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Abstract

In this paper , we continue the study of paired double domination in graphs . A paired — double
dominating set of a graph G with no isolated vertex is a double dominating sets of vertices
whose induced subgraph has a perfect matching . We establish Paired double domination
number of graphs (i) identifying vertices of Union Cycle and Path say D (ii) identifying vertices
of two cycles say H with same order and different order.
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1 INTRODUCTION

Let G = (V, E) be graph with vertex set V and edge set E. We obtain with some terminology.
For a vertex v of a graph G, the open neighborhood of a vertex veV is N(u) = {v/uv €
E } and closed neighborhood of vertex N[v] = N(v) U {v}.

A subset S €V is a dominating set of G, if for every vertex veV,|N[v]NS| =1 . The
domination number is the minimum cardinality of a dominating set of G. A subset S of V is
double dominating set of G if for every vertex v e V, |[N[v] N's| = 2, thatisvis in S and has
at least one neighbor in S and v is in V-S has at least two neighbors in S [4].

A set S is called paired — dominating set if it dominates V and < S > contains at least one
perfect matching. A paired —dominating set S with matching M is a dominating set S =
{v1, V2,3, ..., V3r_1 V2 } with independent edge set M = {e; e, ..., e} where each edge e; joins
two elements of S, that is M is perfect matching of <S> .If vjv, = e; € M , we say that v;
and vy are paired in in S [5]. A set S is called a paired — double dominating set if it is a double
dominating set and < S > contains at least one perfect matching. The double domination
number y44(G) is the minimum cardinality of double dominating set of G, the paired —
domination number ¥, (G) is the minimum cardinality of paired dominating set of G and
paired double domination number yp,44(G) is the minimum cardinality of a paired double
dominating set of G. Identifying vertices means combining them into one vertex so that all
edges incident to those vertices are now incident to the new single vertex.
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In this paper, we characterize Paired double domination number of identifying vertices
of Union Cycle and Path say D and identifying vertices of two cycles say H with same order
and different order.

(2 ifn=2
Theorem 1.1. [7] For any path By , y,qq(P,) =1{ 40€Snotexist if n =3
K2 EJ +2 other wise

Theorem 1.2. [7] For any cycle C, Ypraq(Cp)=2 g]

Theorem 1.3. [7] For any path B, ,n#3 , vga(P,) < Vpraa(Py)

Theorem 1.4. [7] For any cycle C, | ¥44(Cr) < Vpraa(Cpn)

Theorem 1.5. [7] If n = 3k+2 where k € N, theny 44 (P,) = VYpraa(Cr).

2. MAIN RESULTS

In this paper, we find paired double domination numbers of graph D and D".

Theorem 2.1 If D is a connected graph of order n = 3 and which has a PDDS, then
4 EJ +2if n=1,2 (mod 3)

raa(D) =
Vo dd() 4[2] if n=0(mod 3)

Proof:

Let vy, vy, V3, .... V,,_1, U, be the vertices of C,, and uy, uy, u3, ... U,_1, U, be the vertices of
P,. Consider a graph C, U B,. Let D be a graph obtained from C,, U P, with first vertices
coincide that is u; = v; = u. By our construction D has 2n-1 vertices and 2n-1 edges. Let S
be the y;,rqq set of D. The proof has following three cases.

Case (i) n = 0(mod 3). Take n = 3k where k € N. Let us remove the common vertex in D.

Then the resulting graph is two paths of length n — 1.Therefore Sis the union of PDDS of two

Pp_1. Hence ¥Vprag(D) = 2¥praq(Pat) = 2 (2 ["T‘lj + 2) =2 (2 [%J + 2) = 202(k —

1 +2) = 4k =4[§].
Case (ii) n = 1(mod 3). Take n = 3k + 1 where k € N. Then remove adjacent vertex of u in

the path. Thus, we get a cycle C,, and the path of length n — 2. Therefore, S is the union of

-2
PDDS of P,,_; and PDDS of C,. Hence ¥praa(D) = Vpraa(Pu-z) + Vpraa(Ca) = 2|52 +

3k+1-2
3

3k+1
3

2+2[%] =2
2=4[§J+2.

|+2+2[%5] =20k -D+2+20k+ D=k +2=4(7) +

Case (iii) n = 2(mod 3). Take n = 3k + 2 where k € N. Then remove adjacent vertices of
common vertex of u in the cycle. Thus, we get a path P,, and the path of length n — 3. Therefore,
S is the union of PDDS of P,_3 and PDDS of P,. Hence ¥prqa(D) = Vpraa(Pn-3) +
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3k+1-2 3k+1

Vpraa(By) = 2[ J+2+2H+2 _2[
1)=4k+2=4(T)+2=4[§J+2.

