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Abstract

The main objective of this article is to introduce and develop the
concepts of r-fuzzy B*-open sets and r-fuzzy B*-continuous functions
within a topological framework. These notions are investigated in detail,
and their relationships with existing classes of open sets and continuous
functions are examined. Furthermore, various fundamental properties and
illustrative results concerning these newly introduced concepts are established,
contributing to a deeper understanding of their role in general topology.
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1 Introduction and preliminaries

Over the past several decades, numerous generalizations of open sets and
continuity have been proposed in order to deepen the understanding of topological
structures and to extend classical results to broader settings. Among these
developments, Abd El-Monsef et al. [1] introduced the concept of [-open sets
along with the corresponding notion of J-continuity in topological spaces.

Ramadan proposed a related framework through the introduction of smooth
topological spaces, which generalize classical topological structures. This notion
has since been extensively investigated and expanded in various directions by several
researchers 3], [4, 12 [8, [18]. A notable development in this area was made in 2004 by
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S. E. Abbas [I], who introduced the concept of r-fuzzy [-open-open sets, thereby
providing a broader class of generalized open sets within fuzzy topology. This
concept played an important role in refining the interaction between fuzziness and
topological openness. Subsequently, motivated by the study of generalized openness
in fuzzy settings, Vadivel and co-authors, during 2017 and 2018, introduced and
systematically examined the classes of e-open and e* - sets in the sense of S ostak
fuzzy topology. These notions further extended the hierarchy of generalized open sets
and contributed to a deeper understanding of structural properties and continuity
in fuzzy topological spaces.

Throughout this article, let P be a non-empty set, Z = [0,1],Z, = (0,1]. A
fuzzy set ¢ of P is defined as a function ¢ : P — Z, and the collection of all
fuzzy subsets of P is denoted by ZX .

For a fuzzy subset v of a space (P,o), the symbols C,(¢,r), Z,(¢,r) and
1 — 1 represent the r-fuzzy closure, r-fuzzy interior, and the complement of 1,
respectively. For ¢ € Z%, the value v (x) denotes the degree of membership of
peP.

For any p € P and t € 7, a fuzzy point z; is defined by

Jt ifg=p;
Pt(q)_{() if ¢ # p.

Let Pt(X) is the collection of all fuzzy points in P. Unless stated otherwise,
standrd terminology and notation from fuzzy set theory are used throughout this

paper.

Definition 1.1. [T1] A mapping o : Z% — T is called a smooth topology
space(STs) on P the below statement are holds:

(1) o(0) =0o(1) =1,

(2) o(Vierwi) = Njero(wi), for every family {w}ier € I,

(3) o(wi Awy) > o(wy) Ao(ws) , for all wy,wy € TX

The ordered pair (P, o) is called a smooth topological space (brifly. STs). A fuzzy
subset 1 of P is said to be r-fuzzy open (briefly, r-fOP) if o(¢)) > r. Similarly
¥ is called r-fuzzy closed (briefly,r-fCl) if o(1 — ) > r.

Theorem 1.1. [2] Let (P,0) be a STs. For every ¢ € ZX & r € I, define the

mapping C, : ZX xZy — IX as follows: Cy(¢h, r) = Mw e I¥ 1 <w,o(l—w) >
r}. For any ,w € X & r,s € Iy, the operator C, holds the following properties:

(Ci) C,(0—, ) =0,

Received: October 30, 2025 2945



International Journal of Applied Mathematics

Volume 38 No. 11s 2025,
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

Theorem 1.2. [2] Let (P,0) be a STs. For every ¢ € ZX & r € I, define the
mapping Z, : IX x Iy — IX by:

Ty, r) =V{iw € I¥ : w <, 0(w) > 1}

For ,w € IX & r,s € Iy, the operator I, satisfies the below conditions:

Definition 1.2. [7] A pt p € P is said to be an r-fuzzy §-cluster point of ¢ if
Z,(Co(U,7),7) N = ¢, for every open set U € X containing z. The collection
of all r-fuzzy o -cluster points of 1 is said to be r-fuzzy J-closure of ¢ and is
indicate f0C,(v).

Definition 1.3. [7] A set ¢ is r-fuzzy §-closed iff ) = §C, (1), 7). The complement
of a r-fuzzy ¢d-closed set is called an r-fuzzy d-open set. The r-fuzzy ¢ -interior
of a fuzzy subset ¥ of X is the union of all r-fuzzy 0 -open sets of X contained

in .
Definition 1.4. let ¢ be a fuzzy subset of a space X. Then 1 is called:

1) r-fuzzy a-open [16] if ¢ < Z,(C,(0Z, (¢, 7),7),7)

3

(1)
(2) r-fuzzy a-open [14] if v < Z,(C,(Z,(¢,7),7),7),
(3) r-fuzzy preopen [14] if ¢ < Z,(C,(¥,7),7),

(4)

4

r-fuzzy §-preopen [15] ¢ < Z,(6C, (v, r),7),
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) r-fuzzy ¢-semiopen [15] if ¢ < C,(0Z,(,r),7),

) r-fuzzy Z-open [9] if if ¢ < Cy(6Zy(¥,7),7)V Lo (Co(t), 1), 1),

) r-fuzzy vy-open [9] if ¢ < Co(Zy (1, 7),7) V Lo (Co (b, 7),7)

8) r-fuzzy e-open [16] if ¥ < C,(6Z, (v, 1), 1)V L (0Cs (¢, 1), 1),

) r-fuzzy Z*-open [9] if ¢ < Co(Zo(1h,7),7) V L, (3Co (4, 7),7)

) r-fuzzy [-open [I] or semi-preopen [2]if ¢ = C,(Z,(Cy(¢,7),7),7),

) r-fuzzy e*-open [10] if ¢ = C,(Z,(6Cy (0, 7),7),7) .

