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Abstract

In this paper, we investigate the existence and uniqueness of solution of
fractional differential equations involving Hadamard fractional derivative with
initial conditions. Monotone method is constructed using lower and upper solu-
tions. Two monotone convergent sequences are obtained converging to minimal
and maximal solutions of the problem.
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1 Introduction

The fractional calculus was developed during nineteenth century [15,25]. The idea
of fractional calculus has been a topic of interest not only among mathematicians,
but also among physicists and engineers. Fractional calculus is being applied in
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various fields of engineering and science, rheology, economics, mechanics, chemistry,
physics, viscoelasticity, finance, aerodynamics, electrodynamics of complex medium,
etc. [9,12,13,14,21,22,27]. The study of theory of differential equations of fractional
order parallel to the well known theory of ordinary differential equations has been
growing independently since last four decades [16,17,18,19,20]. An effective tech-
nique for discussing the existence of solutions of differential equations is the mono-
tone iterative technique combined with the lower and upper solutions method. The
method of upper and lower solutions combined with the monotone iterative tech-
nique not only guarantees the interval of existence but also provides a constructive
way to obtain the solution. Wang and Xie [29] developed monotone method and
obtained existence and uniqueness of solution of fractional differential equation with
integral boundary conditions. Vasundhara Devi developed [10] the general monotone
method for periodic boundary value problem of Caputo fractional differential equa-
tion when the function is sum of nondecreasing and nonincreasing function. Nanware
and Dhaigude developed [24] monotone method for Riemann-Liouville fractional dif-
ferential equation with integral boundary conditions when the sum of nondecreasing
and nonincreasing function. Some other contributions to the theory can be seen in
[3,5,7,8,11,21,26,28,30]. K. Balachandran et al. [6] studied the existence results for
fractional differential equations with Hadamard type fractional derivative by using
the Banach fixed point and the Schauder fixed point theorems. Ahmad and Ntouyas
[2,4] studied the existence and uniqueness of solutions for fractional integral boundary
value problems involving Hadamard fractional operator by applying some standard
fixed point theorems.
In this paper, we consider the Hadamard fractional differential equation with initial
condition and develop monotone method for Hadamard fractional differential equa-
tion with initial condition and obtained existence and uniqueness of solution of the
problem. So far, existence and uniqueness of solutions has not been studied involving
Hadamard fractional derivative.
The rest of paper is organized in the following manner:
In section 2, we consider some definitions and lemmas required for the study. In
section 3, the main results for the monotone method are developed for the prob-
lem. As an application of the method existence and uniqueness results for Hadamard
fractional differential equation with initial condition are obtained. In section 4, we
provide an example to illustrate our main results. In section 5, at the end conclusion
section is added.

2 Preliminaries

We consider the following Hadamard fractional differential equation with initial con-
dition

Dqu(t) = f(t, u(t)), t ∈ [1, T ] (2.1)
u(1) = u0 (2.2)
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where f ∈ C(J × R,R), u0 ∈ R, J = [1, T ].
Here and throughout, the notation Dq denotes the Hadamard fractional derivative of
order q (0 < q < 1).
Define C(J,R) = {u(t)|u(t) is continuous on J}.

Definition 2.1 [1] The Hadamard integral of u(t) of fractional order q is defined as

Iqu(t) = 1
Γ(q)

∫ t

1

(
log

t

s

)q−1 u(s)
s
ds,

where Iq denotes the Hadamard fractional integral of order q.

Definition 2.2 [1] The Hadamard derivative of u(t) of fractional order q is defined
as

Dqu(t) = 1
Γ(n− q)

(
t
d

dt

)n ∫ t

1

(
log

t

s

)n−q−1 u(s)
s
ds,

where n=[q]+1, [q] denotes the integer part of the real number q.

