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Abstract

In this paper, we investigate the existence and uniqueness of solution of
fractional differential equations involving Hadamard fractional derivative with
initial conditions. Monotone method is constructed using lower and upper solu-
tions. Two monotone convergent sequences are obtained converging to minimal
and maximal solutions of the problem.
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1 Introduction

The fractional calculus was developed during nineteenth century [15,25]. The idea
of fractional calculus has been a topic of interest not only among mathematicians,
but also among physicists and engineers. Fractional calculus is being applied in
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various fields of engineering and science, rheology, economics, mechanics, chemistry,
physics, viscoelasticity, finance, aerodynamics, electrodynamics of complex medium,
etc. [9,12,13,14,21,22,27]. The study of theory of differential equations of fractional
order parallel to the well known theory of ordinary differential equations has been
growing independently since last four decades [16,17,18,19,20]. An effective tech-
nique for discussing the existence of solutions of differential equations is the mono-
tone iterative technique combined with the lower and upper solutions method. The
method of upper and lower solutions combined with the monotone iterative tech-
nique not only guarantees the interval of existence but also provides a constructive
way to obtain the solution. Wang and Xie [29] developed monotone method and
obtained existence and uniqueness of solution of fractional differential equation with
integral boundary conditions. Vasundhara Devi developed [10] the general monotone
method for periodic boundary value problem of Caputo fractional differential equa-
tion when the function is sum of nondecreasing and nonincreasing function. Nanware
and Dhaigude developed [24] monotone method for Riemann-Liouville fractional dif-
ferential equation with integral boundary conditions when the sum of nondecreasing
and nonincreasing function. Some other contributions to the theory can be seen in
3,5,7,8,11,21,26,28,30]. K. Balachandran et al. [6] studied the existence results for
fractional differential equations with Hadamard type fractional derivative by using
the Banach fixed point and the Schauder fixed point theorems. Ahmad and Ntouyas
2,4] studied the existence and uniqueness of solutions for fractional integral boundary
value problems involving Hadamard fractional operator by applying some standard
fixed point theorems.

In this paper, we consider the Hadamard fractional differential equation with initial
condition and develop monotone method for Hadamard fractional differential equa-
tion with initial condition and obtained existence and uniqueness of solution of the
problem. So far, existence and uniqueness of solutions has not been studied involving
Hadamard fractional derivative.

The rest of paper is organized in the following manner:

In section 2, we consider some definitions and lemmas required for the study. In
section 3, the main results for the monotone method are developed for the prob-
lem. As an application of the method existence and uniqueness results for Hadamard
fractional differential equation with initial condition are obtained. In section 4, we
provide an example to illustrate our main results. In section 5, at the end conclusion
section is added.

2 Preliminaries

We consider the following Hadamard fractional differential equation with initial con-
dition

Diu(t) = f(t,u(t)), te[1,T] (2.1)
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where f € C(J x R,R), ug € R, J =[1,T].

Here and throughout, the notation D¢ denotes the Hadamard fractional derivative of
order ¢ (0 < g <1).

Define C'(J,R) = {u(t)|u(t) is continuous on J}.

Definition 2.1 [1/ The Hadamard integral of u(t) of fractional order q is defined as

Tou(t) = r(lq) /1 t (logi)ql “(Ss)ds,

where 9 denotes the Hadamard fractional integral of order q.

Definition 2.2 [1] The Hadamard derivative of u(t) of fractional order q is defined

Dru(t) = F(nl—q) (t;i)n /1 t <logi>nq1 “(:)ds,

where n=[q/+1, [q] denotes the integer part of the real number q.

Definition 2.3 A pair of functions v(t) and w(t) in C(J,R) are said to be lower and
upper solutions of the problem (2.1)-(2.2) if

Di(t) < f(t,v(t)), forallte J —v(1) < wy,
Diw(t) > f(t,w(t)), forallte J, w(l)> wp.

Lemma 2.1 Let m € C(J,R) be continuous function and for any t; € (1,T], we
have m(t1) = 0, and m(t) > 0 for 1 <t < t; then it follows that DIm(t;) < 0.