The complement of a r-fuzzy a-open (respectively, r-fuzzy «-open, r-fuzzy
0 -semiopen, r -fuzzy o -preopen, r-fuzzy Z-open, r-fuzzy - open,r- fuzzy e-
open, r-fuzzy Z*-open,r-fuzzy [-open,r-fuzzy e*-open) sets is called r-fuzzy
a-closed [16] (resp. r-fuzzy «-closed [14], r-fuzzy ¢-semiclosed [15], r-fuzzy §-
preclosed [15], r-fuzzy Z-closed [9], r-fuzzy ~-closed [13], r-fuzzy e-closed [16],
r-fuzzy Z*-closed [9], r- fuzzy (- closed [1], r-fuzzy e*-closed [10]).

The intersection of all r-fuzzy §-preclosed (respectively, r-fuzzy f-closed) set

containing v is called the r-fuzzy 0-preclosure (respectively, r-fuzzy [ -closure)
of ¢ and is indicated by

fopCo(ih,r) (resp. fBCq(,7)).

Similarly, The union of all r-fuzzy 0- preopen (respectively, r-fuzzy [-open)sets
contained in 1) is called the r-fuzzy 0 - preinterior (resp. r-fuzzy [-interior) of 1)
and is indicate by

fOpZL, (¢, r) (respectively, fBZ,(,1)).

Furthermore, the family of all r-fuzzy ¢-open (resp. r-fuzzy §- semiopen, r-
fuzzy §- preopen, r-fuzzy Z*- open, r-fuzzy [-open, r-fuzzy e*-open) sets is
indicate by r- f0O(X) (respectively, r- f6SO(X),r- foPO(X), r-féZ*O(X),
r- fPO(X), r-ferO(X)).

Lemma 1.1. [I5] Let ¢ be a fuzzy subset of a fuzzy topological space (X, o).
Then, the following properties hold:

(1) fopLe(,7) = ANLs(6Co (¢, 7)) and fopCo(, 1) = ¢V Co (6T, (¢, 7))

2) fBLs(¥.r) = ¥ A CoZo(Coltp,r),r,),7) and  fBCo(4,r) = ¢ V
Z,(Co(Zo(,7) 1), ).
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2 r-fuzzy B*-open sets
Definition 2.1. A topological space (P,o). A subset 1 is called:

(1) a r-fuzzy B*-Open set (r-fy. B*-Op ) if v < C,(Z,(C,(¢,7),7),7) V
Ia(éca (wa T)v T) 5

(2) a r-fuzzy B*-closed set if Z,(C,(Zy(1,7),7),7) A Co(0Z, (10, 7),7) < 1.

The set of all r-fuzzy B*-open (resp. r-fuzzy B*-closed) fuzzy subsets of a space
(X, 0) will be as always mentioned fB*O(X) (resp. fB*C(X)).

Remark 2.1. For every fuzzy subset 1 € ZX, the following implication diagram
holds among various classes of r-fuzzy open sets:

r-o —» r-fa0 —»r-fpo —» r-fyfo ——» r- fBo

‘ v

r-fZo ——» r-fZ*o —p r-f3*o0

! :

r-f5o0 —op r-fao —» r-f8So —p r-feo —» r-fe*o

None of these indication can reversible in general, as illustrated by the
examples given below. Additional counter examples may be found in

Example 2.1 Let P = {ag, by, co} and wy,ws,v € ZX be fuzzy subsets defined
by

wi(ao) = 0.4, wi(ao) = 0.2, wi(ag) = 0.8,

(UQ(bo) = 0.9,&)2((70) = 0.8,&]2([)0) = 03,
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v(ag) = 0.9,7(by) = 0.6,7(co) = 0.5
. Define a fuzzy topology o : ZX — T as follows:

(1 ifyef{o, 1},
% wa = W1,
U(¢) _ % wa = Wy,
2 if=w VvV,
% qu/] =wi; A w2,
L0 if otherwise.

In (P, o) fuzzy topological spaces with 0 < r < %, v is r-fuzzy B*-open set form
77D < CU(IJ(CU(¢7 T‘), 7”), 7") Vv Ia(éca(¢u T)a T) = l

For 0 <r < %, v is not r-fuzzy [ -open set from

Example 2.2 If P = {ag, by, ¢o} and wy,wy,ws, 7 € IX be fuzzy subsets defined

= 0.3,wi(ag) = 0.4, w;(ag) = 0.5,
(bo) = 0.5,(,02([)0) = 05,
= 0.6,&]3(00) = O.5,(A)3(C0) = 04,
Y(ao) = 0.6,7(bo) = 0.4,7(co) = 0.4
. Define a fuzzy topology o : ZX — T by

(1 ify e{0, 1},
% wa = Wi,
1 .
o 2 wa = W2,
AL
5 =1,
0 if otherwise.

Ve

1

In (P, o) fuzzy topological spaces with 0 < r < 3,

v is r-fuzzy e*-open set form
77D < CU(IJ(5CU(77Z)7 T)7 T)a T)T> =1

For 0 <r < %, v is not r-fuzzy B* -open set from
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£ Co(Zo(Colth,),7), 1) V Lo (6Co (1), 1), 1)

Example 2.3 Let P = {ag, by, co} and wy,wsy, w3y € ZX be fuzzy subsets defined
by

wl(ao) = 0.4,6&)1(@0) = 0.5,&)1(&0) = 06,

WQ(bo) = 0.3,&)2(()0) = 0.5,&]2(1)(}) = 06,

ws(co) = 0.6,ws(co) = 0.5, ws(c) = 0.5
. Define a fuzzy topology o : ZX — T by

(1 ify {0, 1},
% wa = Wi,
U(¢) _ % wa = W2,
3 v =wVuws,
% qu/] =wi; A wa,
L0 if otherwise.

1

5, 7 is r-fuzzy B*-open set form

In (P, o) fuzzy topological spaces with 0 < r <

¥ < Co(Zo(Co(th, ), 7)) V Lo (3Co (4, 1), 1)

For 0 <r < %, v is not r-fuzzy Z* -open set from

b & Co(Zo(¥,7),7) V Lo (0C, (¢, 1), 7)

Theorem 2.1. Let (P,0) be a FTs and r € Z,. Then the following assertions
hold.

