁(𝑡) =∑∑(𝑆𝑖𝑗(𝑡) + 𝑃𝑖𝑗(𝑡) + 𝐿𝑖𝑗(𝑡) + 𝐴𝑖𝑗(𝑡))

3

𝑗=1

2

𝑖=1

. 

We have 

𝑑𝑁

𝑑𝑡
= 𝛬 − 𝜇𝑁 − 𝑑1(𝐴11 + 𝐴12 + 𝐴13) − 𝑑2(𝐴21 + 𝐴22 + 𝐴23) ≤ 𝛬 − 𝜇𝑁, 

with 𝛬 = ∑ 𝛬𝑖𝑗𝑖,𝑗  and 𝜇 = min{𝜇1, 𝜇2}. 

Thus, for initial conditions 0 ≤ 𝑁(0) ≤
𝛬

𝜇
, by applying the Gronwall inequality [23], [24], we 

get 

0 ≤ 𝑁(𝑡) ≤
𝛬

𝜇
. 

Therefore, the system defined by equations (6)-(8) describes a dynamical process on the 

domain 𝛺 defined as 

𝛺 := {𝑧𝑖𝑗(𝑡) ∈ ℝ∗+
24 | ∑ ∑ (𝑆𝑖𝑗 + 𝑃𝑖𝑗 + 𝐿𝑖𝑗 + 𝐴𝑖𝑗)

3
𝑗=1

2
𝑖=1 ≤

∑ 𝛬𝑖𝑗𝑖,𝑗

𝜇
} , ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3}. 

3.2 Equilibrium points 

The system (S∗) has the following two (2) equilibrium points given by: 

𝜀0 = (𝑆11
0 , 0,0,0, 𝑆21

0 , 0,0,0, 𝑆12
0 , 0,0,0, 𝑆22

0 , 0,0,0, 𝑆13
0 , 0,0,0, 𝑆23

0 , 0,0,0) ∈ ℝ∗+
24   

(10𝑎) 

𝜀1 = (

𝑆11
∗ , 𝑃11

∗ , 𝐿11
∗ , 𝐴11

∗ , 𝑆21
∗ , 𝑃21

∗ , 𝐿21
∗ , 𝐴21

∗ , 
𝑆12
∗ , 𝑃12

∗ , 𝐿12
∗ , 𝐴12

∗ ,  𝑆22
∗ , 𝑃22

∗ , 𝐿22
∗ , 𝐴22

∗ ,

 𝑆13
∗ , 𝑃13

∗ , 𝐿13
∗ , 𝐴13

∗ ,  𝑆23
∗ , 𝑃23

∗ , 𝐿23
∗ , 𝐴23

∗
) ∈ ℝ∗+

24   (10𝑏) 

Note that ε0 refers to the HIV-free equilibrium whereas ε1 defines the interior endemic 

equilibrium in the domain omega. The HIV-free equilibrium ε0 in the three risk populations 

is obtained from the systems (6)-(8) which reduces to: 

𝑑𝑆𝑖𝑗

𝑑𝑡
= 𝛬𝑖𝑗 − 𝜇𝑖𝑆𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝑆𝑖2 + (2 − 𝑗)(1 − 𝜃)𝑆𝑖3) ,

𝑑𝑃𝑖𝑗

𝑑𝑡
= −(𝜇𝑖 + 𝛿)𝑃𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝑃𝑖2 + (2 − 𝑗)(1 − 𝜃)𝑃𝑖3) ,

𝑑𝐿𝑖𝑗

𝑑𝑡
= 𝛿𝑃𝑖𝑗 − (𝜇𝑖 + 𝛾)𝐿𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝐿𝑖2 + (2 − 𝑗)(1 − 𝜃)𝐿𝑖3) ,

𝑑𝐴𝑖𝑗

𝑑𝑡
= 𝛾𝐿𝑖𝑗 − (𝜇𝑖 + 𝑑𝑖)𝐴𝑖𝑗 − 𝜎𝑖 (

−𝑗(𝑗 − 3)

2
𝜃𝐴𝑖2 + (2 − 𝑗)(1 − 𝜃)𝐴𝑖3)

  (11) 

Setting the right-hand side of the system (11) to zero and solving, we obtain: 

𝑆11
0 =

𝛬11 − 𝜎1[𝜃𝑆12
0 + (1 − 𝜃)𝑆13

0 ]

𝜇1
,  𝑆21

0 =
𝛬21 − 𝜎2[𝜃𝑆22

0 + (1 − 𝜃)𝑆23
0 ]

𝜇2
, 
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𝑆12
0 =

𝛬12
𝜇1 − 𝜃𝜎1

,  𝑆22
0 =

𝛬22
𝜇2 − 𝜃𝜎2

, 

𝑆13
0 =

𝛬13
𝜇1 − (1 − 𝜃)𝜎1

,  𝑆23
0 =

𝛬23
𝜇2 − (1 − 𝜃)𝜎2

. 

We can generalize the disease-free equilibrium like this: 

𝑆𝑖𝑗
0 =

𝛬𝑖𝑗 +
𝑗(𝑗 − 2)(𝑗 − 3)

2 𝜎𝑖[𝜃𝑆𝑖2
0 + (1 − 𝜃)𝑆𝑖3

0 ]

𝜇𝑖 − 𝜎𝑖 [(𝑗 − 1)(3 − 𝑗)𝜃 +
(𝑗 − 1)(𝑗 − 2)

2
(1 − 𝜃)]

.   (12) 

3.3 Basic reproduction number 

The basic reproductive number, denoted ℛ0, refers to the average number of secondary 

infections generated by an infectious individual in a fully susceptible population during 

his/her period of infectiousness [25], [26]. To calculate it, we use the method proposed by 

[27] and show that the result obtained is equivalent to that derived from the method of [26]. 

We begin by determining the thresholds required for HIV persistence in each risk group. The 

disease-free equilibrium in each isolated risk group, i.e. HR, MR and LR, is expressed by the 

equation (13) 

𝜀𝑗 = (𝑆1𝑗
0 , 0,0,0, 𝑆2𝑗

0 , 0,0,0)    (13) 

Let Fj and Vj define the matrices of new infections and transmission, respectively. At the 

HIV-free equilibrium the matrices Fj and Vj isolated in each are given by: 

Fj =

(

 
 
 

0 0 0 A1j B1j C1j
0 0 0 0 0 0
0 0 0 0 0 0
A2j B2j C2j 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0 )

 
 
 
, 

  

Vj =

(

 
 
 
 

a1j 0 0 0 0 0

−𝛿 b1j 0 0 0 0

0 −𝛾 c1j 0 0 0

0 0 0 a2j 0 0

0 0 0 −𝛿 b2j 0

0 0 0 0 −𝛾 c2j)

 
 
 
 

 

With 

A1j =
𝛽
2𝑗

𝑃2𝑗(𝛤𝑝2)

𝑆2𝑗
0 𝑆1𝑗

0 , B1j =
𝛽
2𝑗

𝐿2𝑗(𝑝2)

𝑆2𝑗
0 𝑆1𝑗

0 , C1j =
𝛽
2𝑗

𝐴2𝑗(𝛶𝑝2)

𝑆2𝑗
0 𝑆1𝑗

0 , 
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A2j =
𝛽
1𝑗

𝑃1𝑗(𝛤𝑝1)

𝑆1𝑗
0 𝑆2𝑗

0 , B2j =
𝛽
1𝑗

𝐿1𝑗(𝑝1)

𝑆1𝑗
0 𝑆2𝑗

0 , C2j =
𝛽
1𝑗

𝐴1𝑗(𝛶𝑝1)

𝑆1𝑗
0 𝑆2𝑗

0  

and 

aij = 𝛿 + 𝜇𝑖 + 𝜎𝑖 [(𝑗 − 1)(𝑗 − 3)𝜃 +
(𝑗 − 1)(2 − 𝑗)

2
(1 − 𝜃)] ,

bij = 𝛾 + 𝜇𝑖 + 𝜎𝑖 [(𝑗 − 1)(𝑗 − 3)𝜃 +
(𝑗 − 1)(2 − 𝑗)

2
(1 − 𝜃)] ,

cij = 𝑑𝑖 + 𝜇𝑖 + 𝜎𝑖 [(𝑗 − 1)(𝑗 − 3)𝜃 +
(𝑗 − 1)(2 − 𝑗)

2
(1 − 𝜃)] .

 

Thus, 

FjVj
−1 =

(

 
 
 

0 0 0 𝜅14 𝜅15 𝜅16
0 0 0 0 0 0
0 0 0 0 0 0
𝜅41 𝜅42 𝜅43 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 )

 
 
 

 

With 

𝜅14 =
𝛿𝛾𝐴1𝑗

𝑎2𝑗𝑏2𝑗𝑐2𝑗
+
𝛿𝐵1𝑗

𝑎2𝑗𝑏2𝑗
+
𝐶1𝑗

𝑎2𝑗
, 𝜅15 =

𝛿𝐶1𝑗

𝑏2𝑗𝑐2𝑗
+
𝐵1𝑗

𝑏2𝑗
, 𝜅16 =

𝐶1𝑗

𝑐2𝑗
, 

𝜅41 =
𝛿𝛾𝐶2𝑗

𝑎1𝑗𝑏1𝑗𝑐1𝑗
+
𝛿𝐵2𝑗

𝑎1𝑗𝑏1𝑗
+
𝐴2𝑗

𝑎1𝑗
, 𝜅42 =

𝛿𝐶2𝑗

𝑏1𝑗𝑐1𝑗
+
𝐵2𝑗

𝑏1𝑗
, 𝜅43 =

𝐶2𝑗

𝑐1𝑗
. 

Thus, the ℛ0, which is the spectral radius of 𝐹𝑗𝑉𝑗
−1, is given by 

ℛ0 = max{ℛ01, ℛ02, ℛ03}, ℛ0𝑗 = √𝜅41𝜅14. 

For example, 

ℛ01 = 𝑃 × 𝑄, 

with 

𝑃 = √
𝛿𝛾𝛶𝛽11

𝐴11𝑝1
(𝛿 + 𝜇1)(𝛾 + 𝜇1)(𝑑1 + 𝜇1)

+
𝛿𝛽11

𝐿11𝑝1
(𝛿 + 𝜇1)(𝛾 + 𝜇1)

+
𝛤𝛽11

𝑃11𝑝1
(𝛿 + 𝜇1)

,

𝑄 = √
𝛿𝛾𝛶𝛽21

𝐴21𝑝2
(𝛿 + 𝜇2)(𝛾 + 𝜇2)(𝑑2 + 𝜇2)

+
𝛿𝛽21

𝐿21𝑝2
(𝛿 + 𝜇2)(𝛾 + 𝜇2)

+
𝛤𝛽21

𝑃21𝑝2
(𝛿 + 𝜇2)

.

 

Here, 𝐴1𝑗 and 𝐴2𝑗 are constants and not states. Also, it is important to note that 𝛽11
𝑃11, 𝛽11

𝐿11, 

𝛽11
𝐴11, 𝛽21

𝑃21, 𝛽21
𝐿21, 𝛽21

𝐴21 are contacts with individuals according to their HIV status. 
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Now, we use the van den Driessche and Watmough technique [26] on (6)-(8). In our model 

the infected classes correspond to states 

𝑃11, 𝐿11, 𝐴11, 𝑃21, 𝐿21, 𝐴21, 𝑃12, 𝐿12, 𝐴12, 𝑃22, 𝐿22, 𝐴22, 𝑃13, 𝐿13, 𝐴13, 𝑃23, 𝐿23, 𝐴23. 

Thus, we can rewrite system (6)-(8) as 𝜒̇ = ℱ(𝜒) − 𝒱(𝜒), 

Where 𝜒 = (𝑃11, 𝐿11, 𝐴11, 𝑃21, 𝐿21, 𝐴21, 𝑃12, 𝐿12, 𝐴12, 𝑃22, 𝐿22, 𝐴22, 𝑃13, 𝐿13, 𝐴13, 𝑃23, 𝐿23, 𝐴23), 

ℱ is the rate of appearance of new infections in each class, and 𝒱 is the rate of transfer of 

individuals out of (for positive values) or into (for negative values) a compartment by all 

other means. 

