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Abstract

In this paper we present a case study on the role of mathematics as a computational tool in Al,
emphasizing neural networks. We have highlighted how mathematical frameworks transform
theoretical models into practical algorithms, for example, in drug discovery. We also study the
data representation with linear algebra, optimization using calculus, probabilistic modelling and
mathematical operation.
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1. Introduction

Mathematics forms the foundation of artificial intelligence (Al), serving as both its language
and computational engine. From linear algebra and calculus to probability theory and graph
theory, mathematical principles underpin every stage of Al system development. Artificial
intelligence has emerged as one of the most transformative technologies of the 21st century
[1], with a wide range of applications, from health- care diagnostics [2, 3] and financial
forecasting to autonomous vehicles [4, 5] and natural language translation. Artificial
intelligence (Al) is one of the fastest-growing fields in computer science and engineering, finding
applications in healthcare, finance, autonomous vehicles, and robotics. At its core, Al is
powered by mathematics. The representation of data, the learning process of algorithms, and
the reasoning behind decision-making all require mathematical tools. Mathematics provides both
the language and computational techniques needed to formalize intelligence in machines.

In the recent papers of GNN, like privacy of graph neural networks ,graph neural network
accelerators [6], Over-squashing in Graph Neural Networks [7].

This paper presents a case study of mathematics as a computational tool in Al It emphasizes
the combination of linear algebra, probability theory, and optimization in machine learning algorithms
and data analysis, particularly neural networks. The case study highlights how mathematics
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transforms abstract concepts into computational models, thereby enabling Al to mimic
human-like decision-making. The case study highlights three key mathematical domains
linear algebra, calculus, and probability and next extends to fast modern innovations in graph
neural networks, which rely on graph theory.

In [8], deep learning formulates representation learning as the optimization of a nested
composition of parameterized functions. Each layer computes a transformation of its input,
producing increasingly abstract feature representations. Higher-level concepts emerge as
nonlinear combinations of lower-level features learned from data via gradient-based
optimization, enabling the model to capture complex functional dependencies without explicit
human-designed feature specifications.

According to the authors, the construction of data-driven learning models is best grounded in
probabilistic reasoning. As a well-established mathematical discipline with deep roots in
statistics and engineering, probability theory provides a systematic approach for handling
uncertainty across a wide range of learning tasks.

In [9], argues that uncertainty is an inherent aspect of learning from data and that probabilistic
methods provide the most coherent mathematical framework for address- ing this challenge.
Owing to its long-standing role in statistical and engineering applications, probability theory
serves as a natural foundation for modern machine learning methodologies

2. Literature Review / Background

The relationship between mathematics and Al is deeply intertwined. Early Al systems relied
heavily on logic and symbolic reasoning fields rooted in discrete mathematics. With the rise of
machine learning in the late 20th century, continuous mathematics, such as calculus, probability,
and linear algebra, became indispensable.

1. Linear Algebra: provides the foundation for representing datasets, performing matrix
multiplications in neural networks, and handling dimensionality reduction techniques such as
Principal Component Analysis (PCA). It is used to represent the process of large datasets as
vectors and matrices. For example, in image recognition, every image is stored as a matrix of
pixel values, and neural networks use matrix multiplications to detect objects like faces or traffic
signs.

2. Calculus: Provides the basis for optimization algorithms through gradient computation and
backpropagation. Enables optimization by computing gradients, which are central to gradient
descent algorithms. For example, in self-driving cars, calculus helps adjust the car’s steering by
minimizing the error between the predicted and actual path through gradient descent.

3.  Probability and Statistics: allow Al systems to deal with uncertainty, model predictions,
and infer patterns from data. Enable reasoning under uncertainty, data pattern recognition, and
future estimation to help in modelling [10]. Allow machines to make predictions under
uncertainty. For example, in spam detection, probability models decide whether an email is spam
based on the likelihood of certain words appearing.

4. Graph Theory: Extends Al to structured data, forming the basis of GNNs used in
applications like drug discovery and recommender systems. For example, in social networks,
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graph theory allows recommendation systems to suggest new friends or connections by analyzing
relationships between users.