(a) The union of arbitrary set r-fuzzy B*-open sets is again an r-fuzzy B*-
open,

(b) The intersection of any collection of r-fuzzy B*-closed sets is r-fuzzy B*-
closed.

Proof. (a) Let {¢;,7 € Z} be a family of r-fuzzy B*-open sets. By definition each
1;, satisfies

Vi < Co(Zy(Co(Viyr), 1), 1) V Lo (0Co (U, 1), 7).

Taking the supremum over all ¢ € I, we obtain
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Vi i < IVi(CoZo(Colhiy ), 7),m)) V Lo (8Co (i ), 7))

Using the monotonicity properties of the operators C, and I,, we have

Vit < ColZo(Co(V; i, 7))) V L5 (6C (V; i ), 7) -

Hence \/, v; satisfies the defining condition of an r-fuzzy B*-open. Therefore, the
union of an arbitrary family of r-fuzzy B*-open set is again r-fuzzy B*-open set.
(b) The proof of the second statement follows directly from part (1) by taking
complement and using the duality between r-fuzzy B*-open and r-fuzzy B*-closed
sets.

Remark 2.2. The following example shows that the intersection of two r-B*-
fuzzy open sets need not be a r-fuzzy B*-open.

Example 2.4 Let P = {ag, by} and wy,ws,ws, wy, ws € ZX defined as follows:

= 0.6,

w5(a0) = 04, W5(b0) = 02,

and let v, 72 € ZX be given by

Y1(ag) = 0.4, y1(by) = 0.8,

Y2(ao) = 0.6, v2(bo) = 0.6.

Define a fuzzy topology o : ZX — T by

if v € {0, 1},
if ¥ € {w1, w1V ws},
if Y = {ws, w1 Awa, 1 —wi Awsa},

if otherwise.

o) =

O Wi =

(1) It follows that v, and 7o are 3-fuzzy B*-open setsin (P, o). However, their
intersection satisfies v, A 72 = wy, which is not a %—fuzzy B* -open sets.

Definition 2.2. Let (P, o) be a fuzzy topological space. Then:

(i) The union of all r-fuzzy B*-Op sets of contained in 1 is called the r-fuzzy
B*-int. of 1 & is mentioned fB*Z,(y,r),

(ii) The intersection of all r-fuzzy B*-Cl sets of X containing 1 is called the
r-fuzzy B*-clos. of ¢ & is indicated by fB*C,(1,7).
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Theorem 2.2. Let (P, o) aFTs & ,w € Z%,r € Zy. Then the below assertions
are hold:

fBCo(L,7) =1 and fB*C,(0,7) =0,
b < fBCo(¢,7),

(i)
(ii)
(it)) Tf & < w, then fBC,(1,1) < FBCylw, 7).
(iv) x € fB*C,(¥,r) iff for every a r-fuzzy B*-Op set U containing z, UAY # ¢,
(v) % is r-fuzzy B*-Clset iff ¢ = fB*C,(v,7),
) [B*Co ([B*Co(t,1)) = [B*Co(t), 1),

) [BCo(th, )V [B*Co(w,r) < fBCo(¥ Vw),

)

fB*Co(v ANw) < fB*Cy(1,1) N fB*Cy(w, ).

(vi
(vii
(viii

Proof. (vi) By using (ii) and ¢ < fB*C,(¢,r), we have fB*C,(¢,r) <
fB*C,(fB*Cy(1p,1)). Let x € fB*C,(fB*Cs(¢,r)). Then, for all r-fuzzy B*-Op

set V' containig =,
we have

VA [BCoih, 1) # ¢

Hence, there exists a point y € V A fB*C,(¢,r). Then, for all r-fuzzy B*-Op set
G containing y , it follows that ¥ A G # ¢.
Since V is a r-fuzzy B*-openset, y € V and ) AV # ¢, then = € fB*C,(¢,r).

Therefore, fB*C,(fB*Cy (1, 7)) < fB*Cy (1, ). Consequently,
[B*Co(fBCo(,1)) < fB*Co(9, 7).

Theorem 2.3. Let (P, o) be a FTs, ,w € Z%, and r € Z;. Then the below
properties hold:

(1) fBZ,(1,r) =1 and fB*Z,(0,r) =0,
(2) fBIL,(¢,7) <,

(3) If ¥ < w, then fBI,(1,r) < fB*T,(w,1),

(4) z € fBT,(¢,r) if 3 a r-fuzzy B*-OPset U 3> z € U <1,
(5) ¥

5 is r-fuzzy B*-open set iff ¢ = fB*Z, (¢, r),
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(6) fBL,(fBLs(¢,1)) = [BLs (¢, 1),
(7) fBL (Y Aw,r) < fBL(¢,1) A fBLy(w,7),
(8> fB*IU(w7 7") N fB*Io<w7 7') < fB*Ia(w Vw, T)'
Remark 2.3. As the below example shows that the inclusion relations stated in

parts parts (7) and (8) of Theorems and cannot, in general, be replaced by
equality.