Thus, we have 

ℱ(𝜒) =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝜆11𝑆11
0
0

𝜆21𝑆21
0
0

𝜆12𝑆12
0
0

𝜆22𝑆22
0
0

𝜆13𝑆13
0
0

𝜆23𝑆23
0
0 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 and 𝒱(𝜒) =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑃11(𝜇1 + 𝛿) − 𝜎1(𝜃𝑃12 + (1 − 𝜃)𝑃13)

−𝛿𝑃11 + 𝐿11(𝜇1 + 𝛾) + 𝜎1(𝜃𝐿12 + (1 − 𝜃)𝐿13)

−𝛾𝐿11 + 𝐴11(𝜇1 + 𝑑1) + 𝜎1(𝜃𝐴12 + (1 − 𝜃)𝐴13)

𝑃21(𝜇2 + 𝛿) − 𝜎2(𝜃𝑃22 + (1 − 𝜃)𝑃23)

−𝛿𝑃21 + 𝐿21(𝜇2 + 𝛾) + 𝜎2(𝜃𝐿22 + (1 − 𝜃)𝐿23)

−𝛾𝐿21 + 𝐴21(𝜇2 + 𝑑2) + 𝜎2(𝜃𝐴22 + (1 − 𝜃)𝐴23)

𝑃12(𝜇1 + 𝛿) − 𝜎1(𝜃𝑃12 + (1 − 𝜃)𝑃13)

−𝛿𝑃12 + 𝐿12(𝜇1 + 𝛾) + 𝜎1(𝜃𝐿12 + (1 − 𝜃)𝐴13)

−𝛾𝐿12 + 𝐴12(𝜇1 + 𝑑1) + 𝜎1(𝜃𝐴12 + (1 − 𝜃)𝐴13)

𝑃22(𝜇2 + 𝛿) − 𝜎2(𝜃𝑃22 + (1 − 𝜃)𝑃23)

−𝛿𝑃22 + 𝐿22(𝜇2 + 𝛾) + 𝜎2(𝜃𝐿22 + (1 − 𝜃)𝐿23)

−𝛾𝐿22 + 𝐴22(𝜇2 + 𝑑2) + 𝜎2(𝜃𝐴22 + (1 − 𝜃)𝐴23)

𝑃13(𝜇1 + 𝛿) − 𝜎1(𝜃𝑃12 + (1 − 𝜃)𝑃13)

−𝛿𝑃13 + 𝐿13(𝜇1 + 𝛾) + 𝜎1(𝜃𝐿12 + (1 − 𝜃)𝐿13)

−𝛾𝐿13 + 𝐴13(𝜇1 + 𝑑1) + 𝜎1(𝜃𝐴12 + (1 − 𝜃)𝐴13)

𝑃23(𝜇2 + 𝛿) − 𝜎2(𝜃𝑃22 + (1 − 𝜃)𝑃23)

−𝛿𝑃23 + 𝐿23(𝜇2 + 𝛾) + 𝜎2(𝜃𝐿22 + (1 − 𝜃)𝐿23)

−𝛾𝐿23 + 𝐴23(𝜇2 + 𝑑2) + 𝜎2(𝜃𝐴22 + (1 − 𝜃)𝐴23))

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

The jacobian matrix of F and V at the disease-free equilibrium 𝜀0 are given by: 

𝐹 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0 𝐹1,4 𝐹1,5 𝐹1,6 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
𝐹4,1 𝐹4,2 𝐹4,3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 𝐹7,10 𝐹7,11 𝐹7,12 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 𝐹10,7 𝐹10,8 𝐹10,9 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝐹13,16 𝐹13,17 𝐹13,18
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝐹16,13 𝐹16,14 𝐹16,15 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

With 
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𝐹01,04 =
𝛽11
𝑃11(𝛤𝑝2)

𝑆21
0 𝑆11

0 , 𝐹01,05 =
𝛽11
𝐿11(𝑝2)

𝑆21
0 𝑆11

0 , 𝐹01,06 =
𝛽11
𝐴11(𝛶𝑝2)

𝑆21
0 𝑆11

0

𝐹04,01 =
𝛽21
𝑃21(𝛤𝑝1)

𝑆11
0 𝑆21

0 , 𝐹04,02 =
𝛽21
𝐿21(𝑝1)

𝑆11
0 𝑆21

0 , 𝐹04,03 =
𝛽21
𝐴21(𝛶𝑝1)

𝑆11
0 𝑆21

0

𝐹07,10 =
𝛽12
𝑃12(𝛤𝑝2)

𝑆22
0 𝑆12

0 , 𝐹07,11 =
𝛽12
𝐿12(𝑝2)

𝑆22
0 𝑆12

0 , 𝐹07,12 =
𝛽12
𝐴12(𝛶𝑝2)

𝑆22
0 𝑆12

0

𝐹10,07 =
𝛽22
𝑃22(𝛤𝑝1)

𝑆12
0 𝑆22

0 , 𝐹10,08 =
𝛽22
𝐿22(𝑝1)

𝑆12
0 𝑆22

0 , 𝐹10,09 =
𝛽22
𝐴22(𝛶𝑝1)

𝑆12
0 𝑆22

0

𝐹13,16 =
𝛽13
𝑃13(𝛤𝑝2)

𝑆23
0 𝑆13

0 , 𝐹13,17 =
𝛽13
𝐿13(𝑝2)

𝑆23
0 𝑆13

0 , 𝐹13,18 =
𝛽13
𝐴13(𝛶𝑝2)

𝑆23
0 𝑆13

0

𝐹16,13 =
𝛽23
𝑃23(𝛤𝑝1)

𝑆13
0 𝑆23

0 , 𝐹16,14 =
𝛽23
𝐿23(𝑝1)

𝑆13
0 𝑆23

0 , 𝐹16,15 =
𝛽23
𝐴23(𝛶𝑝1)

𝑆13
0 𝑆23

0

 

and 

𝑉 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑎11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0 0

−𝛿 𝑏11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0

0 −𝛾 𝑐11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0

0 0 0 𝑎21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0 0

0 0 0 −𝛿 𝑏21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0

0 0 0 0 −𝛾 𝑐21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2
0 0 0 0 0 0 𝑎12 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 −𝛿 𝑏12 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 −𝛾 𝑐12 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 𝑎22 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 −𝛿 𝑏22 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐22 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 𝑎13 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −𝛿 𝑏13 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐13 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝑎23 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛿 𝑏23 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐23
)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

respectively, where : 

𝜉 = 1 − 𝜃,
𝑎11 = 𝛿 + 𝜇1,  𝑏11 = 𝛾 + 𝜇1,  𝑐11 = 𝑑1 + 𝜇1,
𝑎21 = 𝛿 + 𝜇2,  𝑏21 = 𝛾 + 𝜇2,  𝑐21 = 𝑑2 + 𝜇2,
𝑎12 = 𝛿 + 𝜇1 − 𝜎1𝜃,  𝑏12 = 𝛾 + 𝜇1 − 𝜎1𝜃,  𝑐12 = 𝑑1 + 𝜇1 − 𝜎1𝜃,
𝑎22 = 𝛿 + 𝜇2 − 𝜎2𝜃,  𝑏22 = 𝛾 + 𝜇2 − 𝜎2𝜃,  𝑐22 = 𝑑2 + 𝜇2 − 𝜎2𝜃,

𝑎13 = 𝛿 + 𝜇1 − (1 − 𝜃)𝜎1,  𝑏13 = 𝛾 + 𝜇1 − (1 − 𝜃)𝜎1,  𝑐13 = 𝑑1 + 𝜇1 − (1 − 𝜃)𝜎1,

𝑎23 = 𝛿 + 𝜇2 − (1 − 𝜃)𝜎2,  𝑏23 = 𝛾 + 𝜇2 − (1 − 𝜃)𝜎2,  𝑐23 = 𝑑2 + 𝜇2 − (1 − 𝜃)𝜎2,

𝑐21 = 𝑑2 + 𝜇2.

 

The matrix V is invertible (non-zero determinant) and its inverse 𝑉−1 is defined by: 
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𝑉−1 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑉1,1 0 0 0 0 0 𝑉1,7 0 0 0 0 0 𝑉1,13 0 0 0 0 0

𝑉2,1 0 𝑉2,2 0 0 0 𝑉2,7 𝑉2,8 0 0 0 0 𝑉2,13 𝑉2,14 0 0 0 0

𝑉3,1 𝑉3,2 𝑉3,3 0 0 0 𝑉3,7 𝑉3,8 𝑉3,9 0 0 0 𝑉3,13 𝑉3,14 𝑉3,15 0 0 0

0 0 0 𝑉4,4 0 0 0 0 0 𝑉4,10 0 0 0 0 0 𝑉4,16 0 0

0 0 0 𝑉5,4 𝑉5,5 0 0 0 0 𝑉5,10 𝑉5,11 0 0 0 0 𝑉5,16 𝑉5,17 0

0 0 0 𝑉6,4 𝑉6,5 𝑉6,6 0 0 0 𝑉6,10 𝑉6,11 𝑉6,12 0 0 0 𝑉6,16 𝑉6,17 𝑉6,18
0 0 0 0 0 0 𝑉7,7 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 𝑉8,7 𝑉8,8 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 𝑉9,7 𝑉9,8 𝑉9,9 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 𝑉10,10 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 𝑉11,10 𝑉11,11 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 𝑉12,10 𝑉12,11 𝑉12,12 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 𝑉13,13 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 𝑉14,13 𝑉14,14 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 𝑉15,13 𝑉15,14 𝑉15,15 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝑉16,16 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝑉17,16 𝑉17,17 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝑉18,16 𝑉18,17 𝑉18,18
)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

where 

𝑉1,1 =
1

𝜇1 + 𝛿
,  𝑉2,1 =

𝛿

(𝜇1 + 𝛿)(𝜇1 + 𝛾)
,  𝑉3,1 =

𝛿𝛾

(𝜇1 + 𝛿)(𝜇1 + 𝛾)(𝜇1 + 𝑑1)
,

𝑉4,4 =
1

𝜇2 + 𝛿
,  𝑉5,4 =

𝛿

(𝜇2 + 𝛿)(𝜇2 + 𝛾)
,  𝑉6,4 =

𝛿𝛾

(𝜇2 + 𝛿)(𝜇2 + 𝛾)(𝜇2 + 𝑑2)
,

𝑉7,7 =
1

𝜇1 + 𝛿 − 𝜃𝜎1
,  𝑉8,7 =

𝛿

(𝜇1 + 𝛿 − 𝜃𝜎1)(𝜇1 + 𝛾 − 𝜃𝜎1)
,

𝑉10,10 =
1

𝜇2 + 𝛿 − 𝜃𝜎2
,  𝑉11,10 =

𝛿

(𝜇2 + 𝛿 − 𝜃𝜎2)(𝜇2 + 𝛾 − 𝜃𝜎2)
.

 

𝑉12,10 =
𝛿𝛾

(𝜇2 + 𝛿 − 𝜃𝜎2)(𝜇2 + 𝛾 − 𝜃𝜎2)(𝜇2 + 𝑑2 − 𝜃𝜎2)

𝑉17,16 =
𝛿

(𝜇2 + 𝛿 − (1 − 𝜃)𝜎2)(𝜇2 + 𝛾 − (1 − 𝜃)𝜎2)

𝑉14,13 =
𝛿

(𝜇1 + 𝛿 − (1 − 𝜃)𝜎1)(𝜇1 + 𝛾 − (1 − 𝜃)𝜎1)

𝑉9,7 =
𝛿𝛾

(𝜇1 + 𝛿 − 𝜃𝜎1)(𝜇1 + 𝛾 − 𝜃𝜎1)(𝜇1 + 𝑑1 − 𝜃𝜎1)

 

𝑉15,13 =
𝛿𝛾

(𝜇1 + 𝛿 − (1 − 𝜃)𝜎1)(𝜇1 + 𝛾 − (1 − 𝜃)𝜎1)(𝜇1 + 𝑑1 − (1 − 𝜃)𝜎1)

𝑉18,16 =
𝛿𝛾

(𝜇2 + 𝛿 − (1 − 𝜃)𝜎2)(𝜇2 + 𝛾 − (1 − 𝜃)𝜎2)(𝜇2 + 𝑑2 − (1 − 𝜃)𝜎2)

 

So the next-generation matrix −𝐹𝑉−1 is given by: 



International Journal of Applied Mathematics  

Volume 39 No. 1s, 2026 

ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)  

 

Received: Aug 09, 2025 1300 

−𝐹𝑉−1 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0 𝑀01 • • 0 0 0 • • • 0 0 0 • • •

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
𝑀10 • • 0 0 0 • • • 0 0 0 • • • 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 𝑀19 • • 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 𝑀22 • • 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝑀25 • •

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝑀28 • • 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

With 

𝑀01 = 𝐹1,4𝑉4,4 + 𝐹1,5𝑉5,4 + 𝐹1,6𝑉6,4
𝑀10 = 𝐹4,1𝑉1,1 + 𝐹4,2𝑉2,1 + 𝐹4,3𝑉3,1
𝑀19 = 𝐹7,10𝑉10,10 + 𝐹7,11𝑉11,10 + 𝐹7,12𝑉12,10
𝑀22 = 𝐹10,7𝑉7,7 + 𝐹10,8𝑉8,7 + 𝐹10,9𝑉9,7
𝑀25 = 𝐹13,16𝑉16,16 + 𝐹13,17𝑉17,16 + 𝐹13,18𝑉18,16
𝑀28 = 𝐹16,13𝑉13,13 + 𝐹16,14𝑉14,13 + 𝐹16,15𝑉15,13

 

The basic reproduction number is given by 

ℛ0 = 𝜌(−𝐹𝑉
−1), 

the spectral radius of the next-generation matrix −𝐹𝑉−1. We have 

ℛ0 = max{√𝑀01 ×𝑀10, √𝑀19 ×𝑀22, √𝑀25 ×𝑀28}.   (14) 

Remark. The dots (•) are elements of the matrix which are not used to calculate ℛ0. The 

basic reproduction number ℛ0 evaluates the average number of new infections generated by a 

single infected individual in a completely susceptible population. 