J+2+2[ ] =2(k—1)+2+2(k +

Theorem 2.2 If D is a connected graph of order n = 3 and which has a PDDS, then

1.If n = 0(mod3), then
n+m
2|

if m=0,1(mod 3)
Vprdd(D,) =

Zln-;mJ+2 if m=2(mod3)

ii.If n = 1(mod3), then
n+m
2|

if m=2(mod3)
Vprdd(D,) =

+m
2[ 3 +2 ifm=0,1(mod3)

iii.If n = 2(mod3), then
n+m
2 l

if m=1,2(mod 3)
Vprdd(D,) = n _|_ m

+2 if m=0(mod3)

Proof:

Let vy, v5, V3, .... V,,_1, U, be the vertices of C,, and uq, uy, us, ... . Uyy_1, Uy, be the vertices of
P,,. Consider a graph C, U B,,. Let D' be a graph obtained from C, U P,, with first vertices
coincide that is u; = v; = u. By our construction D’ has n+m-1 vertices and n+m-1 edges.
Let S be the yppqq set of D”.

Case (i) n = 0(mod 3).
The proof has following three cases.

Sub case (i) Take n = 3k and m = 3k where k € N. Let us remove the common vertex in D’
. Then the resulting graph is a path of length n — land another path of length m-1.Therefore
Sis the union of PDDS of P,_; and PDDS of P,,_;. Hence Vprqa(D') = Vpraa(Pn-1) +

VoraaPns) = 2|55 | #2425+ 2= 2[5 w24 2P 42 = 20— D +
2+2(k—1)+2—2(k+k)_2(n+m)_zln+m

Sub case (ii) Take n = 3k and m = 3k + 1 where k € N. Then remove adjacent vertex of
u in the path. Thus, we get a cycle C,, and a path of length m — 2. Therefore, S is the union of

PDDS of Py,_; and PDDS of C,.  Hence Vpraa(D') = Vpraa(Ca) + Voraa(Pm—z) = 2[5| +
2|2+ 2 =2 X+ 2| 42 =2k 420k - D) +2 =20k + k) = 2
2 [n+m

n+m—1)
3
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Sub case (iii) Take n = 3k and m = 3k + 2 where k € N. Then remove adjacent vertices of
common vertex of u in the cycle. Thus, we get a path P,,_; and a path of length n — 1.
Therefore, S is the union of PDDS of P,_; and PDDS of P,_;. Hence yp.qq(D) =

Vprdd(Pn 1)+Vprdd(Pm )= 2[ J+2+2[m—1J+2_Zl3k 1J+2+Zl3k+1l+2=
2(k—1)+2+2k+2_2(”“: 2)_2["“"J+2.

Case (ii) n = 1(mod 3).The proof has following three cases.

Sub case (i) Take n = 3k + 1 and m = 3k where k € N.

Then we get a cycle C,, and a path of length m — 1. Therefore, S is the union of PDDS of P,,,_;
and PDDS of €. Hence Vyraa(D') = ¥praa(Ca) + Vpraa(Pmo) = 2 [5| +2|"=| +2 =
2[3"“]+2[3" 1J+2—2(k+1)+2(k—1)+2—2(n 1+’")+2_2["+’"]+2.

Sub case (ii) Take n = 3k + 1 and m = 3k + 1where k € N. Then remove adjacent vertex of
u in the path . Then we get a cycle C,, and a path of length m — 2. Therefore, S is the union
of PDDS of P,_, and PDDS of C,. Hence Vprqa(D') = Vpraa(Cn) + Ypraa(Pm-2) =

2[§]+2[m 2J+2_ 2[3"“]+2[3" 1J+2=2(k+1)+2(k—1)+2=
2($)+2_2["+mj+2.

Sub case (iii) Take n = 3k + 1 and m = 3k + 2 where k € N. Then remove adjacent vertex
of u in the cycle. Then we get a path P, and a path of length n — 2. Therefore, S is the union

of PDDS of P,,_, and PDDS of B,,. Hence ¥Vprqa(D") = Vpraa(Pn) + Ypraa(Pn-2) = 2 l%] +
24222 +2 =222+ 242X
) -9 (n 1+m) _9 [n+m

3

3k+2

3k 1J+2=2(k+1)+2(k—1)+4=2(k+k+

Case (iii) n = 2(mod 3).
The proof has following three cases.