Example 2.5 Let P = {ag, by, co} and wi,ws, ws, wy, ws € ZX defined as follows:

wl(ao) = 06, wl(bo) = 04,
wa(ag) = 0.3, wa(by) = 0.6,
ws(ag) = 0.6, ws(by) = 0.8,
W4((l0) =0 4, W4(b0) = 06,
w5(a0) = 04, (A)5(b0) = 027
Y1(ao) = 0.4, ~1(by) = 0.8,
Ya(ag) = 0.6, y2(bo) = 0.6,
73(ao) = 0.3, v3(bo) = 0.2,

7a(ao) = 0.2, (b)) = 0.8.
Define fuzzy topology o : Z* — T as follows:

if¢ €40, 1},
if ¥ € {wr, w1 Vws},
if Y = {ws, w1 Aws, 1 —wi Aws},

iof otherwise.

o) =

O Wi l—

(i) If 71 and 7o are %-fUZZY B*Co (1, 2) ’Yla§'fUZZY B*Cs (72, 2) =72, a
fuzzy B*C,(mV72,%) =1, 3 -fuzzy B*Co(11 V2, 5) £ 5 -Tuzzy B*C,(71, 3)V 3 -fuzzy
B*CU (72’ %) )

(i) If 73 and 73 then %—fuzzy B*Cy (s, %) =1, % fuzzy B*C (71, %) =, %—fuzzy
B*Co(v1 A2, %) = wa, Thus and § -fuzzy fB*C,(v1,3) A 2 -fuzzy B*C,(v3,3) & 1-
fUZZY B*Cg('}/l A Y3, %) y

(iif) If 73, 74 then 43V = 7y(a) = 0.3, v(b) = 0.8 and hence i -fuzz
B*Z, (s, 2) 0, ——fuzzy B*T, (74,%) = 74 ,and ——fuzzy B*Z, (3 \/74,%) y e %—
fuzzy B*L,(7ys,3) V 3 -fuzzy B*L, (73 V 74, 3)-

Theorem 2.4. Let a FTs (P, o) & ¢ € Z%,r € Z,. The below identities hold:

(1) B Co(X\ (¥, 7)) = X\FB Lo (1, 7),
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(2) [BZo(X\(¢,1)) = X\fB"Co (1, 7).

Proof. These results follows from the fact the complement of r-fuzzy B*- open
set is a r-fuzzy B*-closed set, together with the lattice identity

Ni(P\¢i) =P\ V, ¢; .
Hence, the statements are immediate.

Theorem 2.5. Let (P, o) be a FTs & ¢ € I¥,r € Z,. Then the below
conditions are equivalent:

(1) ¢ is an r-fuzzy B*-Op set,
(2) ¥ = fBL(¥,r)V fopl, (7).

Proof. (1) = (2):
Assume that ¢ be a r-fuzzy B*-open set. Then, by definition,

Y < Co(Z,(Co(ip,7),7),7) V I, (0Cs (1, 7),7) and hence by Lemma[l.1]

< (W ACo(Zo(Co(t, 7)), 7)) V (¥ AL (6Co (¥, 1), 7).
Therefore

¥ < fBL (¢, ) V fOopLs (¥, ) < 4,
which implies ¢ = fBZ, (¢, 1)V fopZ, (i, )

(2) =(1):
This follows directly from the definition of 2.1

Theorem 2.6. Let a FTs (P, o), and r € Z;.Then the below properties are
equivalent:

(1) @ is an r-fuzzy B*-Cl set,

(2) ’17/) = fﬁca(wv 7”) A fépca(¢v 7”).

Proof. The result follow immediately from Theorm by taking complements
and using the duality between r-fuzzy B*-OP set and r-fuzzy B*-Cl set.

Received: October 30, 2025 2954



International Journal of Applied Mathematics

Volume 38 No. 11s 2025,
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

3 r-fuzzy B*-Continuous functions

In this section, we introduce the concept of r-fuzzy B*-continuous
mappings between FTs and investigate their fundamental properties. Several
characterizations are established, and relationships with other types of fuzzy
continuity arediscussed. Moreover, we study the behavior of these functions under
composition,restriction, and product spaces, and examine their connections with
separation axioms,compactness, and connectedness in the fuzzy setting

Definition 3.1. Let h : (P, 0) — (9, w) be a mapping betweeen fuzzy
topological spaces. The function h is said to be r-fuzzy B*-continuous (In short
r-fy B*-Op) if for every V € o, the inverse image h™'(V) is r-fuzzy B*-open in
P.

Definition 3.2. Let h: (P, o) = (Q, w) be a mapping between fuzzy FTs. The
function h is called :

e r-fuzzy super-continuous [9]

e r-fuzzy a-continuous [16],

e r-fuzzy a continuous|l4],

e r-fuzzy pre continuous[14],

e r-fuzzy ¢§-semi-continuous|I5],
e r-fuzzy Z -continuous|9),

o r-fuzzy ~-continuous|[13],

e r-fuzzy e-continuous|l6],

o r-fuzzy Z*-continuous|9],

e r-fuzzy [-continuous[l],

o r-fuzzy e*-continuous[I0],

if, for every V € ¢, the inverse image h~'(V) is respectively

r-fuzzy ¢-open,r-fuzzy a-open, r-fuzzy a-open, r-fuzzy peropen,r-fuzzy o -
semiopen, r-fuzzy Z-open, r-fuzzy ~-open, r-fuzzy e-open, r-fuzzy Z*-open,
r-fuzzy p-open,r-fuzzy e*-open in P.
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Remark 3.1. The bwlow picture true for a mapping For a mapping h : C — D,
the following diagram illustrates the relationships among various types of r-fuzzy
continuities:

r-fc _— _p r-fac——» r-fpc —» r-fy)cx —» - fpc

‘ v

r-fZc——» r-fZ*c —p r-f*c

! :

r-fo5c —p r-fac —» r-f0Sc —» r-fec —» r-fe*c

These implications hold for any mapping h : C — D. Furthermore, as shown in
references [[1],[3],[4],[10],[11],[13]-[18]], together with the examples that follow, the
reverse implications do not hold in general.

Example 3.1 Let P = Q = {ag, by} and wy,ws,ws,ws, € Z¥ defined as follows:
wl(ao) = 02, w1 (bo) = 04,

wa(ag) = 0.6, wa(by) = 0.5,

w3(a0) = 03, W3(b0) = 04,

w4(a0) == 06, W4(b0) =0.7.

Define fuzzy topology o,7 : ZX — I as follows:

if v € {0, 1},
if ¥ € {wy or 0.4},
if v = {wy or 0.7},

if otherwise.

o) =

O Wi =

if €40, 1},
wa € {CUg},
wa = {w4}7

if otherwise.