3.4 Stability analysis 

We assume the following: 

(H)  Pij,  Lij and Aij ∈ ℝ
∗+, ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3} 
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(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

P11
L11
A11
P21
L21
A21
P12
L12
A12
P22
L22
A22
P13
L13
A13
P23
L23
A23)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

≤

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

P11
∗

L11
∗

A11
∗

P21
∗

L21
∗

A21
∗

P12
∗

L12
∗

A12
∗

P22
∗

L22
∗

A22
∗

P13
∗

L13
∗

A13
∗

P23
∗

L23
∗

A23
∗ )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Lemma 2. The disease-free equilibrium ε0 of system (𝑆∗) is globally asymptotically stable, 

when ℛ0 < 1. 

Proof. Let us consider the infected classes Pij, Lij, Aij,  ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3}. By the 

equations corresponding to these states, we have the linearization system at ε0 given by: 

(𝑆∗)

{
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
Ṗ11 = 𝑎11𝑃11 + 𝐹1,4𝑃21 + 𝐹1,5𝐿21 + 𝐹1,6𝐴21 + 𝜃𝜎1𝑃12 + 𝜎1𝜉𝑃13

L̇11 = −𝛿𝑃11 − 𝑏11𝐿11 + 𝜃𝜎1𝐿12 + 𝜎1𝜉𝐿13
Ȧ11 = −𝛾𝐿11 − 𝑐11𝐴11 + 𝜃𝜎1𝐴12 + 𝜎1𝜉𝐴13
Ṗ21 = 𝐹4,1𝑃11 + 𝐹4,2𝐿11 + 𝐹4,3𝐴11 + 𝜃𝜎2𝑃22 + 𝜎2𝜉𝑃23

L̇21 = −𝛿𝑃21 − 𝑏21𝐿21 + 𝜃𝜎2𝐿22 + 𝜎2𝜉𝐿23
Ȧ21 = −𝛾𝐿21 − 𝑐21𝐴21 + 𝜃𝜎2𝐴22 + 𝜎2𝜉𝐴23
Ṗ12 = 𝑎12𝑃12 + 𝐹7,10𝑃22 + 𝐹7,11𝐿22 + 𝐹7,12𝐴22

L̇12 = −𝛿𝑃12 − 𝑏12𝐿12
Ȧ12 = 𝛾𝐿12 − 𝑐12𝐴12
Ṗ22 = 𝑎22𝑃22
L̇22 = −𝛿𝑃22 + 𝑏22𝐿22
Ȧ22 = −𝛾𝐿22 − 𝑐22𝐴22
Ṗ13 = 𝑎13𝑃13
L̇13 = −𝛿𝑃13 − 𝑏13𝐿13
Ȧ13 = −𝛾𝐿13 + 𝑐13𝐴13
Ṗ23 = 𝐹16,13𝑃13 + 𝐹16,14𝐿13 + 𝐹16,15𝐴13 + 𝑎23𝑃23

L̇23 = −𝛿𝑃23 − 𝑏23𝐿23
Ȧ23 = −𝛾𝐿23 − 𝑐23𝐴23
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The matrix ℳ1 associated to the linearised system is given by: 

ℳ1 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑎11 0 0 𝐹1,4 𝐹1,5 𝐹1,6 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0 0 0

−𝛿 𝑏11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0 0
0 −𝛾 𝑐11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0
𝐹4,1 𝐹4,2 𝐹4,3 𝑎21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0 0 0

0 0 0 −𝛿 𝑏21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0 0
0 0 0 0 −𝛾 𝑐21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0
0 0 0 0 0 0 𝑎12 0 0 𝐹7,10 𝐹7,11 𝐹7,12 0 0 0 0 0 0 0

0 0 0 0 0 0 −𝛿 𝑏12 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −𝛾 𝑐12 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 𝑎22 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −𝛿 𝑏22 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐22 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝑎13 0 0 𝐹13,16 𝐹13,17 𝐹13,18 0

0 0 0 0 0 0 0 0 0 0 0 0 −𝛿 𝑏13 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐13 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝐹16,13 𝐹16,14 𝐹16,15 𝑎23 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛿 𝑏23 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐23 0

)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Then, the system can be written in vector form as: 

ż ≤ ℳ1 z,     (15) 

Where  z = (P11, L11, A11, P21, L21, A21, P12, L12, A12, P22, L22, A22, P13, L13, A13, P23, L23, A23)
𝑡. 

Let 

ℳ1 = 𝐹1 + 𝑉1, 

with 

𝑉1 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

𝑎11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0 0 0
−𝛿 𝑏11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0 0
0 −𝛾 𝑐11 0 0 0 0 0 𝜃𝜎1 0 0 0 0 0 𝜉𝜎1 0 0 0 0
0 0 0 𝑎21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0 0 0
0 0 0 −𝛿 𝑏21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0 0
0 0 0 0 −𝛾 𝑐21 0 0 0 0 0 𝜃𝜎2 0 0 0 0 0 𝜉𝜎2 0
0 0 0 0 0 0 𝑎12 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −𝛿 𝑏12 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 −𝛾 𝑐12 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 𝑎22 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −𝛿 𝑏22 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐22 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝑎13 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 −𝛿 𝑏13 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐13 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝑎23 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛿 𝑏23 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −𝛾 𝑐23 0)

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

. 

and 

𝐹1 =

(

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

0 0 0 𝐹1,4 𝐹1,5 𝐹1,6 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
𝐹4,1 𝐹4,2 𝐹4,3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 𝐹7,10 𝐹7,11 𝐹7,12 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 𝐹10,7 𝐹10,8 𝐹10,9 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 𝐹13,16 𝐹13,17 𝐹13,18
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 𝐹16,13 𝐹16,14 𝐹16,15 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 )

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

The matrix V1 is an invertible matrix and its invert 𝑉1
−1 is defined above. We can also see that 

F1 ≥ 0 and V1 ≥ 0 (all off diagonal entries non-negative). This implies that V1 is a Metzler 

matrix, for all 𝑧 ∈ Ω. Thus, ℛ0 = ρ(−FV−1) and from the theorem of Varga [28], the matrix 
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ℳ1 is asymptotically stable. The eigenvalue of matrix ℳ1 has negative real part, by a standard 

comparison theorem [29], when 𝑡 → +∞, Pij → 0, Lij → 0 and Aij → 0, ∀(𝑖, 𝑗) ∈ {1,2} ×

{1,2,3} for system (𝑆∗) and substituting Pij = 0, Lij = 0 and Aij = 0, ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3} 

in (𝑆), we get Sij → Sij
0, ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3} as well as 𝑡 → +∞. Thus, (Sij, Pij, Lij, Aij) →

(Sij
0, 0,0,0), ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3} as 𝑡 → +∞ for system (S∗), when ℛ0 < 1. Therefore, 

disease-free equilibrium ε0 is globally asymptotically stable in the positively set Ω, when ℛ0 <

1 

Lemma 3. The endemic equilibrium ε1 of system (S∗) is globally asymptotically stable, 

when ℛ0 > 1. 

Proof For this proof, we use the technique used in [30]. Let 

ε∗ = (
𝑆11, 𝑃11, 𝐿11, 𝐴11, 𝑆11, 𝑃11, 𝐿11, 𝐴11
𝑆12, 𝑃12, 𝐿12, 𝐴12, 𝑆22, 𝑃22, 𝐿22, 𝐴22
𝑆13, 𝑃13, 𝐿13, 𝐴13, 𝑆23, 𝑃23, 𝐿23, 𝐴23

) 

be the endemic equilibrium of system (S∗). From system (S∗), we have: 

(𝛥) =

{
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

𝛬11 = (𝜆11
∗ + 𝜇1)𝑆11

∗ − 𝜎1[𝜃𝑆12
∗ + (1 − 𝜃)𝑆13

∗ ],

(𝛿 + 𝜇1)ℎ11
∗ = 𝜆11

∗ 𝑆11
∗ − 𝜎1[𝜃𝑃12

∗ + (1 − 𝜃)𝑃13
∗ ],

(𝛾 + 𝜇1)𝐿11
∗ = 𝜆11

∗ 𝑆11
∗ − 𝜎1[𝜃𝐿12

∗ + (1 − 𝜃)𝐿13
∗ ],

(𝛿 + 𝑑1)𝑃11
∗ = 𝛾𝐿11

∗ − 𝜎1[𝜃𝐴12
∗ + (1 − 𝜃)𝐴13

∗ ],

𝛬21 = (𝜆21
∗ + 𝜇2)𝑆21

∗ − 𝜎2[𝜃𝑆22
∗ + (1 − 𝜃)𝑆23

∗ ],

(𝛿 + 𝜇2)𝑃21
∗ = 𝜆21

∗ 𝑆21
∗ − 𝜎2[𝜃𝑃22

∗ + (1 − 𝜃)𝑃23
∗ ],

(𝛾 + 𝜇2)𝐿21
∗ = 𝜆21

∗ 𝑆21
∗ − 𝜎2[𝜃𝐿22

∗ + (1 − 𝜃)𝐿23
∗ ],

(𝛿 + 𝑑2)𝑃21
∗ = 𝛾𝐿21

∗ − 𝜎2[𝜃𝐴22
∗ + (1 − 𝜃)𝐴23

∗ ],

𝛬12 = [𝜆12
∗ + 𝜇1 − 𝜎1𝜃]𝑆12

∗ ,

𝜆12
∗ 𝑆12

∗ = [𝛿 + 𝜇1 − 𝜎1𝜃]𝑃12
∗ ,

𝛿𝑃12
∗ = [𝛾 + 𝜇1 − 𝜎1𝜃]𝐿12

∗ ,

𝛾𝑦12
∗ = [𝑑1 + 𝜇1 − 𝜎1𝜃]𝐴12

∗ ,

𝛬22 = [𝜆22
∗ + 𝜇2 − 𝜎2𝜃]𝑆22

∗ ,

𝜆22
∗ 𝑆22

∗ = [𝛿 + 𝜇2 − 𝜎2𝜃]𝑃22
∗ ,

𝛿ℎ22
∗ = [𝛾 + 𝜇2 − 𝜎2𝜃]𝐿22

∗ ,

𝛾𝐿22
∗ = [𝑑2 + 𝜇2 − 𝜎2𝜃]𝐴22

∗ ,

𝛬13 = [𝜆13
∗ + 𝜇1 − 𝜎1(1 − 𝜃)]𝑆13

∗ ,

𝜆13
∗ 𝑆13

∗ = [𝛿 + 𝜇1 − 𝜎1(1 − 𝜃)]𝑃13
∗ ,

𝛿𝑃13
∗ = [𝛾 + 𝜇1 − 𝜎1(1 − 𝜃)]𝐿13

∗ ,

𝛾𝐿13
∗ = [𝑑1 + 𝜇1 − 𝜎1(1 − 𝜃)]𝐴13

∗ ,

𝛬23 = [𝜆23
∗ + 𝜇2 − 𝜎2(1 − 𝜃)]𝑆23

∗ ,

𝜆23
∗ 𝑆22

∗ = [𝛿 + 𝜇2 − 𝜎2(1 − 𝜃)]𝑃23
∗ ,

𝛿𝑃23
∗ = [𝛾 + 𝜇2 − 𝜎2(1 − 𝜃)]𝐿23

∗ ,

𝛾𝐿23
∗ = [𝑑2 + 𝜇2 − 𝜎2(1 − 𝜃)]𝐴23

∗ .