Definition 2.3 A pair of functions v(t) and w(t) in C(J,R) are said to be lower and
upper solutions of the problem (2.1)-(2.2) if

Dqv(t) ≤ f(t, v(t)), for all t ∈ J, v(1) ≤ v0,

Dqw(t) ≥ f(t, w(t)), for all t ∈ J, w(1) ≥ w0.

Lemma 2.1 Let m ∈ C(J,R) be continuous function and for any t1 ∈ (1, T ], we
have m(t1) = 0, and m(t) > 0 for 1 ≤ t ≤ t1 then it follows that Dqm(t1) < 0.

Proof: We know that

Dqm(t) = 1
Γ(n− q)

(
t
d

dt

)n ∫ t

1

(
log

t

s

)n−q−1 m(s)
s

ds

and let
H(t) =

∫ t

1

(
log

t

s

)n−q−1 m(s)
s

ds.

Consider for h > 0,

H(t1)−H(t1 − h) =
∫ t1−h

1

(log t1
s

)n−q−1
−
(
log

t1 − h
s

)n−q−1
 m(s)

s
ds

+
∫ t1

t1−h

(
log

t1
s

)n−q−1 m(s)
s

ds.

= I1 + I2, say.

Since
(
log t1

s

)
>
(
log t1−h

s

)
and n− q − 1 < 0, we have[(

log t1
s

)n−q−1
−
(
log t1−h

s

)n−q−1
]
< 0. Thus it follows that I1 < 0.
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Also H(t1)−H(t1 − h) ≤
∫ t1
t1−h

(
log t1

s

)n−q−1 m(s)
s
ds = I2.

Since m(t1) = 0 and m(s) > 0 for 1 < t1 < T . Thus, we have H(t1)−H(t1−h) < I2.
Dividing by h and taking limits h→ 0 we have

lim
h→0

[
H(t1)−H(t1 − h)

h

]
< 0.

Since 0 < q < 1 we conclude that H ′(t1) < 0,
which implies that Dqm(t1) = 1

Γ(n−q)t1H
′(t1).

That is Dqm(t1) < 0. Thus the lemma.

Lemma 2.2 Let f ∈ C(J × R,R) and v(t), w(t) ∈ C1(J,R) are lower and upper
solutions of (2.1) and there exists M ∈ (1, qq) such that f(t, x)−f(t, y) ≥ −M(x−y)
for x ≥ y. Then v(1) ≤ w(1) implies v(t) ≤ w(t).

Proof: Consider f ∈ C(J × R,R) and v(t), w(t) ∈ C1(J,R) are lower and upper
solutions of (2.1), we have

(i)Dqv(t) ≤ f(t, v(t)), (ii)Dqw(t) ≥ f(t, w(t)), 1 ≤ t ≤ T

one of the inequalities being strict. Then

v(1) < w(1)

implies
v(t) < w(t). (2.3)

Suppose that the inequality (2.3) is not true. Let us suppose that the inequality (ii) is
strict. Then setting m(t) = v(t)−w(t), 1 ≤ t ≤ t1, we find that m(t) > 0, 1 ≤ t ≤ t1
and m(t1) = 0. Then by Lemma 2.1, we get Dqm(t1) < 0, which yields,

m(t1) = v(t1)− w(t1)
Dqm(t1) = Dqv(t1)−Dqw(t1)
Dqv(t1) > Dqw(t1)

and

m(t1) = v(t1)− w(t1) = 0.
v(t1) = w(t1).

using (i) and (ii), and the definition of m(t), we have

f(t1, v(t1)) ≥ Dqv(t1) ≥ Dqw(t1) > f(t1, w(t1)).

This is a contradiction since v(t1) = w(t1). Hence the inequality (2.3) is valid, there-
fore v(1) ≤ w(1) implies v(t) ≤ w(t) and the proof is complete.
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Theorem 2.1 Assume that :
(i) The functions v(t) and w(t) in C(J,R) are lower and upper solutions of (2.1)-
(2.2).
(ii) The function f(t,u(t)) satisfy one-sided Lipschitz condition

f(t, x)− f(t, y) ≤M(x− y), M ≥ 1.