Proof: We know that

Dim(t) = F(;_q) (t;lt)n/lt (logi)n_q_l mis)ds

H(t)= /lt <logt>nq1 mis)d&

S

and let

Consider for h > 0,

H(ty) — H(ti — h) — /1 n [(zogt;)n_q_l - (logtl - h>nq1] m(s)

S S

t t n—q—1

+ 1 (logl) m<8)ds.
ti—h S S

=L+ 1, say.

Since (log%) > (log%) and n —q— 1 <0, we have
[(log’f;)n_q_1 — (log@)n_q_l] < 0. Thus it follows that I; < 0.
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Also H(ty) — H(t; — h) < [{, (zogg)"“"1 m) s — I,

Since m(t;) = 0 and m(s) > 0 for 1 < ¢; < T. Thus, we have H(t;) — H(t; — h) < I>.
Dividing by h and taking limits ~ — 0 we have

< 0.

lim
h—0

H(ty) — H(ty — h)
s

Since 0 < ¢ < 1 we conclude that H’(tl) <0,
which implies that Dim(t;) = ( tlH' t1).

That is DIm(t;) < 0. Thus the lemma

Lemma 2.2 Let f € C(J x R,R) and v(t),w(t) € CY(J,R) are lower and upper
solutions of (2.1) and there exists M € (1,q?) such that f(t,z)— f(t,y) > —M(x—y)
forx >y. Then v(1) < w(1) implies v(t) < w(t).

Proof: Consider f € C(J x R,R) and v(t),w(t) € C'(J,R) are lower and upper

solutions of (2.1), we have
(YD (t) < f(t, v(t)), (i) DUw(t) > f(Lw(®), 1<t<T
one of the inequalities being strict. Then
v(l) <w(1)

implies

v(t) < w(t). (2.3)

Suppose that the inequality (2.3) is not true. Let us suppose that the inequality (i7) is
strict. Then setting m(t) = v(t) —w(t), 1 <t <t;, we find that m(¢t) > 0,1 <t <t
and m(t;) = 0. Then by Lemma 2.1, we get D9m(t;) < 0, which yields,

m(tl) = ’U(tl) — U)(t1>
Dim(t;) = Dw(ty) — Dw(ty)
qu(tl) > qu(tl)

and

m(ty) = v(ty) —w(t;) = 0.
v(ty) = w(ty).

using (¢) and (é7), and the definition of m(t), we have
f(tl, U(tl)) > qu(t1> > qu(tl) > f(tl, "LU(t1>>

This is a contradiction since v(t1) = w(t;). Hence the inequality (2.3) is valid, there-
fore v(1) < w(1) implies v(t) < w(t) and the proof is complete.
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Theorem 2.1 Assume that :
(i) The functions v(t) and w(t) in C(J,R) are lower and upper solutions of (2.1)-

(ii) The function f(t,u(t)) satisfy one-sided Lipschitz condition

f(t,:c)—f(t,y)gM(x—y), M >1.

Then v(1) < w(1l) implies that v(t) < w(t), 1 <t <T.

Proof: For small € > 0, setting
we(t) = w(t) + et?. (2.4)

We have w(1) > w(1) and w(t) > w(t), 1 <t <T.
Taking fractional derivative of (2.4), we get

Dhw,(t) = DY w(t) + et]
= D%w(t) + eDt?
> f(t, w(t)) + eq?te
> ft,we(t)) + M(w — w.) + eq?t?
> F(t (D) + g (—et?) + eqt
> [t we(t).

Thus it follows that w(t) is upper solution of (2.1)-(2.2). Applying Lemma 2.2 for
lower and upper solutions of (2.1)-(2.2) we get v(t) < we(t), 1 <t < T. Since € is
arbitrary, we conclude that v(t) < w(t), 1 <t <T.

3 Main Results

In this section we develop monotone method for Hadamard fractional differential
equation (2.1) with initial condition (2.2). Also obtained existence and uniqueness
of solution of Hadamard fractional differential equation (2.1)-(2.2), using monotone
method.

Theorem 3.1 Assume that :

(1) f(t,u(t)) in C[J x R, R] is nondecreasing in u for each t.

(i) vo(t) and wy(t) in C(J,R) are lower and upper solutions of (2.1)-(2.2) such that
vo(t) < wp(t) on J=[1,T].

(i) f(t,u) satisfy one-sided Lipschitz condition

ft,u)— ft,v) < —M(u—v), M>1, forallu>v, teJ.