 

Let define the function Ψ on ℝ∗+ by 
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Ψ(x) = x − 1 − ln(x) 

The function Ψ is non-negative for all x ∈ ℝ∗+. Let us consider the Lyapunov candidate 

function define by: 

V =∑∑(VSij + VPij + VLij + VAij)

3

𝑗=1

2

𝑖=1

, 

Where  

𝑉𝑆𝑖𝑗 = 𝑆𝑖𝑗
∗Ψ(

𝑆𝑖𝑗

𝑆𝑖𝑗
∗ )     𝑉𝑃𝑖𝑗 = 𝑃𝑖𝑗

∗Ψ(
𝑃𝑖𝑗

𝑃𝑖𝑗
∗ )     𝑉𝐿𝑖𝑗 = 𝐿𝑖𝑗

∗ Ψ(
𝐿𝑖𝑗

𝐿𝑖𝑗
∗ )      𝑉𝐴𝑖𝑗 = 𝐴𝑖𝑗

∗ Ψ(
𝐴𝑖𝑗

𝐴𝑖𝑗
∗ ) 

∀(𝑖, 𝑗) ∈ {1,2} × {1, 2, 3} 

 

  

Let Vj be the Lyapunov functions defined for each risk group such that 

𝑉̇1 = 𝑉̇11 + 𝑉̇21;  𝑉̇2 = 𝑉̇12 + 𝑉̇22;  𝑉̇3 = 𝑉̇13 + 𝑉̇23. 

Where 

V̇11 = V̇S11 + V̇P11 + V̇L11 + V̇A11;

V̇21 = V̇S21 + V̇P21 + V̇L21 + V̇A21;

V̇12 = V̇S12 + V̇P12 + V̇L12 + V̇A12;

V̇22 = V̇S22 + V̇P22 + V̇L22 + V̇A22;

V̇13 = V̇S13 + V̇P13 + V̇L13 + V̇A13;

V̇23 = V̇S23 + V̇P23 + V̇L23 + V̇A23 .

 

The Lyapunov function 𝑉 for the system (Δ) is defined so that 

 V̇ = V̇1 + V̇2 + V̇3 ≤ 0. 

If we manage to show V1 ≤ 0, V2 ≤ 0 and V3 ≤ 0 then we have proved 𝑉 ≤ 0. 

Now, we have to differentiate the function 𝑉 with respect to time. 

Let us compute V̇S11 : 

𝑉̇𝑆11 = (1 −
𝑆11
∗

𝑆11
) 𝑆̇11

= (1 −
𝑆11
∗

𝑆11
) (𝛬11 − (𝜆11 + 𝜇1)𝑆11 − 𝜎1(𝜃𝑆12 + (1 − 𝜃)𝑆13)).

 

By replacing 𝜆11 by its expression and using the first equation of (𝛥), we have 
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𝑉̇𝑆11 = −𝜇1
(𝑆11 − 𝑆11

∗ )2

𝑆11
− 𝜎1𝜃

(𝑆11 − 𝑆11
∗ )(𝑆12 + 𝑆12

∗ )

𝑆11
− 𝜎1(1 − 𝜃)

(𝑆11 − 𝑆11
∗ )(𝑆13 + 𝑆13

∗ )

𝑆11

+
𝛽21
𝑃21(𝛤𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
(1 −

𝑆11
∗

𝑆11
) (1 −

𝑆11
∗ 𝑃21

∗

𝑆11𝑃21
)

+
𝛽21
𝐿21(𝑝2)𝑆11

∗ 𝐿21
∗

𝑁21
(1 −

𝑆11
∗

𝑆11
) (1 −

𝑆11
∗ 𝐿21

∗

𝑆11𝐿21
)

+
𝛽21
𝐴21(𝛶𝑝2)𝑆11

∗ 𝐴21
∗

𝑁21
(1 −

𝑆11
∗

𝑆11
) (1 −

𝑆11
∗ 𝐴21

∗

𝑆11𝐴21
)

𝑉̇𝑆11 = −𝜇1
(𝑆11 − 𝑆11

∗ )2

𝑆11
− 𝜎1𝜃

(𝑆11 − 𝑆11
∗ )(𝑆12 + 𝑆12

∗ )

𝑆11
− 𝜎1(1 − 𝜃)

(𝑆11 − 𝑆11
∗ )(𝑆13 + 𝑆13

∗ )

𝑆11

+
𝛽21
𝑃21(𝛤𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
(1 −

𝑆11𝑃21
𝑆11
∗ 𝑃21

∗ + ln(
𝑆11𝑃21
𝑆11
∗ 𝑃21

∗ ) + 1 −
𝑆11
∗

𝑆11
+ ln (

𝑆11
∗

𝑆11
) +

𝑃21
∗

𝑃21
+ ln (

𝑃21
∗

𝑃21
))

+
𝛽21
𝐿21(𝑝2)𝑆11

∗ 𝐿21
∗

𝑁21
(1 −

𝑆11𝐿21
𝑆11
∗ 𝐿21

∗ + ln(
𝑆11𝐿21
𝑆11
∗ 𝐿21

∗ ) + 1 −
𝑆11
∗

𝑆11
+ ln (

𝑆11
∗

𝑆11
) +

𝐿21
∗

𝐿21
+ ln (

𝐿21
∗

𝐿21
))

+
𝛽21
𝐴21(𝛶𝑝2)𝑆11

∗ 𝐴21
∗

𝑁21
(1 −

𝑆11𝐴21
𝑆11
∗ 𝐴21

∗ + ln(
𝑆11𝐴21
𝑆11
∗ 𝐴21

∗ ) + 1 −
𝑆11
∗

𝑆11
+ ln (

𝑆11
∗

𝑆11
) +

𝐴21
∗

𝐴21
+ ln (

𝐴21
∗

𝐴21
))

 

𝑉̇𝑆11 = −𝜇1
(𝑆11 − 𝑆11

∗ )2

𝑆11
− 𝜎1𝜃

(𝑆11 − 𝑆11
∗ )(𝑆12 + 𝑆12

∗ )

𝑆11

 −𝜎1(1 − 𝜃)
(𝑆11 − 𝑆11

∗ )(𝑆13 + 𝑆13
∗ )

𝑆11

 +
𝛽21
𝑃21(𝛤𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
[−𝛹(

𝑆11𝑃21
𝑆11
∗ 𝑃21

∗ ) − 𝛹(
𝑆11
𝑆11
∗ ) + 𝛹(

𝑃21
𝑃21
∗ )]

 +
𝛽21
𝐿21(𝑝2)𝑆11

∗ 𝐿21
∗

𝑁21
[−𝛹(

𝑆11𝐿21
𝑆11
∗ 𝐿21

∗ ) − 𝛹(
𝑆11
𝑆11
∗ ) + 𝛹(

𝐿21
𝐿21
∗ )]

 +
𝛽21
𝐴21(𝛶𝑝2)𝑆11

∗ 𝐴21
∗

𝑁21
[−𝛹(

𝑆11𝐴21
𝑆11
∗ 𝐴21

∗ ) − 𝛹(
𝑆11
𝑆11
∗ ) + 𝛹(

𝐴21
𝐴21
∗ )] .

 

Let us compute 𝑉̇𝑃11: 
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𝑉̇𝑃11 = (1 −
𝑃11
∗

𝑃11
) 𝑃̇11

= (1 −
𝑃11
∗

𝑃11
)(𝜆11𝑆11 −

𝑃11
𝑃11
∗ (𝜆11

∗ 𝑆11
∗ − 𝜎1(𝜃𝑃12

∗ + (1 − 𝜃)𝑃13
∗ ) − 𝜎1(𝜃𝑃12 + (1 − 𝜃)𝑃13)

= 𝜎1𝜃
(𝑃11 − 𝑃11

∗ )(𝑃11𝑃12
∗ − 𝑃11

∗ 𝑃12)

𝑃11𝑃11
∗ + 𝜎1(1 − 𝜃)

(𝑃11 − 𝑃11
∗ )(𝑃11𝑃13

∗ − 𝑃11
∗ 𝑃13)

𝑃11𝑃11
∗

+
𝛽21
𝑃21(𝛤𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
(1 −

𝑃11
∗

𝑃11
) (
𝑆11
∗ 𝐿21

∗

𝑆11𝑃21
−
𝑃11
𝑃11
∗ )

+
𝛽21
𝐿21(𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
(1 −

𝑃11
∗

𝑃11
) (
𝑆11
∗ 𝐿21

∗

𝑆11𝐿21
−
𝑃11
𝑃11
∗ )

+
𝛽21
𝐴21(𝛶𝑝2)𝑆11

∗ 𝐴21
∗

𝑁21
(1 −

𝑃11
∗

𝑃11
) (
𝑆11
∗ 𝐴21

∗

𝑆11𝐴21
−
𝑃11
𝑃11
∗ )

𝑉̇𝑃11 =
𝜎1(𝑃11 − 𝑃11

∗ )

𝑃11𝑃11
∗ [𝜃(𝑃11𝑃12

∗ − 𝑃12𝑃11
∗ ) + (1 − 𝜃)(𝑃11𝑃13

∗ − 𝑃11
∗ 𝑃13)]

+
𝛽21
𝑃21(𝛤𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
[
𝑆11𝑃21
𝑆11
∗ 𝑃21

∗ − ln(
𝑆11𝑃21
𝑆11
∗ 𝑃21

∗ ) −
𝑆11𝑃21𝑃11

∗

𝑆11
∗ 𝑃21

∗ 𝑃11
+ 1 + ln (

𝑆11ℎ21𝑃11
∗

𝑆11
∗ 𝑃21

∗ 𝑃11
)

−
𝑃11
𝑃11
∗ + 1 + ln (

𝑃11
𝑃11
∗ )]

+
𝛽21
𝐿21(𝑝2)𝑆11

∗ 𝐿21
∗

𝑁21
[
𝑆11𝐿21
𝑆11
∗ 𝐿21

∗ − ln(
𝑆11𝐿21
𝑆11
∗ 𝐿21

∗ ) −
𝑆11𝐿21𝑃11

∗

𝑆11
∗ 𝐿21

∗ 𝑃11
+ 1 + ln (

𝑆11𝐿21𝑃11
∗

𝑆11
∗ 𝐿21

∗ 𝑃11
)

−
𝑃11
𝑃11
∗ + 1 + ln (

𝑃11
𝑃11
∗ )]

+
𝛽21
𝐴21(𝛶𝑝2)𝑆11

∗ 𝐴21
∗

𝑁21
[
𝑆11𝐴21
𝑆11
∗ 𝐴21

∗ − ln(
𝑆11𝐴21
𝑆11
∗ 𝐴21

∗ ) −
𝑆11𝐴21𝑃11

∗

𝑆11
∗ 𝐴21

∗ 𝑃11
+ 1 + ln (

𝑆11𝐴21𝑃11
∗

𝑆11
∗ 𝐴21

∗ 𝑃11
)

−
𝑃11
𝑃11
∗ + 1 + ln (

𝑃11
𝑃11
∗ )]

 

By adding 𝑉̇𝑆11 to 𝑉̇𝑃11, we obtain: 

𝑉̇𝑆11 + 𝑉̇𝑃11 = −𝜇1
(𝑆11 − 𝑆11

∗ )2

𝑆11
− 𝜎1𝜃

(𝑆11 − 𝑆11
∗ )(𝑆12 + 𝑆12

∗ )

𝑆11

−𝜎1(1 − 𝜃)
(𝑆11 − 𝑆11

∗ )(𝑆13 + 𝑆13
∗ )

𝑆11

+𝜎1
(𝑃11 − 𝑃11

∗ )

𝑃11𝑃11
∗ [𝜃(𝑃11𝑃12∗ − 𝑃12𝑃11∗ ) + (1 − 𝜃)(𝑃11𝑃13∗ − 𝑃13𝑃11

∗ )]

+
𝛽21
𝑃21(𝛤𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
[−𝛹 (

𝑆11𝑃21𝑃11
∗

𝑆11
∗ 𝑃21

∗ 𝑃11
) − 𝛹 (

𝑆11
𝑆11
∗ ) − 𝛹 (

𝑃11
𝑃11
∗ ) + 𝛹 (

𝑃21
𝑃21
∗ )]

+
𝛽21
𝐿21(𝑝2)𝑆11

∗ 𝐿21
∗

𝑁21
[−𝛹 (

𝑆11𝐿21𝑃11
∗

𝑆11
∗ 𝐿21

∗ 𝑃11
) − 𝛹 (

𝑆11
𝑆11
∗ ) − 𝛹 (

𝑃11
𝑃11
∗ ) + 𝛹 (

𝐿21
𝐿21
∗ )]

+
𝛽21
𝐴21(𝛶𝑝2)𝑆11

∗ 𝐴21
∗

𝑁21
[−𝛹 (

𝑆11𝐴21𝑃11
∗

𝑆11
∗ 𝐴21

∗ 𝑃11
) − 𝛹 (

𝑆11
𝑆11
∗ ) − 𝛹 (

𝑃11
𝑃11
∗ ) + 𝛹 (

𝐴21
𝐴21
∗ )] .