Y(p) =

O Wi l—=

Consequently, the identity mapping IDx : (P,0) — (Q,0) is %—fuzzy B* -
continuous but it is not %—fuzzy [ -continuous.
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Example 3.2 Let P = Q = {ag, by, co} and wy,ws,ws,wy, € Z% defined as
follows:

wl(ao) = 04, wl(bo) = 05, C«J1<Co) =0.6
wg(ao) = 04, WQ(bo) = 05, w2<C0) = 04,
u}3((10) = 05, w?,(bo) = 05, W3<Co> = 06,
w4(a0) = 04, W4(b0) = 05, W4q C[)) =0.6.
Define fuzzy topology o,7 : ZX — T as follows:
1 dfye{0, 1},
l .
O'(@D) _ % wa € {w1}7
2 Zf@Z) = {WQ}J
L0 if otherwise.
(1 ify {0, 1},
Lify e {ws),
W) =197 . fuoa)
b Zf¢ = {(")4}’
0 if otherwise.

Ve

Consequently, the identity function IDx : (P,0) — (Q,7) is 3-fuzzy e*-
continuous but it is not %—fuzzy B* -continuous.

Example 3.3 Let P = Q = {ag, by, co} and wy,ws,ws,wy, € Z% defined as
follows:

wl((lo) = 04, wl(bo) = 05, w1<CU) =0.6
WQ(GO) = 047 w2(b0) = 057 w2<00) = 047
ws(ao) = 0.6, w3(bo) = 0.5, ws(co) = 0.4,
(4)4(&0) = 04, W4(b0) = 05, Wy C[)) =0.6.
Define fuzzy topology o,7 : ZX — T as follows:
1 if ¢ €{0, 1},
Lgfy e {w},
o) = {2 TUEtal
2 Zf@Z) = {Wg},
0 if otherwise.
(1 ifyef{0, 1},
Zfl/} € {w3}’
Zf¢ = {W4},

Zf’(,b = {CU3 V (JJ4},
if v = {ws A wy},

if otherwise.

Ve

2
—~
<
SN—
I
O NI NI N= N=
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For the identity function IDy : (P,o) — (Q,7) is i-fuzzy B*-continuous but
it is not %-fuzzy Z* -continuous.

Theorem 3.1. Let (P, o) and (Q, w) be a fuzzy topoloical space & h: (P, o) —
(Q, w) be a map. Then the below condition are equivalent:

(i) h is r-fuzzy B*- continuous,

(ii) For each ¢ € P and every V € o with h(x) € V , there exists an r-fuzzy
B*-open set U € C' such that cinld and h(U)

(iii) The inverse image of every r-fuzzy closed set in Y is r-fuzzy B*-closed in
P,

(iv) For every w < @
Zo(Po(Zo (WY w,7),7),7)) ACo(0Zy (R Hw,r), 7)) < B HCh(w,T)),

(v) For every w < Q,

h™H(Zs(w, 7)) < Co(Zo(Co(h™ (w,
(vi) For every w < Q, B*C,(f '(w,r)

r),7),7) V Iy (0C (h~H (w,7),7),7),
HCo(w, 7)),
(vii) For every ¢ <P, h(B*Cy(¢,r)) < Co(h(1), 1)),

r),
) <
(viii) for every w < Q. h™YZ,(w,r)) < B*Z,(h~(w,r)). for each w < Q.

Proof. The equivalence of the above ststements is established as follows.
(i) < (ii) and (i) < (iii):
These follow directly from the definition of r- fuzzy B*-continuity.
(iil) < (iv):
Let w <P
By (iii) h™*(Cy(w,7)) is 7- fuzzy B*-closed in P.
This means

h=H(Colw, 1)) = Zo(Co(Zo(hH(Co(w,7),7),7),7)) A Co(0Zo(h™H(Co(w, 7),7),7)) =
Zy(Co(Zo(h™Hw,7), 1), 1), 1) A Co (05 (R Hw, 1), 1), 1),
(1v) = (v) :
By replacing Q\w instead of w in (iv), we obtain
h N (Zy(w, 7)) < Co(Zo(Co(fH(w, ), 1), 7))VLy(6Cy(h~ (w,7),7)). Thus, (5) is holds
(v) = (i) :
This follows immediately from the definition of r- fuzzy B*-open sets,
(1ii) = (vi) :
Let w < Q. Since h™Y(Cy(w,r)) is r-fuzzy B*-closed,
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B*C,(h Y (w,r),7) < h}(Cy(w,r)). Hence, (6) is satisfied.

(vi) = (vii) :
Let ¢ <P. Then h(¢) < Q. By (vi),

h=H(Co(h(¥,7),7)) = B*Co (W™ (f(,7),7)) = B*Co (1), 7).

Therefore, Applying h, we obtain

Thus, (vii) holds.
(vi ) :> (13i) : Let F < Q be an r-fuzzy closed set. Then F = C,(F,r) and
h™H(F) = h=Y(Co(F, 7)) By (vil),

h(B*Co(h™ (F,7),1)) < Co(F,r) = F,

Therefore, B*C,(h™'(F,r),r) < h™'(F), which implies that h~'(F) is r-fuzzy
B*-closed. (i) = (viii) :

Assume that h is r-fuzzy B*- continuous. Then h~Y(Z,(w,r)) is r-fuzzy B*-
open. Hence, h™'(Z,(w,r)) = B*Z, ( HZy(w,r), 7)) < BZ, (b Hw,T)).

Therefore, h™(Z,(w,r)) < B*Z,(h~(w,7)).

(viti) = (i) : Let U be an r-fuzzy open set in Y. Then

h=H(U) = h™H(Z,(U)) < B*L,(h~H(U)).
Hence, h™'(U) is r-B*- fuzzy open in P, which shows that h is r-fuzzy B*-

continuous.
Therefore, all the statements (i) — (viii) are equivalent.

Remark 3.2. The composition of two r-fuzzy B*-continuous functions need not
be r-fuzzy B* - continuous as show by the following example.