5.  Optimization Theory: Provides algorithms to minimize loss functions and improve model
accuracy. For example, in supply chain management, optimization reduces delivery costs while
meeting customer demand.

The connection between mathematics and Al is longstanding. Early symbolic Al depended on
discrete mathematics and formal logic, while modern machine learning and deep learning rely
on continuous mathematics [11].

Literature such as Goodfellow et al. (2016) on deep learning [8] and Murphy (2012) on
probabilistic machine learning demonstrates the indispensability of mathematical frameworks
[9]. The rise of GNNs further emphasizes this relationship by integrating graph structures into
machine learning.

Recent developments in deep learning, reinforcement learning, and natural language processing
further underscore the reliance on mathematics see in[12—14]. For example, in deep neural
networks, backpropagation operates as a practical implementation of multivariable calculus and
chain rule differentiation.

3. Case Study: Mathematics as a Computational Tool in Al

This case study examines the application of linear algebra, calculus, and graph theory in the
design and training of artificial neural networks (ANNs), including the more recent graph
neural networks (GNNs). Artificial Intelligence (Al) is the ability of machines to imitate
human intelligence. It enables computers to learn from data, make decisions, solve problems,
and improve performance over time. Al is widely used in areas like healthcare, traffic control,
education, and robotics. Al systems use data and algorithms to improve their performance
over time without being explicitly programmed for every situation.

a. Data Representation and Linear Algebra

In neural networks, data input such as images, speech signals, or numerical records are
represented as vectors and matrices.

(o)
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Fig. 1: Neural Network (Input-Hidden Output)

For example, an image of size 28x28 pixels is represented as a 784-dimensional vector.
Operations such as matrix multiplication enable the transformation of these inputs through
multiple layers of a network.

Example: Consider a single-layer perceptron model. If the input vector is x € R™ and the
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weight matrix is x € R™*" , then the output is computed as: y = f (Wx + b), where 'f’
1s an activation function and ’b’ the bias vector.

This simple yet powerful mathematical operation forms the basis of modern deep learning
architectures.

b. Optimization Using Calculus

The performance of neural networks is improved through optimization techniques. The most
widely used method is gradient descent, which minimizes a loss function by iteratively updating
weights. Mathematical formulation: Given a loss function L(6), where denotes model
parameters, the update rule is:

Ocs1 = 6 — 1 Vg L(6).
Where is the 7 is the learning rate and Vy L(6,) is the gradient.
. B is current model parameters (weights, biases, etc.) at step t.

Vg L(6;)is gradient of the loss function with respect to the parameters (tells the direction to
change 6 to reduce loss)

. n is learning rate (controls how big a step we take)
. B¢4+1 updated parameters after one step.

The computation of gradients involves differentiation, specifically the chain rule, which allows
gradients to propagate backward through multiple layers of a neural network (backpropagation).

c. Probabilistic Modelling

Another essential mathematical aspect in Al is the use of probability distributions to capture
uncertainty. Bayesian networks, Hidden Markov Models (HMM), and probabilistic graphical
models rely on probability theory to model dependencies between variables. For example, in a
spam email classifier, the probability of an email being spam given certain keywords is
computed using Bayes’ theorem:

Keywords
( Spam )_ P( Spam —>P(spam)
Keywords/) P(Keywords)
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This probabilistic foundation enables Al systems to perform classification, prediction, and

reasoning under uncertainty.
d. Graph Neural Networks (GNNs) and Graph Theory

Graphs are mathematical structures that represent entities (nodes) and their relationships (edges).
Many real-world datasets, such as social networks, molecules, and transportation systems,

naturally take the form of graphs.

Fig. 2: GNNs

GNN s extend traditional neural networks by operating directly on graph- structured data. At the
heart of GNNs lie graph theory and linear algebra, specifically the use of adjacency matrices and
Laplacian operators.

e. Mathematical operation (Message Passing):

At each layer, a node's feature vector is updated by aggregating features from its neighbors:

h§k+1) . (W.AGG ({hl(k):j € M(i)}))

where hgk) is the node representation at layer k£ , M (i) denotes the neighbors of node i, and o

1S an activation function.