 

Let us compute 𝑉̇𝐿11: 
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𝑉̇𝐿11 = (1 −
𝐿11
∗

𝐿11
) 𝐿̇11

= (1 −
𝐿11
∗

𝐿11
) (𝛿𝑃11 − (𝛾 + 𝜇1)𝐿11 − 𝜎1(𝜃𝐿12 + (1 − 𝜃)𝐿13))

=
(𝐿11 − 𝐿11

∗ )

𝐿11𝐿11
∗ [𝛿𝑃11𝐿11

∗ − 𝛿𝑃11
∗ 𝐿11 + 𝜎1𝜃(𝐿11𝐿12

∗ − 𝐿11
∗ 𝐿12) + 𝜎1(1 − 𝜃)(𝐿11𝐿13

∗ − 𝐿11
∗ 𝐿13)]

𝑉̇𝐿11 =
𝜎1(1 − 𝜃)(𝐿11 − 𝐿11

∗ )(𝐿11𝐿13
∗ − 𝐿11

∗ 𝐿13)

𝐿11𝐿11
∗ +

𝜎1𝜃(𝐿11 − 𝐿11
∗ )(𝐿11𝐿12

∗ − 𝐿11
∗ 𝐿12)

𝐿11𝐿11
∗

+
𝛿𝑃11

∗

𝐿11
∗ [

𝑃11𝐿11
∗

𝑃11
∗ 𝐿11

− 1 − ln (
𝑃11𝐿11

∗

𝑃11
∗ 𝐿11

) −
𝐿11
∗ 𝑃11𝐿11

∗

𝐿11
∗ 𝑃11

∗ 𝐿11
+ 1 + ln (

𝐿11
∗ 𝑃11𝐿11

∗

𝐿11
∗ 𝑃11

∗ 𝐿11
) +

𝐿11
∗

𝐿11
− 1 − ln (

𝐿11
∗

𝐿11
)]

𝑉̇𝐿11 =
𝜎1(1 − 𝜃)(𝐿11 − 𝐿11

∗ )(𝐿11𝐿13
∗ − 𝐿11

∗ 𝐿13)

𝐿11𝐿11
∗ +

𝜎1𝜃(𝐿11 − 𝐿11
∗ )(𝐿11𝐿12

∗ − 𝐿11
∗ 𝐿12)

𝐿11𝐿11
∗

+
𝛿𝑃11

∗ 𝐿11
𝐿11
∗ [𝛹 (

𝑃11𝐿11
∗

𝑃11
∗ 𝐿11

) − 𝛹 (
𝑃11𝐿11

∗

𝑃11
∗ 𝐿11

) − 𝛹 (
𝐿11
∗ 𝑃11𝐿11

∗

𝐿11𝑃11
∗ 𝐿11

) + 𝛹 (
𝐿11
∗

𝐿11
)]

 

Let us compute 𝑉̇𝐴11: 

𝑉̇𝐴11 = (1 −
𝐴11
∗

𝐴11
) 𝑎̇11

= (1 −
𝐴11
∗

𝐴11
) (𝛾𝐿11 − (𝑑1 + 𝜇1)𝐴11 − 𝜎(𝜃𝐴12 + (1 − 𝜃)𝐴13))

= (1 −
𝐴11
∗

𝐴11
) [𝛾𝐿11 − 𝛾𝐿11

∗
𝐴11
𝐴11
∗ +

𝜎𝐴11
𝐴11
∗ (𝜃𝐴12

∗ + (1 − 𝜃)𝐴13
∗ ) − 𝜎1(𝜃𝐴12 + (1 − 𝜃)𝐴13)]

=
𝛾𝐿11

∗ 𝐴11
𝐴11
∗ (1 −

𝐴11
∗

𝐴11
) (
𝐿11𝐴11

∗

𝐿11
∗ 𝐴11

− 1 −
𝐴11
∗ 𝐿11𝐴11

∗

𝐴11𝐿11
∗ 𝐴11

+
𝐴11
∗

𝐴11
)

+
𝜎1𝜃(𝐴11 − 𝐴11

∗ )(𝐴11𝐴12
∗ − 𝐴11

∗ 𝐴12)

𝐴11𝐴11
∗ +

𝜎1(1 − 𝜃)(𝐴11 − 𝐴11
∗ )(𝐴11𝐴13

∗ − 𝐴11
∗ 𝐴13)

𝐴11𝐴11
∗

𝑉̇𝐴11 =
𝜎1𝜃(𝐴11 − 𝐴11

∗ )(𝐴11𝐴12
∗ − 𝐴11

∗ 𝐴12)

𝐴11𝐴11
∗ +

𝜎1(1 − 𝜃)(𝐴11 − 𝐴11
∗ )(𝐴11𝐴13

∗ − 𝐴11
∗ 𝐴13)

𝐴11𝐴11
∗

+
𝛾𝐿11

∗ 𝐴11
𝐴11
∗ [𝛹 (

𝐿11𝐴11
∗

𝐿11
∗ 𝐴11

) − 𝛹 (
𝐴11
∗ 𝐿11𝐴11

∗

𝐴11𝐿11
∗ 𝐴11

) + 𝛹 (
𝐴11
∗

𝐴11
)]

 

Giving 

𝐾11
1 = max {

𝛽21
𝑃21(𝛤𝑝2)𝑆11

∗ 𝑃21
∗

𝑁21
,
𝛽21
𝐿21(𝑝2)𝑆11

∗ 𝐿21
∗

𝑁21
,
𝛽21
𝐴21(𝛶𝑝2)𝑆11

∗ 𝐴21
∗

𝑁21
} ;

𝐾11
2 = max {

𝛿𝑃11
∗ 𝐿11
𝐿11
∗ ,

𝛾𝐿11
∗ 𝐴11
𝐴11
∗ } ;

𝐾11 = max{𝐾11
1 , 𝐾11

2 }.

 

We have 
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𝑉̇11 ≤ −𝜇1
(𝑆11 − 𝑆11

∗ )2

𝑆11
− 𝜎1𝜃

(𝑆11 − 𝑆11
∗ )(𝑆12 + 𝑆12

∗ )

𝑆11
− 𝜎1(1 − 𝜃)

(𝑆11 − 𝑆11
∗ )(𝑆13 + 𝑆13

∗ )

𝑆11

+𝜎1
(𝑃11 − 𝑃11

∗ )

𝑃11𝑃11
∗ [𝜃(𝑃11𝑃12

∗ − 𝑃12𝑃11
∗ ) + (1 − 𝜃)(𝑃11𝑃13

∗ − 𝑃13𝑃11
∗ )]

+
𝜎1(1 − 𝜃)(𝐿11 − 𝐿11

∗ )(𝐿11𝐿13
∗ − 𝐿11

∗ 𝐿13)

𝐿11𝐿11
∗ +

𝜎1𝜃(𝐿11 − 𝐿11
∗ )(𝐿11𝐿12

∗ − 𝐿11
∗ 𝐿12)

𝐿11𝐿11
∗

+𝐾11[−𝛹 (
𝑆11𝐿21𝑃11

∗

𝑆11
∗ 𝐿21

∗ 𝑃11
) − 𝛹 (

𝑆11𝐿21𝑃11
∗

𝑆11
∗ 𝐿21

∗ 𝑃11
) − 𝛹 (

𝑆11𝐴21𝑃11
∗

𝑆11
∗ 𝐴21

∗ 𝑃11
)

 −3𝛹 (
𝑆11
𝑆11
∗ ) − 3𝛹 (

𝑃11
𝑃11
∗ ) + 𝛹 (

𝑃21
𝑃21
∗ ) + 𝛹 (

𝐿21
𝐿21
∗ ) + 𝛹 (

𝐴21
𝐴21
∗ )

 +𝛹 (
𝑃11𝐿11

∗

𝑃11
∗ 𝐿11

) − 𝛹 (
𝑃11𝐿11

∗

𝑃11
∗ 𝐿11

) − 𝛹(
𝐿11
∗ 𝑃11𝐿11

∗

𝐿11𝑃11
∗ 𝐿11

)

 +𝛹 (
𝐿11
∗

𝐿11
) + 𝛹 (

𝐿11𝐴11
∗

𝐿11
∗ 𝐴11

) − 𝛹 (
𝐴11
∗ 𝐿11𝐴11

∗

𝐴11𝐿11
∗ 𝐴11

) + 𝛹 (
𝐴11
∗

𝐴11
)]

 

A similar reasoning leads to the following 

𝑉̇𝑆21 + 𝑉̇𝑃21 = −𝜇2
(𝑆21 − 𝑆21

∗ )2

𝑆21
− 𝜎2𝜃

(𝑆21 − 𝑆21
∗ )(𝑆22 + 𝑆22

∗ )

𝑆21
− 𝜎2(1 − 𝜃)

(𝑆21 − 𝑆21
∗ )(𝑆23 + 𝑆23

∗ )

𝑆21

+𝜎2
(𝑃21 − 𝑃21

∗ )

𝑃21𝑃21
∗ [𝜃(𝑃21𝑃22∗ − 𝑃22𝑃21∗ ) + (1 − 𝜃)(𝑃21𝑃23∗ − 𝑃23𝑃21

∗ )]

+
𝛽11
𝑃11(𝛤𝑝1)𝑆21

∗ 𝑃11
∗

𝑁11
[−𝛹 (

𝑆21𝑃11𝑃21
∗

𝑆21
∗ 𝑃11

∗ 𝑃21
) − 𝛹 (

𝑆21
𝑆21
∗ ) − 𝛹 (

𝑃21
𝑃21
∗ ) + 𝛹 (

𝑃11
𝑃11
∗ )]

+
𝛽11
𝐿11(𝑝1)𝑆21

∗ 𝑦11
∗

𝑁11
[−𝛹 (

𝑆21𝐿11𝑃21
∗

𝑆21
∗ 𝑦11

∗ 𝑃21
) − 𝛹 (

𝑆21
𝑆21
∗ ) − 𝛹 (

𝑃21
𝑃21
∗ ) + 𝛹 (

𝐿11
𝑦11
∗ )]

+
𝛽11
𝐴11(𝛶𝑝1)𝑆21

∗ 𝐴11
∗

𝑁11
[−𝛹 (

𝑆21𝐴11𝑃21
∗

𝑆21
∗ 𝐴11

∗ 𝑃21
) − 𝛹 (

𝑆21
𝑆21
∗ ) − 𝛹 (

𝑃21
𝑃21
∗ ) + 𝛹 (

𝐴11
𝐴11
∗ )] .