Example 3.4 Let P=Q =R = {ag, by, co} and wi,ws, € X, ws,wy € ZX and
ws € X defined as follows:

(bo) wi(co) = 0.
= 04, wg(bo) = 05, 2(00) =0.
(bo) = 0.5, ws(co) =0.
(bo) wa(co) = 0.
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ws(ao) = 0.6, ws(bo) = 0.5, ws(co) = 0.4,
Define fuzzy topology o,7 : ZX — T as follows:

if v €{0, 1},
wa S {Wl},
if Y = {W2}a

if otherwise.

o) =

O NI= =

~

if € {0, 1},

if € {ws},

if = {W4}u

if = {ws V wi},
if ¥ = {ws A wa},

if otherwise.

7

2
—~
<
S—
I
O NIF N N =

if v € {0, 1},
Zf’l?b € {CLJ5},

if otherwise.

n(y) =

O = =

The identity mappings h = hip : (P, o) — (Q, ) and g = gip : (Q, 7v) —
(R, n) are %—fuzzy B* -continous. However, their composition g o f fail to be
%—fuzzy B* -continous.

Theorem 3.2. Let h : P — Q be an r-fuzzy B*-continuous mapping and let
g : Q — R be an r-fuzzy continuous mapping. Then the composition function
goh:P — R is r-fuzzy B*-continuous.

4  r-fuzzy separation axioms and properties
Lemma 4.1. If v € §fO(X) and w € fB*O(X), = Y Awe€ fB*O(X),

Lemma 4.2. A fuzzy topological space (X, o) ,let ¥ & w be two fuzzy subsets.
If v € hdO(X) & wehB*OX), = YAw¢hBO).

Theorem 4.1. If h: (X, o) — (¥, o) is a r-fy B*- cont. function & 1 is
r-fuzzy open in X', = the restriction h\¢ : (¢,04) = (Y, s) is r-fy B*-cont..
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Proof. Consider V be an r-fuzzy open set of ). Then by hypothesis h=*(V) is
r-fuzzy B*-openin X. Hence by Lemma[4.2] we have (h\¢)"*(V) = h '(V)A¢ €
hB*O(3)). Thus, it follows that h\y is r-fy B*-cont..

Lemma 4.3. A fuzzy topological space (X, o),lety) & w be two fuzzy subsets.
If ¢ € hdO(X) and w € hB*O(¥Y), = ¥ Aw € hB*O(X).

Theorem 4.2. Let (X, o) = (¥, o) be a function & {G;:i € Z} be a cover of
X by r-fy §-Op sets of (X, o). If h\G; : (Gi,0g)) — (V,s) is r-fy B*-cont. for
all 1€ Z, = h is r-fy B*-cont..

Proof. Let p be an r-fuzzy open set of (), o). That implies by hypothesis
htp) = X ANh7Hp) = VG AR (p) s i € T} = V{(h\G))"*(p) : i € T}. Since
R\G; is r-fy B*-cont. for all i € Z, = (h\G;) ' (p) € (G;) for all i € Z. By
Lemma 4.3, we have (h\G;)"'(p) is r-fy B*-cont. in X. Therefore, h is r-fy
B*-cont. in (X, o).

Definition 4.1. The r-fuzzy B*-frontier of a fuzzy subset ¥ of X, denoted
by r-fuzzy B*-Fr(y,r), is defined by B*-Fr(¢) = B*-C, (1, 1) A B*-Co(X\1)
equivalently B*- Fr(¢) = B* -Co (¢, 7)\B*-Z, (¢, 7).

Theorem 4.3. The set of all fuzzy points x of X at which a function h : (X, o) —
(Y, o) isnot r-fy B*- cont. is identical with the union of the r-fuzzy B*—Fr(¢y,r),
of the inverse images of r-fuzzy open sets containing h(zx).

Proof. Necessity.

Let = be a fuzzy point of X at which h is not r-fy B*-cont.. Then, there is an
r-fuzzy open set p of ) containing h(x) such that pA(X\h™1(p)) # ¢, forall ¢ €
hB*O(X) containing x. Thus, we have z € B*-C,(X\h™!(p)) = X\B*~Z,(h~(p))
and z € h™!(p). Therefore, we have z € B*- Fr(h™'(p)).

Sufficiency.
Suppose that x € B*- Fr(h='(p)), for some p is r-fuzzy open set containing h(x).
Now, we assume that h is r-fy B*-cont. at z € X. Then 3 ¢ € hB*O(X)
containing * 3 h(yp) < p. Therefore, we have z € ¢ < h™!(p) and hence = € B*-
Z,(h Y (p)) < X\B*-Fr(h~'(p)). This is a contradiction. This means that h is not
r-fy B*- cont. at z.

Definition 4.2. A r-fuzzy topological space (X, 0)
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(1) for each and every pair of distinct fuzzy points n and v in X, 3 disjoint
r-fy B*-Op sets ¢ and p in X > ne€ ¢ & v e p. Itis called r-fuzzy
B*-T,.

(2) for each pair of distinct fuzzy points n and p of X, 3 r-fy B*-Op sets ¢
and p containing 7 and v respectively 3 v ¢ ¢ and n ¢ p. It is called
r-fuzzy B*-T .

(3) for each pair of distinct fuzzy points n and v of X, 3 a r-fy B*- Op sets
@ D either n¢ o, v or v o, ng¢ e Itiscalled r-fuzzy B*-T,.

Remark 4.1. The following implications are hold for a topological space X:

T, -space —p T, -space —» T,-Space

i

B*-T, -space ——» B*-T, -Space ——» BT, -space

Now, by [[6] and [I7]] and The converse of these implications are not true in general
and the following examples.

Example 4.1 Let X =Y = {a} and define the fuzzy sets wy,ws, ws,wy, ws € X
as follows:

wi(ao) = 0.4,

wa(a) = 0.7,

wg(ao) = 08,

wa(ag) = 0.6,

w5(a0) =0.2.