Then there ezists monotone sequences vy, (t) and wy(t) in C(J,R) such that

va(t) = v(t) and wy(t) — w(t) as n— oo,
Received: October 22, 2025 3145
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v(t) and w(t) are minimal and maximal solutions of (2.1)-(2.2) respectively satisfying
Du(t) = f(t, (1))
Dlw(t) = f(t, w(t))

on [1,T].

Proof: For any ¢(t) and v (¢) in C'(J,R) such that for vy(1) < ¢(t) and we(1) < ¥(t)
on J, consider the following linear fractional differential equation

DUu(t) + Mu(t) = f(t,¢(t)) + Mo(t), u(l) = up. (3.1)

We first show that the uniqueness of solution of linear fractional differential equation
(3.1), For this, let u; and uy be two solutions of (3.1). Then we have

Du(t) + Muy(t) = f(t,6(1)) + M¢(t),  ur(1) = uo,

Dus(t) + Mua(t) = f(t,0(t)) + M(t), ua(l) = uo,
where ¢(t) € C(J,R). Hence
D (uy(t) — ua(t)) = =M (ur(t) — ua(t))
and
U1(1> — UQ(l) = Up; — Upy, = 0.

This implies u; (t) = ua(t).
Define the sequences as follows:

qunJrl(t) = f(t> Un) - M(UnJrl - Un)a UnJrl(l) = UO<n+1)-

Diwny1(t) = f(t, wn) — M(Wni1 — wp),  wpyi(l) = Wo 41y
Now

DqUTH-l (t) + Mvn—‘rl (t) = f(t7 Un) + Mvn(t>7 Un-l—l(l) = UO(n+1>' (32)
qun+1<t) + Mwn+1(t) = f(t, U)n> -+ Mwn(t), wn+1(1) = wo(n+1) .

It follows that exist unique solution v, (t) and wy,1(t) for above equation. Putting
n = 0 in (3.2) the existence of solutions of vy () and w;(t) is clear. Next we prove
that vg(t) < vy (t) < wy(t) < wo(t). Setting p(t) = vo(t) — vi(t) we have

) =
DIp(t) = Dug(t) — DOy (1)
< f(t,v0) — [f(t, v0) — M(v1 — vp)]
< f(t vo) — f(t,v0) + M (v — vp)
M(vo — v1)
—Mp(t)

IN I/\

and p(1) = vo(1) — v1(1) < v, — v, =p =0,
Thus we have Dip(t) < —Mp(t) and p = 0. Hence vo(t) < vy(t).
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Similarly, we can show that wg(t) > wi(t) and v1(t) < wq(t). Thus ve(t) < vi(t) <
Assume that for some k > 1, vp_1(t) < v(t) < wi(t) < wi_1(¢t). We claim that
() < vpga(t) < wigr(t) < wg(t) on J. To prove this, set p(t) = vip(t) — vi1().
Since f(t,u) + Mu is nondecreasing in u, we have

Dip(t) = Divg(t) — D1 (t)
= f(t, vp—1) = M(vp — vp—1) — [f(t, ) — M (V1 — 0)]
< f(t,vp—1) = f(t,06) — M(vg — vg—1) + M (Vg1 — )
—M (v — Ug+1)
—Mp(t)

IA A

and p(1) = vx(1) — v41(1) = vo,,, — Voy,,) =p = 0.

Thus we have DIp(t) < —Mp(t) and p = 0. Therefore we have vy < vg.
Similarly we prove that v, (t) < wgiq1(t).

Utilizing the corresponding fractional Volterra integral equations

1 T t q—l [f(87 UO n+1 ) - M(Un+1 - /Un)]
%H@=W+N@[u@g S ds,

1 T t g—1 [f<57 Wo (41 ) - M(wn-‘rl B ’U)n)]
W1 () = wo + () /1 (log;) (n+1) . ds.

it follows that v(¢) and w(t) are solutions (3.1).