 

𝑉̇𝐿21 =
𝜎2(1 − 𝜃)(𝐿21 − 𝐿21

∗ )(𝐿21𝐿23
∗ − 𝐿21

∗ 𝐿23)

𝐿21𝐿21
∗ +

𝜎2𝜃(𝐿21 − 𝐿21
∗ )(𝐿21𝐿22

∗ − 𝐿21
∗ 𝐿22)

𝐿21𝐿21
∗

+
𝛿𝑃21

∗ 𝐿21
𝐿21
∗ [𝛹 (

𝑃21𝐿21
∗

𝑃21
∗ 𝐿21

) − 𝛹 (
𝑃21𝐿21

∗

𝑃21
∗ 𝐿21

) − 𝛹 (
𝐿21
∗ 𝑃21𝐿21

∗

𝐿21𝑃21
∗ 𝐿21

) + 𝛹 (
𝐿21
∗

𝐿21
)]

 

𝑉̇𝐴21 =
𝜎2𝜃(𝐴21 − 𝐴21

∗ )(𝐴21𝐴22
∗ − 𝐴21

∗ 𝐴22)

𝐴21𝐴21
∗ +

𝜎2(1 − 𝜃)(𝐴21 − 𝐴21
∗ )(𝐴21𝐴23

∗ − 𝐴21
∗ 𝐴23)

𝐴21𝐴21
∗

+
𝛾𝐿21

∗ 𝐴21
𝐴21
∗ [𝛹 (

𝐿21𝐴21
∗

𝐿21
∗ 𝐴21

) − 𝛹 (
𝐴21
∗ 𝐿21𝐴21

∗

𝐴21𝐿21
∗ 𝐴21

) + 𝛹 (
𝐴21
∗

𝐴21
)]
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𝑉̇21 ≤ −𝜇2
(𝑆21 − 𝑆21

∗ )2

𝑆21
− 𝜎2𝜃

(𝑆21 − 𝑆21
∗ )(𝑆22 + 𝑆22

∗ )

𝑆21
− 𝜎2(1 − 𝜃)

(𝑆21 − 𝑆21
∗ )(𝑆23 + 𝑆23

∗ )

𝑆21

+𝜎2
(𝑃21 − 𝑃21

∗ )

𝑃21𝑃21
∗ [𝜃(𝑃21𝑃22

∗ − 𝑃22𝑃21
∗ ) + (1 − 𝜃)(𝑃21𝑃23

∗ − 𝑃23𝑃21
∗ )]

+
𝜎2(1 − 𝜃)(𝐿21 − 𝐿21

∗ )(𝐿21𝐿23
∗ − 𝐿21

∗ 𝐿23)

𝐿21𝐿21
∗ +

𝜎2𝜃(𝐿21 − 𝐿21
∗ )(𝐿21𝐿22

∗ − 𝐿21
∗ 𝐿22)

𝐿21𝐿21
∗

+𝐾21[−𝛹 (
𝑆21𝐿21𝑃21

∗

𝑆21
∗ 𝐿11

∗ 𝑃21
) − 𝛹 (

𝑆21𝐿11𝑃21
∗

𝑆21
∗ 𝐿11

∗ 𝑃21
) − 𝛹 (

𝑆21𝐴11𝑃21
∗

𝑆21
∗ 𝐴11

∗ 𝑃21
)

 −3𝛹 (
𝑆21
𝑆21
∗ ) − 3𝛹 (

𝑃21
𝑃21
∗ ) + 𝛹 (

𝑃11
𝑃11
∗ ) + 𝛹 (

𝐿11
𝐿11
∗ ) + 𝛹 (

𝐴11
𝐴11
∗ )

 +𝛹 (
𝑃21𝐿21

∗

𝑃21
∗ 𝐿21

) − 𝛹 (
𝑃21𝐿21

∗

𝑃21
∗ 𝐿21

) − 𝛹 (
𝐿21
∗ 𝑃21𝐿21

∗

𝐿21𝑃21
∗ 𝐿21

)

 +𝛹 (
𝐿21
∗

𝐿21
) + 𝛹 (

𝐿21𝐴21
∗

𝐿21
∗ 𝐴21

) − 𝛹 (
𝐴21
∗ 𝐿21𝐴21

∗

𝐴21𝐿21
∗ 𝐴21

) + 𝛹 (
𝐴21
∗

𝐴21
)] (∗∗)

 

Where 

𝐾21 = max{𝐾21
1 , 𝐾21

2 };

𝐾21
1 = max {

𝛽11
𝑃11(𝛤𝑝1)𝑆21

∗ 𝑃11
∗

𝑁11
,
𝛽11
𝐿11(𝑝1)𝑆21

∗ 𝐿11
∗

𝑁11
,
𝛽11
𝐴11(𝛶𝑝1)𝑆21

∗ 𝐴11
∗

𝑁11
} ;

𝐾21
2 = max {

𝛿𝑃21
∗ 𝐿21
𝐿21
∗ ,

𝛾𝐿21
∗ 𝐴21
𝐴21
∗ } .

 

From (∗) and (∗∗), we deduce that 𝑉̇1 ≤ 0. 

Let us compute 𝑉̇𝑆12 : 
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𝑉̇𝑆12 = (1 −
𝑆12
∗

𝑆12
) 𝑆̇12

= (1 −
𝑆12
∗

𝑆12
) [𝛬12 − 𝑆12(𝛬12 + 𝜇1 − 𝜎1𝜃)]

= (𝜇 − 𝜎1𝜃)
(𝑆12 − 𝑆12

∗ )2

𝑆12
+
𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗

𝑁2
[(1 −

𝑆12
∗

𝑆12
)(1 −

𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ )]

+
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗

𝑁22
[(1 −

𝑆12
∗

𝑆12
)(1 −

𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ )]

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
[(1 −

𝑆12
∗

𝑆12
) (1 −

𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ )]

= −(𝜇1 − 𝜎1𝜃)
(𝑆12 − 𝑆12

∗ )2

𝑆12
+
𝛽22
𝑃22(𝛤𝑝2𝑆12

∗ 𝑃22
∗ )

𝑁22
[1 −

𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ −
𝑆12
∗

𝑆12
+
𝑃22
𝑃22
∗ ]

+
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗

𝑁22
[1 −

𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ −
𝑆12
∗

𝑆12
+
𝐿22
𝐿22
∗ ]

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
[1 −

𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ −
𝑆12
∗

𝑆12
+
𝐴22
𝐴22
∗ ]

= −(𝜇1 − 𝜎1𝜃)
(𝑆12 − 𝑆12

∗ )2

𝑆12
+
𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗

𝑁22
[−
𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ + 1

+ ln
𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ + 1 + ln
𝑆12
∗

𝑆12
+
𝑆12
∗

𝑆12
+
𝑃22
𝑃22
∗ − 1 − ln

𝑃22
𝑃22
∗ ]

+
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗ )

𝑁22
[−
𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ + 1 + ln
𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ −
𝑆12
∗

𝑆12
+ 1 + ln

𝑆12
∗

𝑆12
+
𝐿22
𝐿22
∗ − 1 − ln

𝐿22
𝐿22
∗ ]

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗ )

𝑁22
[−
𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ + 1 + ln
𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ −
𝑆12
∗

𝑆12
+ 1 + ln

𝑆12
∗

𝑆12
+
𝐴22
𝐴22
∗ − 1 − ln

𝐴22
𝐴22
∗ ]

 

𝑉̇𝑆12 = −(𝜇 − 𝜎1𝜃)
𝑆12 − 𝑆12

∗

𝑆12
+
𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗ )

𝑁22
[−𝛹 (

𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ ) − 𝛹 (
𝑆12
∗

𝑆12
) + 𝛹 (

𝑃22
𝑃22
∗ )]

+
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗ )

𝑁22
[−𝛹 (

𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ ) − 𝛹 (
𝑆12
∗

𝑆12
) + 𝛹 (

𝐿22
𝐿22
∗ )]

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗ )

𝑁22
[−𝛹 (

𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ ) − 𝛹 (
𝑆12
∗

𝑆12
) + 𝛹 (

𝐴22
𝐴22
∗ )]

 

𝜆12
∗ 𝑥12

∗ = (𝛿 + 𝜇1 − 𝜎1𝜃)ℎ12
∗  

Let us compute 𝑉̇ℎ12: 
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𝑉̇𝑃12 = (1 −
𝑃12
∗

𝑃12
) 𝑃12̇

= (1 −
𝑃12
∗

𝑃12
) [𝜆12𝑆12 − 𝑃12(𝛿 + 𝜇1 − 𝜎1𝜃)]

= (1 −
𝑃12
∗

𝑃12
) [
𝑆12
𝑁22

(𝛽22
𝑃22(𝛤𝑝2)𝑃22 + 𝛽22

𝐿22(𝑝2)𝐿22 + 𝛽22
𝐴22(𝛶𝑝2)𝐴22) − 𝑃12(𝛿 + 𝜇1 − 𝜎1𝜃)]

=
𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗

𝑁22
(1 −

𝑃12
∗

𝑃12
) (
𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ −
𝑃12
𝑃12
∗ )

+
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗

𝑁22
(1 −

𝑃12
∗

𝑃12
) (
𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ −
𝑃12
𝑃12
∗ )

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
(1 −

𝑃12
∗

𝑃12
) (
𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ −
𝑃12
𝑃12
∗ )

 

𝑉̇𝑃12 =
𝛽21
𝑃22(𝛤𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
[
𝑆12𝑃22
𝑆12
∗ 𝐴22

∗ −
𝐴12
∗

𝐴12
∗ −

𝐴12
∗ 𝑆12𝑃21
𝑆12
∗ 𝑃12𝐴21

∗ + 1]

+
𝛽21
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗

𝑁22
[
𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ −
𝐴12
∗

𝐴12
∗ −

𝐴12
∗ 𝑆12𝐿21
𝑆12
∗ 𝑃12𝐿21

∗ + 1]

+
𝛽21
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
[
𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ −
𝐴12
∗

𝐴12
∗ −

𝐴12
∗ 𝑆12𝐴22
𝑆12
∗ 𝑃12𝐴22

∗ + 1]

 

𝑉̇𝑃12 =
𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗

𝑁22
[
𝑆12𝑃22
𝑆12
∗ 𝑃12

∗ − 1 − ln
𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ −
𝑃12
∗

𝑃12
+ 1 − ln

𝑃12
∗

𝑃12

−
𝑃12
∗ 𝑆12𝑃22
𝑃22
∗ 𝑆12

∗ 𝑃12
+ 1 + ln

𝑃12
∗ 𝑆12𝑃22
𝑃22
∗ 𝑆12

∗ 𝑃12
]

+
𝛽21
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗

𝑁22
[
𝑆12𝐿22
𝑆12
∗ 𝐿12

∗ − 1 − ln
𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ −
𝑃12
∗

𝑃12
+ 1 − ln

𝑃12
∗

𝑃12

−
𝑃12
∗ 𝑆12𝑃22
𝐿22
∗ 𝑆12

∗ 𝑃12
+ 1 − ln

𝑃12
∗ 𝑆12𝐿22
𝐿22
∗ 𝑆12

∗ 𝑃12
]

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
[
𝑆12𝐴22
𝑆12
∗ 𝐴12

∗ − 1 − ln
𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ −
𝑃12
∗

𝑃12
+ 1 − ln

𝑃12
∗

𝑃12

−
𝑃12
∗ 𝑆12𝐴22
𝐴22
∗ 𝑆12

∗ 𝑃12
+ 1 − ln

𝑃12
∗ 𝑆12𝐴22
𝐴22
∗ 𝑆12

∗ 𝑃12
]

 

𝑉̇𝑃12 =
𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗

𝑁22
[𝛹 (

𝑆12𝑃22
𝑆12
∗ 𝑃22

∗ ) − 𝛹 (
𝑃12
∗

𝑃12
) − 𝛹 (

𝑃12
∗ 𝑆12ℎ22
𝑃22
∗ 𝑆12

∗ 𝑃12
)]

+
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗

𝑁22
[𝛹 (

𝑆12𝐿22
𝑆12
∗ 𝐿22

∗ ) − 𝛹 (
𝑃12
∗

𝑃12
) − 𝛹 (

𝑃12
∗ 𝑆12𝐿22
𝐿22
∗ 𝑆12

∗ 𝑃12
)]

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
[𝛹 (

𝑆12𝐴22
𝑆12
∗ 𝐴22

∗ ) − 𝛹 (
𝑃12
∗

𝑃12
) − 𝛹 (

𝑃12
∗ 𝑆12𝐴22
𝐴22
∗ 𝑆12

∗ 𝑃12
)]

 

𝛾𝐿12
∗ = (𝑑1 + 𝜇1 − 𝜎1𝜃)𝐴12

∗  

Let us compute 𝑉̇𝐴12: 
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𝑉̇𝐴12 = (1 −
𝐴12
∗

𝐴12
) 𝐴̇12

= (1 −
𝐴12
∗

𝐴12
) [𝛾𝐿12 − (𝑑1 + 𝜇1 − 𝜎1𝜃)𝐴12]

= (1 −
𝐴12
∗

𝐴12
) [𝛾𝐿12 − 𝛾

𝐿12
∗

𝑎12
∗ 𝐴12]