Define fuzzy topology o,0 : I% — T as follows:
1 ifv {0, 1},

o)) = % Zlfw € {w},

3 if = {w2}7
0  if otherwise.
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N\

if ¥ €40, 1},
if ¥ € {ws},
if Y = {ws},
if Y = {wa},
if Y = {ws},

if otherwise.

7

Q
—
<
N—
I
O o= Gl D= =

(1) (X, o) is r-fuzzy B*-T) but not r-fuzzy B* — T, -space

(2) (X, o) is r-fuzzy B*-T, but not r-fuzzy Tj-space.

Example 4.2 In Example2.5, (X, o) is r-fuzzy B*—T5 (resp. r-fuzzy B*—T5)
but not r-fuzzy Ty (resp. r-fuzzy T )-space.

Theorem 4.4. If h: (X, o) = (Y, o) is a r-fuzzy B*-continuous injection and
(Y, 0) is T;, = (X, o) is r-fuzzy B*-T;, where i =0,1,2.

Proof. We prove that the theorem for ¢ = 1.

Let Y be T} and n,v be distinct points in X. There exist open subsets ¢, p
in v such that h(n) € ¢, f(v) & ¢, h(n) ¢ p and h(v) € p. Since h is r-
fy B*-cont., h™'(¢) and h~'(p) are r-B*-fuzzy open subsets of X such that
neh(o),véh(p),né¢ h(p) and v € h ™ (p). Hence, X is r-fuzzy B*-Tj.

Theorem 4.5. If h: (X, o) = (), o) is r-fy B*-cont., g : (X, o) — (), o)
is r-fuzzy super-continuous and ) is r-fuzzy Hausdorff, then the set {n € X :
h(n) =g(n)} is r- fuzzy B*-closed in X. h is r-fy B*- cont. in (X, o).

Proof. Let v = {n e X : h(n) = g(n)} and n ¢ . Then f(n) ¢ g(n). Since Y
is r-fuzzy Hausdorff, 3 r-fuzzy open sets ¢ and p of Y 2 h(n) € v,g(n) € p

and ¢ A p = ¢. Since h is r-fuzzy B*-continuous,d a r-fuzzy B*-open set G
containing 71 such that h(G) < ¢. Since g is r-fuzzy super continuous, there exist
an r-fuzzy d-open set H of X containing 7 such that g(H) < p. Now, put
W =G AH, then by Lemma we have W is a r- B*-fuzzy open set containing
n and h(W) A gW) < o A p = ¢. Therefore, we obtain W A A = ¢ and hence
n ¢ B* —C,(A,r). This shows that A is B*-closed in X.

Definition 4.3. Let h : (X, 0) — (Y, w) be a mapping.The fuzzy subset
{(n,h(n)) : n € X} of the fuzzy product space X x Y is called the fuzzy graph of
h and is denoted by G(h).
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Definition 4.4. A mapping h: (X,0) — (Y, 0), has a r-fuzzy (B*,o)-graph if
for each (n,v) € (X x Y)\G(h), 3 a r-fy B*-Op. ¢ of X containing 7 and an
r-fuzzy open set p of ) containing v such that (¢ x p) AG(h) = h.

Lemma 4.4. A mapping h: (X,0) — (), 0), has a has a r-fuzzy (B*,0)- graph
iff for all (n,v) € X x Y such that v ¢ h(n), 3 a r-fy B*- Op set ¢ and an
r-fuzzy open set p containing n and v, respectively, such that h(p) A p = ¢.

Proof. It easy to prove usuing from definition [4.4]

Theorem 4.6. If f: (X,0) — (Y,0), is a r-fuzzy B*-continuous function and
Y is r-fuzzy Hausdorff, then f has a r-fuzzy (B*,o)-graph.

Proof. Let (n,v) € X xY such that v # f(n). Then there exist r-fuzzy open
sets ¢ and p such that y € ¢, f(n) € p and p Ay = ¢. Since f is r-fuzzy B*-
continuous, there exists r- fuzzy B*-open W containing 7 such that f(W) < p.
This implies that f(W)Ap < pAp = ¢. Therefore, f hasa r-fuzzy (B*, o)-graph.

Definition 4.5. A space X is said to be r-fuzzy B*-compact if every r- fuzzy
B* -open cover of X has a finite subcover.

Theorem 4.7. If f: (X, o) — (Y, o) has a r-fuzzy (B*, o)-graph, then f(K)
is r-fuzzy closed in (Y,s) for each fuzzy subset K which is r-fuzzy B*-compact
relative to (X, o).

Proof. Suppose that v ¢ f(K). Then (n,y) ¢ G(f) for each n € K. Since G(f)
is r-fuzzy (B*,o)-graph, there exist a r- fuzzy B*-open set U, containing n and
an r-fuzzy open set V,, of Y containing v such that f(U,) AV, = ¢. The family
{U, :n € K} is a cover of K by r-fuzzy B*- open sets. Since K is r-fuzzy B*-
compact relative to (X, o), there exists a finite fuzzy subset Ky of K such that
K <{U,:ne€ Koy} Let p=A\{V, :n € Ko}. Then p is an r-fuzzy open set in Y
containing v. Therefore, we have f(K)Ap <\, r f(U)Ap <V, cpe, (f(uy)) Ap =
¢. It follows that, y ¢ C,(f(K)). Therefore, f(K) is r-fuzzy closed in (Y,0).

Corollary 4.1. If f: (X, o) — (Y, o) is r-fuzzy B*-continuous function and Y
is 7-fuzzy Hausdorff, then f(K) is r-fuzzy closed in (Y, o) for each fuzzy subset
K which is r-fuzzy B*-compact relative to (X, o).

Lemma 4.5. The product of two r-fuzzy B*-open sets is r- fuzzy B*-open.
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Theorem 4.8. If f: (X,0) — (Y,0), is a r-fuzzy B*-continuous function and
Y is a r-fuzzy Hausdorff space, then f has a r-fuzzy (B*,o)-graph.

