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Abstract

We introduce and study a new class of non-archimedean pseudo-differential
operator connected to coupled fractional Fourier transform. Motivated by
Fractional Fourier transform and non-archimedean pseudo-differential con-
nected to negative definite functions discussed by Shekhar and Agrawal [1,2],
we discuss non-archimedean pseudo-differential operator connected to cou-
pled fractional Fourier transform. This provides a new framework parallel to
the classical Fourier non-archimedean pseudo-differential calculus, but in a
non-archimedean analysis and global setting.
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1 Introduction

The interaction of non-archimedean pseudo-differential operators and stochastic
processes on p-adics has received a lot of attention in recent decades because of
the connection of the p-adic pseudo-differential equations associated with certain
physical models, see [3].

The connections of non-archimedean pseudo-differential operators with certain
p-adic pseudo-differential equations that describe certain physical models [4-8].
Therefore, non-archimedean pseudo-differential operators have received a lot of at-
tention in two decades.Non-archimedean pseudo-differential operators have gained
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popularity in recent years due to their utility in studying certain equations associ-
ated with new physical models/Models in physical form [9—15]. The interest in
pseudo-differential operators in the p-adic context has grown significantly in recent
years as a result of their utility in modelling various types of physical phenomena.
For example, modelling geological processes (such as the formation of petroleum
micro-scale reservoirs and fluid flows in porous media such as rock); the dynamics
of complex systems such as macromolecules, glasses, and proteins; the study of
Coulomb gases, etc. [16-20]. Nonlocal diffusion problems arise in a wide range
of applications in the archimedean setting, including biology, image processing,
particle systems, and coagulation models.

2 Preliminaries

In this section we recall some mathematical background of coupled fractional
Fourier analysis on Q, x Q,, that will be used throughout the manuscript.

Definition 1. The field of p-adic numbers: Let p be a prime number. Through out
this manuscript p will denote a prime number. Firstly we define p-adic norm |.|,
on Q as follows

| :{ 0, ifn=0,
PUle ifn=pE,

where p and o are integers coprime with p. The integer T := ord(n), with
ord(0):=+o0, is called the p-adic order of 1.
The unique expansion of any p-adic number 1 # 0 is of the form

n=p"MY np', )
i=0
where 1; € {0,1,2,.......... ,p— 1} and o # 0. Using (1), we define the fractional

part of N € Qp, denoted by {n},, as the rational number

(), = 0, ifn=0 orord(n)>0,
Pe= prtm g ™ if ord(n) <0,

Extention of the p-adic norm on Q) is given by
nllp=1Inl, vn €Q,. (2)
Now, we introduce some functional spaces as follows.

A function f: Q, x Q, — C is called a test function (or a Bruhat-Schwartz
function ) if it is a compact support with locally constant. The set of all complex
valued test functions on Q, x Q,, is denoted by Z(Q,, x Q) or simply Z. The set
of all distributions (all continous functionals) on Z is denoted by 2'(Q, x Q) or
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simply 2. The mapping (U, y) : 2'(Q,) x 2(Q,) — C for U € 2'(Q, x Q,)
and y € 2(Q, x Q,) is defined as follows:

(U, ) = [@ [@ U(L,E)w(E,E)dLdE.

Definition 2. Fourier Transform on Q,:

The set X,(y) = e*™ fory € Q,. The map X,(. ) is an additive character on Q,,, i.e.
a continuous map from (Q,, +) into S ( the unit circle considered as multiplicative
group ) satisfying X, (xo +x1) = Xp(Xo) Xp(x1), Xo, X1 € Qp. The additive characters
of Qp from an Abelian group which is isomorphic to (Qp, +), the isomorphism is
givenby & — x,(Ex). Givenx, § € Q,, if f € Li1(R) its Fourier transform is defined
by

(Z1)(E) = /Q 2(ENf(X)dx for E€Q,.

Definition 3. Fractional Fourier Transform on Q,:
In this chapter, we introduce the definition of fractional Fourier transform on
the field of p-adic numbers Q,. Firstly, the map X;?( , .) is defined on Q,, as fol-

lows:
5 i(£2+1?%) cotd
2

Ve, ner,x,‘?(C,n)={ e

ST

- 2
Ifyell (Qp), its fractional Fourier transform of one dimension [1, 2] is defined
as follows:

—ilnesed 9 Lpgnel

1 ,—i -z
N m % =7,

(Fo)m) = Fo(0) = [ A CWEAS, forne, @)
The inverse fractional Fourier transform of a map ¢ € L' (Qp) is

(Z5'90)(0) = /Q 2 mom)dn, for L €Q,. @)

The fractional Fourier transform is an isomorphism, continuous and linear map of

2(Qp) onto itself holding
(Z3(F5'9))(0) = (F5 ' (F59))(E) = 9(0), ©)
for every ¢ € 2(Qp).

Exploiting the tensor product of n copies of the one-dimensional fractional
Fourier transform each of order ¥, [ = 1, 2, 3,...,n ,the fractional Fourier trans-
form has been extended to the higher-dimensional transform.