= 𝛾𝐿12
∗ (1 −

𝐴12
∗

𝐴12
) [
𝐿12
𝐿12
∗ −

𝐴12
𝐴12
∗ ]

 

𝑉̇𝐴12 = 𝛾𝐿12
∗ (1 −

𝐴12
∗

𝐴12
) [
𝐿12
𝐿12
∗ −

𝐴12
𝐴12
∗ ]

= 𝛾𝐿12
∗ (

𝐿12
𝐿12
∗ −

𝐴12
𝐴12
∗ −

𝐴12
∗ 𝐿12
𝐴12𝐿12

∗ + 1)

= 𝛾𝐿12
∗ [

𝐿12
𝐿12
∗ − 1 − ln

𝐿12
𝐿12
∗ −

𝐴12
𝐴12
∗ + 1 + ln

𝐴12
𝐴12
∗ −

𝐴12
∗ 𝐿12
𝐴12𝐿12

∗ + 1 + ln
𝐴12
∗ 𝐿12
𝐴12𝐿12

∗ ]

 

𝑉̇𝐴12 = 𝛾𝐿12
∗ [𝛹 (

𝐿12
𝐿12
∗ ) − 𝛹 (

𝐴12
𝐴12
∗ ) − 𝛹 (

𝐴12
∗ 𝐿12
𝐴12𝐿12

∗ )] 

Let us compute 𝑉̇𝐿12: 

𝛿𝑃12
∗ = (𝜎 + 𝜇1 − 𝜎1𝜃)𝐿12

∗  

𝑉̇𝐿12 = (1 −
𝐿12
∗

𝐿12
) 𝐿12

∗

= (1 −
𝐿12
∗

𝐿12
) [𝛿𝑃12 − (𝛿 + 𝜇1 − 𝜎1𝜃)𝑦12]

= (1 −
𝐿12
∗

𝐿12
) [𝛿𝑃12 − 𝛿

𝑃12
∗

𝐿12
∗ 𝑦12]

= 𝛿𝑃12
∗ (1 −

𝐿12
∗

𝐿12
) [
𝑃12
𝑃12
∗ −

𝐿12
𝐿12
∗ ]

= 𝛿𝑃12
∗ (

𝑃12
𝑃12
∗ −

𝐿12
𝐿12
∗ −

𝐿12
∗ 𝑃12
𝐿12𝑃12

∗ + 1)

= 𝛿𝑃12
∗ [
𝑃12
𝑃12
∗ − 1 − ln

𝑃12
𝑃12
∗ −

𝐿12
𝐿12
∗ + 1 + ln

𝐿12
𝐿12
∗ −

𝐿12
∗ 𝑃12
𝐿12𝑃12

∗ + 1 + ln
𝐿12
∗ 𝑃12
𝐿12𝑃12

∗ ]

𝑉̇𝐿12 = 𝛿𝑃12
∗ [𝛹 (

𝑃12
𝑃12
∗ ) − 𝛹 (

𝐿12
𝐿12
∗ ) − 𝛹 (

𝐿12
∗ 𝑃12
𝐿12𝑃12

∗ )]

 

𝑉̇𝑆12 + 𝑉̇𝑃12 = (𝜇1 − 𝜎1𝜃)
(𝑆12 − 𝑆12

∗ )

𝑆12

+
𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗

𝑁22
[−𝛹 (

𝑆12
∗

𝑆12
) − 𝛹 (

𝑃12
∗ 𝑆12𝑃22
𝑃12𝑆12

∗ 𝑃22
∗ )]

+
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝑦22
∗

𝑁22
[−𝛹 (

𝑆12
∗

𝑆12
) − 𝛹 (

𝑃12
∗

𝑃12
) − 𝛹(

𝑃12
∗ 𝑆12𝐿22
𝑃12𝑆12

∗ 𝑦22
∗ − 𝛹 (

𝐿22
𝐿22
∗ )]

+
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
[−𝛹 (

𝑆12
∗

𝑆12
) − 𝛹 (

𝑃12
∗

𝑃12
) − 𝛹(

𝑃12
∗ 𝑆12𝐴22
𝑃12𝑆12

∗ 𝐴22
∗ − 𝛹 (

𝐴22
𝐴22
∗ )]
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𝑉̇𝑆12 + 𝑉̇𝑃12 = 𝛿𝑃12
∗ [𝛹 (

𝑃12
𝑃12
∗ ) − 𝛹(

𝐿12
𝐿12
∗ ) − 𝛹 (

𝐿12
∗ 𝑃12
𝐿12𝑃12

∗ )]

+ 𝛾𝐿12
∗ [𝛹 (

𝐿12
𝐿12
∗ ) − 𝛹 (

𝐴12
𝐴12
∗ ) − 𝛹 (

𝐴12
∗ 𝐿12

𝐴12𝐿12
∗ )]

 

Let’s put 

𝐾12
1 = max{

𝛽22
𝑃22(𝛤𝑝2)𝑆12

∗ 𝑃22
∗

𝑁22
;
𝛽22
𝐿22(𝑝2)𝑆12

∗ 𝐿22
∗

𝑁22
;
𝛽22
𝐴22(𝛶𝑝2)𝑆12

∗ 𝐴22
∗

𝑁22
};

𝐾12
2 = max{𝛿𝑃12

∗ ; 𝜎𝐿12
∗ }

𝐾12 = max{𝐾12
2 ; 𝐾12

2 }

 

We have 

𝑉̇12 ≤ −(𝜇1 − 𝜎1𝜃)
(𝑆12 − 𝑆12

∗ )2

𝑆12

+𝐾12[−3𝛹 (
𝑆12
∗

𝑆12
) − 2𝛹 (

𝑃12
∗

𝑃12
) + 𝛹 (

𝑃12
𝑃12
∗ )

 −𝛹 (
𝑃12
∗ 𝑆12ℎ22
𝑃12𝑆12

∗ 𝑃22
∗ ) − 𝛹(

𝑃12
∗ 𝑆12𝐿22
𝑃12𝑆12

∗ 𝐿22
∗ ) − 𝛹 (

𝑃12
∗ 𝑆12𝐴22
𝑃12𝑆12

∗ 𝐴22
∗ )

 −𝛹 (
𝐿12
∗ 𝑃12
𝐿12𝑃12

∗ ) − 𝛹 (
𝐴12
∗ 𝐿12
𝐴12𝐿12

∗ )] (∗∗∗)

 

The same process is used to show 

𝑉̇22 ≤ −(𝜇2 − 𝜎2𝜃)
(𝑆22 − 𝑆22

∗ )2

𝑆22

+𝐾12
2 [−3𝛹 (

𝑆22
∗

𝑆22
) − 2𝛹 (

ℎ22
∗

𝑃22
) + 𝛹 (

𝑃22
𝑃22
∗ )

 −𝛹 (
𝑃22
∗ 𝑆22𝑃12
𝑃22𝑆22

∗ 𝑃12
∗ ) − 𝛹 (

𝑃22
∗ 𝑆22𝐿12
𝑃22𝑆22

∗ 𝐿12
∗ ) − 𝛹 (

𝑃22
∗ 𝑆22𝐴12
𝑃22𝑆22

∗ 𝐴12
∗ )

 −𝛹 (
𝐿22
∗ 𝑃22
𝐿22𝑃22

∗ ) − 𝛹 (
𝐴22
∗ 𝐿22
𝐴22𝐿22

∗ )] (∗∗∗∗)

 

With 

𝐾12
1 = max{

𝛽12
𝑃12(𝛤𝑝1)𝑆22

∗ 𝑃12
∗

𝑁12
;
𝛽12
𝐿12(𝑝1)𝑆22

∗ 𝐿12
∗

𝑁12

𝛽12
𝐴12(𝛶𝑝1)𝑆22

∗ 𝐴12
∗

𝑁12
};

𝐾12
2 = max{𝛿𝑃22

∗ ; 𝜎𝐿22
∗ }

𝐾12 = max{𝐾12
1 ; 𝐾12

2 }

 

From (∗∗∗) and (∗∗∗∗), then, it follows that 𝑉̇2 ≤ 0. 

It is also shown that 
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𝑉̇13 ≤ −(𝜇1 − 𝜎1(1 − 𝜃))
(𝑆13 − 𝑆13

∗ )2

𝑆13

+𝐾13
1 [−3𝛹 (

𝑆13
∗

𝑆13
) − 2𝛹 (

𝑃13
∗

𝑃13
) + 𝛹 (

𝑃13
𝑃13
∗ )

 −𝛹 (
𝑃13
∗ 𝑆13𝑃23
𝑃13𝑆13

∗ 𝑃23
∗ ) − 𝛹 (

𝑃13
∗ 𝑆13𝐿23
𝑃13𝑆13

∗ 𝐿23
∗ ) − 𝛹 (

𝑃13
∗ 𝑆13𝐴23
𝑃13𝑆13

∗ 𝐴23
∗ )

 −𝛹 (
𝐿13
∗ 𝑃13
𝐿13𝑃13

∗ ) − 𝛹 (
𝐴13
∗ 𝐿13
𝐴13𝐿13

∗ )] (∗∗∗∗∗)

 

𝑉̇23 ≤ −(𝜇2 − 𝜎2(1 − 𝜃))
(𝑆23 − 𝑆23

∗ )2

𝑆23

+𝐾13
2 [−3𝛹 (

𝑆23
∗

𝑆23
) − 2𝛹 (

𝑃23
∗

𝑃23
) + 𝛹 (

𝑃23
𝑃23
∗ )

 −𝛹 (
𝑃23
∗ 𝑆23𝑃13
𝑃23𝑆23

∗ 𝑃13
∗ ) − 𝛹 (

𝑃23
∗ 𝑆23𝐿13
𝑃23𝑥23

∗ 𝐿13
∗ ) − 𝛹 (

𝑃23
∗ 𝑆23𝐴13
𝑃23𝑆23

∗ 𝐴13
∗ )

 −𝛹 (
𝐿23
∗ 𝑃23
𝐿23𝑃23

∗ ) − 𝛹 (
𝐴23
∗ 𝐿23
𝐴23𝐿23

∗ )] (∗∗∗∗∗∗)

 

From (∗∗∗∗∗) and (∗∗∗∗∗∗), it follows that 𝑉̇3 ≤ 0. 

By using the assumption (), we obtain 𝑉̇ ≤ 0. 

Also, we have 𝑉 > 0 for all Sij, Pij, Lij, Aij ∈ ℝ+
∗ , and 𝑉̇ = 0 for Sij = Sij

∗ , Pij = Pij
∗, Lij =

yij
∗ , Aij = Aij

∗ , ∀(𝑖, 𝑗) ∈ {1,2} × {1,2,3}. 

Then, by the asymptotic stability theorem [31], the endemic equilibrium (Δ) of System} (S∗) 

is globally asymptotically stable ▫. 

4 Numerical simulations 

In this section, we analyse the impact of changes in the risk behaviours of FSWs and their 

clients on the dynamics of HIV transmission. Changes in risk behaviour are modelled here by 

the migration of individuals at high risk of infection towards groups at lower risk. The 

parameter values and initial conditions used for our simulations are detailed in the tables below. 

We begin our simulations by assuming that, initially, high-risk groups are isolated, i.e. 𝜎 = 0. 

This rate increases progressively, from 0% to 10%, then to 15%, in order to assess the effects 

of these variations on the incidence of HIV infection in the different risk groups. risk groups. 

Two simulation scenarios are considered: in the first, migrations occur in all compartments (S, 

P, L and A), while in the second, they concern only the compartments of susceptible individuals 

(S). 

4.1 Parameters and initial data estimation 

The parameters used in this document were selected from the literature. Nominal values were 

chosen within well-specified ranges to account for the difference between the populations 

studied. In addition, unknown model parameters were assumed for simulation purposes. The 

natural mortality rate were estimated respectively at μ1 = 0.0156 and μ2 = 0.0167 per year, 

based on the life expectancy of men and women in Burkina Faso. In 2019, Burkina Faso had 
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9,236,444 sexually active people, including N1 = 4,286,491 men and N2 = 4,949,953 

women. This made it possible to estimate the rate of increase of the at-risk population 3.96% 

over the period from 2006 to 2019 [32], [33]. According to the model, sexually active 

individuals in the general population enter each at-risk subgroup at a Zij rate based on a fixed 

proportional size in each at-risk. Thus, the recruitment rates for each sub-group are obtained as 

𝛬11 = 𝛼 × 𝑍11 × 𝑁1 = 265,
𝛬21 = 𝛼 × 𝑍21 × 𝑁2 = 327,
𝛬12 = 𝛼 × 𝑍12 × 𝑁1 = 397,
𝛬22 = 𝛼 × 𝑍22 × 𝑁2 = 491,
𝛬13 = 𝛼 × 𝑍13 × 𝑁1 = 1986,
𝛬23 = 𝛼 × 𝑍23 × 𝑁2 = 2455.