Then v(1) ≤ w(1) implies that v(t) ≤ w(t), 1 ≤ t ≤ T.

Proof: For small ε > 0, setting

wε(t) = w(t) + εtq. (2.4)

We have wε(1) > w(1) and wε(t) > w(t), 1 ≤ t ≤ T.
Taking fractional derivative of (2.4), we get

Dqwε(t) = Dq[w(t) + εtq]
= Dqw(t) + εDqtq

≥ f(t, w(t)) + εqqtq

≥ f(t, wε(t)) +M(w − wε) + εqqtq

≥ f(t, wε(t)) + qq(−εtq) + εqqtq

≥ f(t, wε(t)).

Thus it follows that wε(t) is upper solution of (2.1)-(2.2). Applying Lemma 2.2 for
lower and upper solutions of (2.1)-(2.2) we get v(t) ≤ wε(t), 1 ≤ t ≤ T . Since ε is
arbitrary, we conclude that v(t) ≤ w(t), 1 ≤ t ≤ T .

3 Main Results

In this section we develop monotone method for Hadamard fractional differential
equation (2.1) with initial condition (2.2). Also obtained existence and uniqueness
of solution of Hadamard fractional differential equation (2.1)-(2.2), using monotone
method.

Theorem 3.1 Assume that :
(i) f(t,u(t)) in C[J × R,R] is nondecreasing in u for each t.
(ii) v0(t) and w0(t) in C(J,R) are lower and upper solutions of (2.1)-(2.2) such that
v0(t) ≤ w0(t) on J=[1,T].
(iii) f(t,u) satisfy one-sided Lipschitz condition

f(t, u)− f(t, v) ≤ −M(u− v), M ≥ 1, for all u ≥ v, t ∈ J.

Then there exists monotone sequences vn(t) and wn(t) in C(J,R) such that

vn(t)→ v(t) and wn(t)→ w(t) as n→∞,
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v(t) and w(t) are minimal and maximal solutions of (2.1)-(2.2) respectively satisfying

Dqv(t) = f(t, v(t))

Dqw(t) = f(t, w(t))
on [1,T].

Proof: For any φ(t) and ψ(t) in C(J,R) such that for v0(1) ≤ φ(t) and w0(1) ≤ ψ(t)
on J, consider the following linear fractional differential equation

Dqu(t) +Mu(t) = f(t, φ(t)) +Mφ(t), u(1) = u0. (3.1)

We first show that the uniqueness of solution of linear fractional differential equation
(3.1), For this, let u1 and u2 be two solutions of (3.1). Then we have

Dqu1(t) +Mu1(t) = f(t, φ(t)) +Mφ(t), u1(1) = u01

Dqu2(t) +Mu2(t) = f(t, φ(t)) +Mφ(t), u2(1) = u02

where φ(t) ∈ C(J,R). Hence

Dq(u1(t)− u2(t)) = −M(u1(t)− u2(t))

and
u1(1)− u2(1) = u01 − u02 = 0.

This implies u1(t) = u2(t).
Define the sequences as follows:

Dqvn+1(t) = f(t, vn)−M(vn+1 − vn), vn+1(1) = v0(n+1) .

Dqwn+1(t) = f(t, wn)−M(wn+1 − wn), wn+1(1) = w0(n+1) .

Now
Dqvn+1(t) +Mvn+1(t) = f(t, vn) +Mvn(t), vn+1(1) = v0(n+1) . (3.2)
Dqwn+1(t) +Mwn+1(t) = f(t, wn) +Mwn(t), wn+1(1) = w0(n+1) .