The above formula says:

1.
2.
3.

Each node i updates its feature vector (information) by looking at its neighbors.
The neighbors features are aggregated (summed, averaged, etc.).

Then a weight matrix W and activation function o ,are applied to learn a new representation.
This process is called message passing in graph neural networks.

f. City traffic network
Each junction (node) has a feature = current traffic flow.

To estimate tomorrow’s traffic at a junction, you consider neighboring junctions (roads
connected).

If nearby junctions are heavily congested, your junction will likely also face high traffic.

Formula: Your new traffic prediction is based on neighbor junction data, trans- formed with
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weights (W) and passed through an activation (0). Where AGG is sum of traffic from
connected roads.

Traffic modelling can be represented by a single conservation-based differential equation, where
vehicle density evolves over time, and Al optimizes signal control to minimize congestion. At
traffic signals, its controlled by differential equations,

9p | 9q(p) _
at+ ax =u(t)

here u(t) is signal control action (green light /red light to stop timing). When traffic signal
or junction, spatial variation is small, so

.
Thus, the equation reduces to an ordinary differential equation,
% =u(t)
Assume u(t) = up
Then % = Uy
Integrate p(t) = pg +ugt

. Physical Interpretation of Traffic Green Signals (1o ; 0) and Red Signals (uq; 0),
a) Cars leave the junction,
p(t) =po — |uolt
We conclude the Density decreases linearly and Congestion clears.
b) Cars accumulate:
p(t) = po + |uolt

We conclude the Density increases and Queue builds up.

g. Real-world example

In drug discovery, molecules can be represented as graphs, with atoms as points (nodes) and chemical
bonds as connections (edges).

A GNN can predict molecular properties (e.g., toxicity, solubility, binding affinity), accelerating
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the design of new medicines. This is more effective than traditional feature engineering because
the graph structure is preserved mathematically.

Prediction of a cancer drug concentration changes in the bloodstream over time using fluid
mechanics whereas differential equations play as model for drugs to interact with cells and
proteins. Also Helps predict drug absorption, distribution, metabolism, and excretion (ADME).
Statistical tests determine whether a drug per- forms is better than a placebo in trials. So next Al
and ML models predict whether a compound can treat different kinds of disease before lab
testing. As case study Artificial intelligence apply driving force for Cancer Drug Discovery.
Our problem statement is to identify a drug targeting a specific cancer protein. Molecular geometry
and optimization techniques algorithms. Al (Deep learning) helps to understand binding strength
between cancer cells. Here Al reduces the drug discovery time by almost 60% to 70%.

h. Generative models

Generative models are a type of artificial intelligence that learn the underlying  patterns
of data so they can create new data similar to the original. Unlike traditional

models that only classify or predict, generative models can generate new images, text, music, or
other content. They work by learning the probability distribution of the data and sampling from
it. Common examples include Generative Adversarial Networks (GANs), Variational
Autoencoders (VAESs), and diffusion models. Generative models are widely used in image and
text generation, drug discovery, data augmentation, and creative applications, helping machines
produce realistic and meaningful outputs.

4. Discussion

The case study demonstrates how mathematical tools transform theoretical concepts into
computational frameworks. Without linear algebra, data representation in high- dimensional
spaces would be infeasible. Without calculus, optimization and learning would stagnate. Without
probability, reasoning under uncertainty would be impossible. Mathematics provides not just a
toolbox but also a universal language of abstraction that allows Al researchers to design, analyze,
and improve algorithms. The robustness, scalability, and efficiency of modern Al systems stem
directly from their mathematical underpinnings.

5. Conclusion

Mathematics is the foundation of artificial intelligence, helping ideas move from theory to real
computation. For example, neural networks depend heavily on linear algebra, calculus, and
probability. Future areas like explainable Al and ethical machine learning will also need
advanced mathematics. So, mathematics is not just a tool for calculation but a key principle that
guides the growth of artificial intelligence.
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