 

respectively, for the purposes of simulations. Estimates from MICS-BF and UNAIDS show 

that 5% of men aged 15-49 who ever had paid sex [34] and there are about 22,000 

commercial sex workers in Burkina Faso [35]. Therefore, the initial starting values are 

chosen as follows : 

𝑆11(0) = 21430,

𝑆21(0) = 2197,

𝑆12(0) = 32146,

𝑆22(0) = 3297,

𝑆13(0) = 160741,

𝑆23(0) = 16497.

 

Tables, and give the full list of the parameter values and the initial conditions, respectively. 

Table 2: Parameter ranges and baseline values per unit year 

Parameters Baseline References Parameters Baseline References 

𝛬11 276 [18], [33], [35] 𝑝2 0.001 [18] 

𝛬21 352 [18], [33], [35] 𝑝1 0.0019 [18] 

𝛬12 4969 [18], [33], [35] 𝛽11
𝑃11  2500 [18] 

𝛬22 5527 [18], [33], [35] 𝛽21
𝑃21  20 Assumed 

𝛬13 22000 [18], [33], [35] 𝛽11
𝐿11 2500 Assumed 

𝛬23 17270 [18], [33], [35] 𝛽21
𝐿21 20 Assumed 

𝑍11 0.10 Assumed 𝛽11
𝐴11  2500 Assumed 

𝑍21 0.10 Assumed 𝛽21
𝐴21  20 Assumed 

𝑍12 0.15 Assumed 𝛽12
𝑃12  100 [18] 

𝑍22 0.15 Assumed 𝛽22
𝑃22  10 Assumed 

𝑍13 0.75 [18] 𝛽12
𝐿12 100 Assumed 
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Parameters Baseline References Parameters Baseline References 

𝑍23 0.75 [18] 𝛽22
𝐿22 10 Assumed 

𝜇1 0.0156 [33] 𝛽12
𝐴12  100 Assumed 

𝜇2 0.0167 [33] 𝛽22
𝐴22  10 Assumed 

𝛼 0.0396 Estimated 𝛽13
𝑃13  30 Assumed 

𝑑1 0.00029 Estimated 𝛽23
𝑃23  05 Assumed 

𝑑2 0.00014 Estimated 𝛽13
𝐿13 30 Assumed 

𝛤 26 [18] 𝛽23
𝐿23 05 Assumed 

𝛶 7 [18] 𝛽13
𝐴13  30 Assumed 

𝛿 1/3 [36] 𝛽23
𝐴23  05 Assumed 

𝛾 1/9.12 [36] - - - 

 

 

 

Table 3: Initial condition ranges and baseline values used in the simulations 

Compartments Baseline Compartments Baseline 

𝑆11(0) 21430 𝑆21(0) 2197 

𝑃11(0) 1 𝑃21(0) 1 

𝐿11(0) 1 𝐿21(0) 1 

𝐴11(0) 1 𝐴21(0) 1 

𝑆12(0) 32146 𝑆22(0) 3297 

𝑃12(0) 1 𝑃22(0) 1 

𝐿12(0) 1 𝐿22(0) 1 

𝐴12(0) 1 𝐴22(0) 1 

𝑆13(0) 160741 𝑆23(0) 16497 

𝑃13(0) 1 𝑃23(0) 1 

𝐿13(0) 1 𝐿23(0) 1 

𝐴13(0) 1 𝐴23(0) 1 

The graphs below illustrate the evolution of an HIV epidemic among sex workers and their 

clients, distributed into three risk groups and classified according to their susceptible or 

infected status. The curves show the annual change in the size of each group over a 20-year 
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period. The x-axis represents time in years, while the y-axis shows the size of the susceptible 

and infected subpopulations according to their risk of infection. The red, green and blue curves 

reflect the evolution of sex workers and their clients at high, medium and low risk, respectively, 

for the ‘susceptible’ and ‘infected’ categories. The data are presented in graphical windows 

numbered A to D, allowing a clear distinction to be made between female sex workers (FSWs) 

and their clients, and between the ‘susceptible’ and ‘infected’ groups. Each graph window 

contains three curves representing the identified risk groups. 

The simulations start with a population of low-risk individuals that is larger than the population 

of medium-risk individuals, which is larger than the population of high-risk individuals. All 

simulations are configured so that the low-risk population is larger than the average-risk 

population, and the average-risk population is larger than the high-risk population. 

The evolution of the number of infected cases is also shown as a function of the rate of change 

in behaviour, symbolising the migration of individuals from the high-risk groups to the medium 

and low-risk groups. This trend is shown for values of 𝜎 = 0%, 10% & 15%. The data are also 

presented in graphical windows, numbered A to F, so that the effect of the change in risk group 

on the evolution of the number of infected individuals can be clearly visualised. Each graph 

window contains three curves representing different values of the 𝜎 parameter: red for 0%, 

green for 10% and blue for 15%. 

4.2 Endemic HIV in isolated sub-populations 

Figure 2 illustrates the evolution of the number of susceptible and infectious cases in a scenario 

where individuals are isolated in their risk group. In each of the three isolated sub-populations, 

the size of the susceptible population evolves differently: it decreases among clients, but 

increases among sex workers. The susceptible population tends to increase when the infection 

rate ($_{ij} $) is lower than the recruitment rate, but decreases when the infection rate is higher 

than the recruitment rate. The number of people infected increases in both groups, although the 

mortality rate, including AIDS-related deaths, is relatively low compared with the infection 

rate. However, the increase in the number of cases among sex workers is particularly rapid, 

leading to an exponential dynamic. In contrast, the number of cases among male clients will 

remain very low, regardless of their risk category. 
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Figure 2: Comparison of the number of susceptible and infected populations in homogeneous 

isolated sub-populations for case of endemic HIV. 

 

4.3 Synchronous fluctuation of the sub-populations 

The simulation considered a scenario in which individuals belonging to high-risk groups can 

migrate to lower-risk levels at a constant rate 𝜎, regardless of the disease compartment. Figure 

3 shows the evolution of the susceptible and infected populations when 𝜎 = 10%, assuming 

that 10% of high-risk sex workers and clients move to a lower risk level each year. Figure 4 

shows similar curves for a transition rate of 𝜎 = 15%. 

 

Figure 3: Comparison of the number of susceptible and infected populations in sub-populations 

assuming that susceptible and infected individuals move from populations at high risk of 

infection to populations at medium and low risk. The parameters describing the movement are 

such that 𝜎1 = 𝜎2 = 10%. 

 

Figure 4: Comparison of the number of susceptible and infected populations in sub-populations 

assuming that susceptible and infected individuals move from populations at high risk of 
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infection to populations at medium and low risk. The parameters describing the movement are 

such that 𝜎1 = 𝜎2 = 15%. 

 

The case trend curves (figures 3 & 4) show a similar shape whatever the value of 𝜎, 

suggesting a general stability of the epidemic despite variations in the transmission rate. 

The population of susceptible clients decreases in the risk groups, while it increases in the 

susceptible FSWs, with a higher population in the low-risk FSWs than in the other groups. The 

increase in the 𝜎 migration rate by 10 to 15% leads to a slight reduction in new cases, 

irrespective of the risk groups. However, there are still more cases in the high-risk groups than 

in the medium and low-risk groups. 

In the case of FSWs, the increase in the transmission rate leads to an increase in the number of 

high-risk FSWs, although some migrate to lower-risk groups. This phenomenon can be 

explained by the greater concentration of clients among high-risk FSWs, which maintains a 

high contact rate and an increased risk of transmission. In addition, as the mortality rate of 

AIDS is low, the long incubation period of the disease favours its spread before symptoms 

appear. 

Figures 5 and 6 below show the evolution of HIV incidence as a function of variations in the 

parameter 𝜎 within the populations of FSWs and their clients. Figure 5 represents the scenario 

where migration affects all compartments, while figure 6 represents the scenario where 

migration is limited to the susceptible compartments. 

 

Figure 5: Impact of the rate of behaviour change on the evolution of infected cases by risk 

group (scenario 1) 
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Figure 6: Impact of the rate of behaviour change on the evolution of infected cases by risk 

group (scenario 2) 

 

Migration of individuals from the high-risk (HR) group to the moderate-risk (MR) 

and low-risk (LR) groups reduces the incidence of HIV in the HR group, but the effect on the 

incidence in the MR and LR groups varies according to the scenario: in one case it increases, 

in the other it decreases. In fact, when migration occurs in all compartments, the population at 

risk in the HR group decreases, which increases the infectiousness of this group and, 

consequently, the number of people infected. At the same time, in the MR and LR groups, the 

population at risk of infection increases, and existing cases of infection increase with the 

arrival of infected individuals from the HR group. 

5 Conclusion 

The main objective of this study was to develop a deterministic mathematical model to analyze 

the impact of changes in risk behavior on HIV dynamics among female sex workers and their 

clients, divided into three risk groups (high, medium, and low). This model, consisting of 24 

compartments, was constructed by following the key stages in the evolution of HIV in an 

infected individual. Changes in risk behavior were modeled by the migration of individuals at 

high risk of infection towards medium or low-risk groups. The fundamental properties of the 

model, such as the positivity of the solutions and the boundedness of the system, were verified, 

and the specific infection thresholds for each risk group were calculated, allowing for the 

determination of the basic reproduction number 𝑅0. Varga’s theorem was used to demonstrate 

that the disease-free equilibrium 𝜀0 is globally asymptotically stable when 𝑅0 < 1, while the 

global stability of the endemic equilibrium, 𝜀1, was obtained by Lyapunov’s method when 

𝑅0 > 1. 
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Our theoretical results were illustrated by a numerical simulation, in which different scenarios 

of behavioural change were explored, considering groups either isolated (𝜎 = 0), or connected 

(𝜎 > 0) by migrations of high-risk individuals towards lower-risk groups. The results show 

that, when the groups are isolated, the infected population is greater in the high-risk group 

compared to the lower-risk groups, with a higher prevalence among female sex workers than 

among their clients. On the other hand, when migration occurs between groups, two major 

phenomena influence the long-term dynamics of infection. First, when migration occurs 

between all compartments, the movement of individuals from the high-risk group to the 

medium- and low-risk groups leads to a reduction in the incidence of HIV in the high-risk 

group. However, the impact on the medium- and low-risk groups varies according to the 

scenario: in some cases, the incidence increases, while in others, it decreases. This variation is 

due to the increase in the number of susceptible and infected individuals in the medium and 

low-risk groups, which increases the strength of infection in the high-risk group, and therefore 

the number of infections in this group. Simultaneously, the susceptible population in the 

medium- and low-risk groups grows, increasing the number of existing infections with the 

arrival of infected individuals from the high-risk group. Second, in the case where migration 

only affects susceptible compartments, the migration of susceptible individuals from the high-

risk group to the medium- and low-risk groups leads to a decrease in HIV incidence in all 

groups, with a particularly marked effect in the high-risk group. 

The study has some limitations that should be highlighted. Although the model was developed 

using behavioural data specific to female sex workers in Burkina Faso to increase its relevance 

and realism, it remains a simplified representation of a complex interaction between at-risk 

populations. In addition, the model does not take into account factors such as the age of 

individuals or the number of sexual encounters when calculating the force of infection. 

Behavioural data on sex workers’ clients, such as the number of sex workers visited, are almost 

non-existent in the literature, which is a major gap. In addition, the experimental data needed 

to validate the model are also scarce. However, these shortcomings can be addressed. A mixed 

method study combining quantitative and qualitative approaches, using snowball sampling to 

recruit sex workers’ clients, could refine the results obtained. The qualitative approach would 

also provide an accurate estimate of the rate 𝜎 of change in risk behaviour. Finally, the 

integration of a Bayesian model would allow the incorporation of this information to provide 

a more robust and realistic estimate of the model parameters. 

Despite these limitations, the results provide valuable insights into the dynamics of HIV within 

high-risk populations and pave the way for future research aimed at refining our understanding 

of the factors influencing the evolution of this epidemic. 
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