It follows that exist unique solution vn+1(t) and wn+1(t) for above equation. Putting
n = 0 in (3.2) the existence of solutions of v1(t) and w1(t) is clear. Next we prove
that v0(t) ≤ v1(t) ≤ w1(t) ≤ w0(t). Setting p(t) = v0(t)− v1(t) we have

Dqp(t) = Dqv0(t)−Dqv1(t)
≤ f(t, v0)− [f(t, v0)−M(v1 − v0)]
≤ f(t, v0)− f(t, v0) +M(v1 − v0)
≤ −M(v0 − v1)
≤ −Mp(t)

and p(1) = v0(1)− v1(1) ≤ v0(0) − v0(1) = p = 0.
Thus we have Dqp(t) ≤ −Mp(t) and p = 0. Hence v0(t) ≤ v1(t).
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Similarly, we can show that w0(t) ≥ w1(t) and v1(t) ≤ w1(t). Thus v0(t) ≤ v1(t) ≤
w1(t) ≤ w0(t).
Assume that for some k > 1, vk−1(t) ≤ vk(t) ≤ wk(t) ≤ wk−1(t). We claim that
vk(t) ≤ vk+1(t) ≤ wk+1(t) ≤ wk(t) on J . To prove this, set p(t) = vk(t) − vk+1(t).
Since f(t, u) +Mu is nondecreasing in u, we have

Dqp(t) = Dqvk(t)−Dqvk+1(t)
= f(t, vk−1)−M(vk − vk−1)− [f(t, vk)−M(vk+1 − vk)]
≤ f(t, vk−1)− f(t, vk)−M(vk − vk−1) +M(vk+1 − vk)
≤ −M(vk − vk+1)
≤ −Mp(t)

and p(1) = vk(1)− vk+1(1) = v0(k) − v0(k+1) = p = 0.
Thus we have Dqp(t) ≤ −Mp(t) and p = 0. Therefore we have vk ≤ vk+1.
Similarly we prove that vk+1(t) ≤ wk+1(t).
Utilizing the corresponding fractional Volterra integral equations

vn+1(t) = v0 + 1
Γ(q)

∫ T

1
(log t

s
)q−1 [f(s, v0(n+1))−M(vn+1 − vn)]

s
ds,

wn+1(t) = w0 + 1
Γ(q)

∫ T

1
(log t

s
)q−1 [f(s, w0(n+1))−M(wn+1 − wn)]

s
ds.

it follows that v(t) and w(t) are solutions (3.1).
Next we claim that v(t) and w(t) are the minimal and maximal solution of (3.2). Let
u(t) be any solution of (2.1)-(2.2) different from v(t) and w(t), so that there exists k
such that vk(t) ≤ uk(t) ≤ wk(t) on J and set p(t) = vk+1(t)− uk(t) so that

Dqp(t) = Dqvk+1(t)−Dquk(t)
= f(t, vk)−M(vk+1 − vk)− f(t, uk)
≤ f(t, vk)− f(t, uk)−M(vk+1 − vk)
≤ −M(vk+1 − uk)
≤ −Mp(t)

and p(1) = vk+1(1)− uk(1) = v0(k+1) − u0(k) = p = 0.
Thus vk+1 ≤ uk on J . Since v0(t) ≤ u0(t) on J , by induction it follows that
vk(t) ≤ uk(t) for all k. Similarly we can show that uk(t) ≤ wk(t) for all k on J . Thus
vk(t) ≤ uk(t) ≤ wk(t) on J . Taking limit as n→∞, it follows that v(t) ≤ u(t) ≤ w(t)
on J .

Next we establish the uniqueness of solution of (2.1)-(2.2) in the following.

Theorem 3.2 Assume that :
(i) f(t,u(t)) in C[J × R,R] is nondecreasing in u for each t.
(ii) v0(t) and w0(t) in C(J,R) are lower and upper solutions of (2.1)-(2.2) such that
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v0(t) ≤ w0(t) on J=[1,T].
(iii) f(t,u) satisfy Lipschitz condition,

|f(t, u)− f(t, v)| ≤M |(u− v)|, M ≥ 1.