We assume that © = (19'17192)7 X= (xvn)a Y= (yv C)) X;?(Xa)’) :%;791 (xvn)'xﬂz(yy C) =

122 (x,,1, &), where %2 (x,m) and x22(y,§) are defined as above.
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Definition 4. Coupled Fractional Fourier Transform on Q, x Q,:
The coupled fractional Fourier transform is defined as follows

(Z00)(1.8) = [Fooln.0) = [ [ xxy)0te ity
= //x (M) (3. §) 9 (x,y)dxdy
- /@ / 207 (x5, )9 (x,y)dxdy. (6)

The corresponding inversion formula of (6) is defined as follows
0wy = [ [ 255 n.0)[Fo00)(n. O)dnde. ™

It is easy to observe that for ¥ = % = %, the two-dimensional fractional
Fourier transform .%y, », becomes a classical two-dimensional Fourier transform.

3 Non-archimedean analysis with negative definite
functions

In this section, we derive the non-archimedean pseudo-differential operators with
coupled fractional Fourier Transform and negative definite functions on Q, x Q,,.
Definition 5. [15] A mapping ¢ : Q, x Q, — C is said to be positive definite, if

Y, o — 1w & —&n)zzm >0 8)
I, m=1

foralln €N, ny,.......... M €Qpand &y, ............ G €Qp, 2ty ,Zn €
C.

Definition 6. [15] A mapping ¢ : Q, x Q, — C is said to be negative definite, if

n

Z Clagl +¢(Cm7ém> (gl—gmyél_ém))zlmzo )

1, m=1

foralln#£0€N, i, .......... 6. €Qp,andy, ... 6 €Qpy 2y, ,Zn €
C.

The set of all negative definite functions on Q, x Q, is denoted by .4 (Q,, x
Q) and the set of all continuous negative definite functions on Q, x Q,, is €4 (Q), x
Qp), throughout this manuscript.

Definition 7. Let ¢ : Q, x Q, — C be a negative definite and continuous radial
function. We consider y € 2(Q, x Q,) and a real number k > 0. Now, the norm
is defined as follows:

1

ﬂlvﬂzuwm,k:(/Q/Q [max{1, ¢<|n|p,|é||p>|}]2k|%<n>\2dnda>2.
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One verifies that the function space %y (Q, x Q,), k > 0 is the completion
of 2(Q, x Q) with respect to the norm 22| y]| 4. .

Definition 8. We consider ¢ : Q, x Q, — C is a negative definite and continous
radial function. We define for k > 0

LZ(dk) = {g € Lll()c : dkg € LZ(QP X Qp)}’

where d(1) = [max{1, ](p(Han)]}]k, N € Qp. One can verify that L,(dy) is a
Hilbert space with the inner product

h = d d h dldn = {d,g, dih);> .
(% W) iya) [Q p [@ (& M(EMALE MAE WAL = (i, )0,

(10)
Example 1. (a) The mapping ¢(||C|1,,11&11,) = 8(/[S[15+1¢1[5), 8, v> 0 holds

1
imax{1,1o(|[E]l, + 1§11, 1})*

1
e LY(Q, xQ,), Vk> ”

(b) Let g(&, &) be an elliptic polynomial of degree n;. Then, we consider (&) =
18(¢,8)|°, ¢, & € Qp and for any fixed § > 0. We obtain that

1 | 1
Vk>—.
max {1 1oQIC e F <& (@ X @) Vi>2m

Examples 1 and 2, in this manuscript we assume that subclassses of non-
constant negative definite functions, motivated by .
There are three types of negative definite function.
e A negative definite function ¢ : Q, x Q, — C is said to be type I, if 3 a positive
constant K=K(¢) such that

(ISl ISl <K, VT, & eQ).

o A negative definite function ¢ : Q, x Q, — C is said to be type II, if 3 a positive
constant K} = K1 (), Kz =K>(¢), 61 =61(¢) and & = & (), 0< 8 < &, K| <
K>, such that

Kifmax{1, [[C[l,+I€11,}]* < max{1, [@(||C]l5,]€]l,)[}
< Kamax{L, [||l, +[1E][,}]>, ¥, & € Q.

o A negative definite function ¢ : Q, x Q, — C is said to be type IIL, if V constant
03 > 0, 3 a positive constant K3 = K3(¢, 83) such that

Ks[max{1, ||¢]], +I&1l,}]* < max{L, [@(|[¢]],. IE],)]}, ¥ E, & €Qp
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Now we introduce for g € %y (Q, x Q,)

A (@), pu) = —%@([max{l,\¢<chp,ué|rp>|}]5%7%](6,5))

= / . 2, (88 m ) [max{L, |9 (1IC]1p, 118111} 2
X[ Fo,.,8](C,6)ddS.

We find the norm oquf}(’ﬁz (g)(n, ) as follows:
17k ™ (@)1 1)l ox

N (/@[@ [max{1, |¢<HCHP,HéH»!}]k\[%l,ﬂzguc,é)ﬁd@d&)2

1

( [@ [@ [max{1, |¢(|!C\|p,Hé||p)|}}2k|{%],mg](@é)!zd@d§>2

|Igllg.k < .

IN

k
The mapping [max{l l0(1S]1p IIENIY] 2, €, & € Qp is known as the symbol

of .sz/ﬂ‘ %2 Hence, sz Y i : By 1 (Qp xQp) = By, k(Qp x Q) is a well-defined
non- archlmedean pseudo -differential operator.
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