Proof. Let (n,y) € X x Y such that y # f(n) and Y be a r-fuzzy Hausdorff
space. Then there exist two r-fuzzy open sets ¢ and p such that y € ¢, f(n) € p
and pAp = f. Since f is r- fuzzy B*-continuous, there exists a r- fuzzy B*-open
set W containing n such that f(W) < p. This implies that f(W)Ap € pAp = ¢.
Therefore, f has a r-fuzzy (B*, o)-graph.

Corollary 4.2. If f:(X,0) — (Y,0), is r- fuzzy B*-continuous and Y is r-
fuzzy Hausdorff, then G(f) is r- fuzzy B*-closed in X x Y.

Theorem 4.9. If f: (X,0) —» (Y,0), has a (B*,0)-graph and ¢ : Y — Z is
a r-B*-fuzzy continuous function, then the set {(x,y) : f(x) = g(y)} is r- fuzzy
B*-closed in X x Y.

Proof. Let ¢ = {(z,y) : f(z) = g(y)} and (z,y) ¢ ¥». We have f(z) ¢ g(y) and
then (z,¢9(y)) € (X x Z)\G(f). Since f has a r-fuzzy (B*,o)-graph, then there

exist a r-fuzzy B*-open set ¢ and an r-fuzzy open set p containing x and g(y),
respectively such that f(¢) A p = ¢. Since g is a r-fuzzy B*-continuous function,
then there exist an r-fuzzy B*-open set G containing y such that g(G) < p. We
have f(¢)Ag(G) = ¢. This implies that (¢ x G) Ay = ¢. Since ¢ X G is r- fuzzy
B*-open, then (z,y) ¢ B*-C,(¢). Therefore, ¢ is B*-closed in X x Y.

Corollary 4.3. . If f: (X,0) —» (Y,0), f: (Y,0) = (Z,w), are r-fuzzy B*-
continuous functions and Z is r-fuzzy Hausdorff, then the set {(z,v) : f(z) = g(y)}
is r-fuzzy B*- closed in X x Y.

Proof. It follows from Corollary [4.2] and Theorem [4.9.

Theorem 4.10. If f:(X,0) = (Y,0) is a r- fuzzy B*-continuous function and
Y is r-fuzzy Hausdorff, then the set {(x,y) € X x X : f(z) = f(y)} is r- fuzzy
B* -closed in X x X.

Proof. Let ¢ = {(z,y) : f(z) = f(y)} and let (x,y) € (X x X)\¢. Then
f(z) # f(y). Since Y is r-fuzzy Hausdorff, then there exist r-fuzzy open sets ¢
and p containing f(z) and f(y), respectively, such that ¢ A p = ¢. But, f is
r- fuzzy B*-continuous, then there exist r- fuzzy B*-open sets H and G in X
containing x and y, respectively, such that f(H) < ¢ and f(G) < p. This implies
(H x G) ANp = ¢. By Lemma[4.5] we have H x G is a r- fuzzy B*-open set in
X x X containing (z,y). Hence, v is r- fuzzy B*-closed in X x X.
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Theorem 4.11. If f: (X,0) — (Y,0) is r- fuzzy B*-continuous and S is r-
fuzzy closed in X x Y, then w,(SAG(f)) is r- fuzzy B*- closed in X, where w,
represents the projection of X x Y onto X.

Proof. Let S be a r-fuzzy closed subset of X xY and x € B*-C,(w.(SAG(f))).
Let ¢ € o containing x and p € o containing f(z). Since f is r- fuzzy
B* -continuous, by Theorem (3.2 = € f~'(p) < B*-Z,(f *(p)). Then » A B*-
Z,(f71(p)) ANwe(S AG(f)) contains some fuzzy point z of X. This implies that
(2,f(z)) € S and f(2) € p. Thus we have (p X p) A S # ¢ and hence
(x, f(z)) € C,(S). Since ¢ is r-fuzzy closed, then (z,f(z)) € S A G(f) and
T € we(SAG(f)). Therefore w,(SAG(f)) is r- fuzzy B*-closed in (X, o).

Theorem 4.12. A fuzzy topological space (X,o) is said to be r- fuzzy B*-
connected if it is not the union of two nonempty disjoint r- fuzzy B*-open sets.

Theorem 4.13. If (X,0) is a r- fuzzy B*-connected space and f : (X,0) —
(Y,0) has a r-fuzzy (B*,o)-graph and r- fuzzy B*-continuous function, then f
is r-fuzzy constant.

Proof. Suppose that f is not constant. There exist disjoint fuzzy points z,y € X
such that f(z) = f(y). Since (z, f(x)) ¢ G(f), then y # f(z), hence by Lemma
there exist r-fuzzy open sets ¢ and p containing = and f(z) respectively
such that f(@) Ap = ¢. Since f is r- fuzzy B*-continuous, there exist a r- fuzzy
B*-open sets G containing y such that f(G) < p. Since ¢ and p are disjoint r-
fuzzy B*-open sets of (X, o), it follows that (X, o) is not r- fuzzy B*-connected.
Therefore, f is r-fuzzy constant.

Theorem 4.14. Let (Xi,01),(Xs,09) and (X,0) be fuzzy topological spaces.
Define a function f: (X,0) — (X; X Xg,01 X 03) by f(x) = (f(z1), f(x2)). Then
fi + X = (X;,0;), where (i = 1,2) is r- fuzzy B*-continuous if f is r- fuzzy
B* -continuous.

Proof. It suffices to prove that f; : X — (X;,0;), where ¢ = 1,2 is r- fuzzy
B* -continuous. Let U; be an r-fuzzy open set of X;. Then U; x U, is open in
X1 x Xy. Then f~YUy) = f~Y(U, x Us). Since f, is r- fuzzy B*-continuous,
Then by Theorem 3.1] f~1(Uy) = 71Uy x Xo) < B*- Z,(f~Y(Uy x X3)) = B*-
Z,(f7'(¢1)). This impliesthat f; : X — (X, 0;) is r- fuzzy B*-continuous.
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