Proof: We have already prove v(t) ≤ w(t), we need to prove v(t) ≥ w(t). Consider
p(t) = w(t)− v(t) we find that

Dqp(t) = Dqw(t)−Dqv(t)
= f(t, w)− f(t, v)
≤M [w − v]
≤ −Mp(t)

and
p(1) = w(1)− v(1) = 0.

This gives w(t) ≤ v(t). Hence v(t) = w(t) is the unique solution of (2.1)-(2.2) on
[1, T ].

4 Example
Example 1. Let us consider the following initial value problem

Dqu(t) = tqu(t)
u(1) = 1

(4.1)

where 0 < q < 1.
Solution: Choose v0(t) = 0, w0(t) = 3(ln t)q + 1, t ∈ (1, T ] are lower and upper
solutions of equation (4.1),
such that

v0(t) ≤ w0(t).
We observe that

0 ≤ 3(ln t)q + 1.
Since v0(t) is constant, therefore Dqv0(t) = 0.
Also

Dqw0(t) = 3Γ(q + 1),
Since

Dqw0(t) ≥ tqw0(t).
Taking t = 1, q = 1

2
2.658 > 1.

Now we verify the one-sided Lipschitz condition.
We have

f(t, u)− f(t, v) ≤ −M(u− v).
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Inequality becomes,
tq(u− v) ≤ −M(u− v),

which implies
M ≥ tq

M = 1.
The solution u(t),

u(t) = 1 + (ln t)q
Γ(q + 1) .

The lower solution sequence {vn(t)} of equation (4.1), is

v0(t) = 0,
v1(t) = 1,

v2(t) = 1 + (ln t)q
Γ(q + 1) ,

v3(t) = 1 + (ln t)q
Γ(q + 1) + (ln t)2q

Γ(2q + 1) ,

v4(t) = 1 + (ln t)q
Γ(q + 1) + (ln t)2q

Γ(2q + 1) + (ln t)3q

Γ(3q + 1) ,

v5(t) = 1 + (ln t)q
Γ(q + 1) + (ln t)2q

Γ(2q + 1) + (ln t)3q

Γ(3q + 1) + (ln t)4q

Γ(4q + 1) ,

...

...

vn(t) = 1 +
n−1∑
k=1

(ln t)kq
Γ(kq + 1) .

Taking the limit as n→∞, the sequence of lower solutions converges to v(t).
The upper solution sequence {wn(t)} of equation (4.1), is

w0(t) = 3(ln t)q + 1,

w1(t) = 1 + (ln t)q
Γ(q + 1) + 3(ln t)2qΓ(q + 1)

Γ(2q + 1)

w2(t) = 1 + (ln t)q
Γ(q + 1) + (ln t)2q

Γ(2q + 1) + (ln t)3q

Γ(3q + 1) + 3(ln t)4qΓ(q + 1)
Γ(4q + 1) ,

w3(t) = 1 + (ln t)q
Γ(q + 1) + ......+ (ln t)5q

Γ(5q + 1) + 3(ln t)6qΓ(q + 1)
Γ(6q + 1) ,

...

...

wn(t) = 1 +
n−1∑
k=1

(ln t)kq
Γ(kq + 1) + 3

n−1∑
k=1

(ln t)2kqΓ(q + 1)
Γ(2kq + 1) ,
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Taking the limit as n→∞, the sequence of upper solutions converges to w(t).

The lower and upper solutions are shown graphically in the following figure.

Figure 1: lower and upper solutions of (4.1).

5 Conclusion

Investigated the existence and uniqueness of solution of fractional differential equa-
tion involving the Hadamard fractional derivative by using monotone method with
lower and upper solutions. It is shown that two monotone sequences converge to the
minimal and maximal solutions of the problem (2.1)-(2.2). The obtained results are
illustrate by suitable example. The graph of the solution obtained is plotted using
matlab.
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