Next we claim that v(t) and w(t) are the minimal and maximal solution of (3.2). Let
u(t) be any solution of (2.1)-(2.2) different from v(t) and w(t), so that there exists k
such that vy (t) < ug(t) < wi(t) on J and set p(t) = vg1(t) — ug(t) so that

Dip(t) = D0vgyq(t) — DIug(t)
= f(t ve) = M(vp1 — vi) — f(E, up)
< f(t o) — f(t,ur) — M (Vg1 — vg)
—M (Vg1 — up,)
—Mp(t)

IAINA

and p(1) = v1(1) = (1) = 0sy, — oy = p = 0.
Thus vgr1 < wg on J. Since vg(t) < wo(t) on J, by induction it follows that
vk(t) < () for all k. Similarly we can show that uy(t) < wg(t) for all £ on J. Thus
vE(t) < ug(t) < wg(t) on J. Taking limit as n — oo, it follows that v(t) < u(t) < w(t)
on J.

Next we establish the uniqueness of solution of (2.1)-(2.2) in the following.

Theorem 3.2 Assume that :
(i) f(t,u(t)) in C|J x R, R] is nondecreasing in u for each t.
(77) vo(t) and wo(t) in C(J,R) are lower and upper solutions of (2.1)-(2.2) such that
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vo(t) < wo(t) on J=[1,T].
(i) f(t,u) satisfy Lipschitz condition,

|f(t,u) — f(t,v)] < M|(u—v)|, M>1.

Proof: We have already prove v(t) < w(t), we need to prove v(t) > w(t). Consider
p(t) = w(t) — v(t) we find that
Dip(t) = Diw(t) — Dw(t)
= f(t,U)) - f(t,'l})
< M[w — v]
< —Mp(t)

and

p(l) =w(l) —v(1) = 0.
This gives w(t) < v(t). Hence v(t) = w(t) is the unique solution of (2.1)-(2.2) on
[1,T].

4 Example

Example 1. Let us consider the following initial value problem

q — 44
Du(t) = tu(t) (4.1)
u(l) =1
where 0 < ¢ < 1.
Solution: Choose vy(t) = 0, wo(t) = 3(Int)?+1, t € (1,7T] are lower and upper
solutions of equation (4.1),
such that

We observe that
0<3(nt)? + 1.
Since vy (t) is constant, therefore Dy (t) = 0.
Also
Dhwy(t) = 3I'(¢ + 1),
Since
quo(t) Z tqwo (t)
Taking t =1, g = %
2.658 > 1.

Now we verify the one-sided Lipschitz condition.
We have

f(t,U) - f(t,’U) < —M(U - U)'
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Inequality becomes,

which implies

M > t1
M=1
The solution wu(t),
(Int)?
=1+—"
ult) [(g+1)

The lower solution sequence {v,(t)} of equation (4.1), is

Uo(t) =Y
'Ul(t) = 1,
B (Int)?
va(t) =1+ T(g+ 1)’
(Int)? (Int)%
va(t) = 1+ I'(g+1) T(2¢+1)
vy(t) = (In)? (In¢)* (Int)*
4 T(g+1) T(2¢+1) T(B¢+1)
(mt)? () (n)*  (Int)"
vs(t) =1 Dg+1) T@q+1) TEq+1) Tg+1)
B 1 (Int)ka
Un(t) =1 + P F(kq + 1)

Taking the limit as n — oo, the sequence of lower solutions converges to v(t).

The upper solution sequence {w,(t)} of equation (4.1), is
wo(t) =3(Int)? + 1,

) =14 BT 0P
g+ 1) T'(2g+1)

we(t) =1+ (Int) (Int)% (Int)3e (Int)%D(q + 1)
Plg+1) T2q+1) TI@Bg+1) T(4g + 1)

ws(t) = 1 (Int)? . (In t)% (Int)%0(q + 1)

3 Tt T NCES) NSRS

n—1 (ln t)kq — (ln t)2qu(q + 1)

w”(t)_H,;F(qu) k; et
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Taking the limit as n — oo, the sequence of upper solutions converges to w(t).

The lower and upper solutions are shown graphically in the following figure.

3.5 T T T T T T T T T
Vot

- U(t)
w

of

25 .

Solutions

Figure 1: lower and upper solutions of (4.1).

5 Conclusion

Investigated the existence and uniqueness of solution of fractional differential equa-
tion involving the Hadamard fractional derivative by using monotone method with
lower and upper solutions. It is shown that two monotone sequences converge to the
minimal and maximal solutions of the problem (2.1)-(2.2). The obtained results are
illustrate by suitable example. The graph of the solution obtained is plotted using
matlab.
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