Sub case (i) Take n = 3k + 2 and m = 3k where k € N. Let us remove adjacent vertices of
u in the path. Then the resulting graph is a cycle C,, and path of length m — 2. Therefore, Sis
the union of PDDS of (, and PDDS of P,_,. Hence yprqa(D") = ¥Vpraa(Cy) +

Voraa(Pm2) = 2[5| + 2|75 + 2 = 2[5 + 2|52 + 2 = 2k + D + 20 - D +
n—-2+m n+m

2=2(=") +2=2|2% + 2.

Sub case (ii) Take n = 3k + 2 and m = 3k + 1 where k € N. Then remove adjacent vertex

of u in the path. Thus, we get a cycle C,, and a path of length m — 2. Therefore, S is the union
of PDDS of P,_, and PDDS of C,.  Hence ¥prqa(D') = Vpraa(Cn) + VYpraa(Pm—2) =

2[§]+2[m 2J+2_ 2[3"+2]+2[3" 1J+2—2(k+k+1)—2(" 2*’")_2[’”"‘]
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Sub case (iii) Take n =3k + 2 and m = 3k + 2 where kK € N. Then remove adjacent
vertices of u in the cycle. Thus, we get a path P, and a path of length m — 3. Therefore, S is
the union of PDDS of B, and PDDS of P,_3. Hence Vprqa(D) = Vpraa(Py) +

VoraaPus) = 2[3| + 2+ 2|2+ 2= 2|+ 2+ 2| F 4 2= 20+ D +
20k — D) +4=20k+k+2)=2("27) =2|=2|.

Theorem 2.3 If H is a connected graph of order n = 3 and which has a PDDS, then
2|2|+2 ifn=1(mod3)

Vprdd(H) =
z[ if n = 0,2 (mod 3)
Proof:

Let vy, vy, V3, .... V,,_1, U, be the vertices of C,, and uy, uy, u3, ... . Uyp_1, Uy, be the vertices of
Cy,. Consider a graph C,, U C,,. Let H be a graph obtained from C,, U C,, with first vertices
coincide that is u; = v; = u. By our construction H has 2n-1 vertices and 2n edges. Let S be
the ¥praq set of H. The proof has following three cases.

Case (i) n = 0(mod 3). Take n = 3k where k € N. Let us remove the adjacent vertex u in the
cycleCy. Then the resulting graph is D’ . ThusD' = C, UP,_; Hence yprqq(H) =
Ypraa(D) =2 [ J+2_2[3"+3" 1J+2=2(2k—1)+2=2k=2[%"]
Case (ii)) n = 1(mod 3). Take n = 3k + 1 where k € N. Then remove adjacent vertex u in the
cycleCy. Thus, we get a graph D'. ThusD’ = C,, U P,_;. Hence Vprqq(H) = ¥Vpraa(D') =
2 [’”" 1j+2_zle+2_2(2k)+2_2(2" 2)+2_2[ ]+2

Case (iii) n = 2(mod 3). Take n = 3k + 2 where k € N. Then remove adjacent vertices of
common vertex u in the cycle C,,.Thus, we get a path P,_; and the cycle C,, . Therefore, S is
the union of PDDS of P,,_3 and PDDS of C,.Hence Yprqa (H) = Vpraa(Pn-3) + ¥Ypraa(Cn) =

[ J+2+H —2[3'”2 3J+2+2[3"+1] = 2(k—1)+2+2(k+1) =2k + 2k +

2= (2) o ]

Let C,, be the cycle of n vertices and n edges and C,, be the cycle of m vertices and m edges.

n+n-1

Let vy, v,, V3, .... V,,_1, U, be the vertices of C,, and uq, uy, us, ... . Uyy_1, Uy, be the vertices of
Cp,- Consider a graph C,, U C,,,. Let H' be a graph obtained from C,, U C,, with first vertices
coincide thatis u; = v; = u.

Theorem 2.4 If H' is a connected graph of order n > 3 and which has a PDDS, then

Ifn = 0,2(mod3), then

n+m

Ypraa(H') = 2 l if m=0,1,2 (mod 3)

i.If n = 1(mod3), then
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n+m
2[ if m=0,2(mod 3)

Ypraa(H") =

n+m ,
z[ - J+2 if m=1(mod 3)
Proof: By our construction H' has 2n-1 vertices and 2n edges. Let S be the y,,qq set of H'.
The proof has following three cases.
Case (i) n = 0(mod 3).
The proof has following three cases

Sub case (i) m = 0(mod 3). Take m = 3k where k € N. Let us remove the adjacent vertex u
in the cycle Cy,. Then the resulting graphis D’.Thus H' = D’ = C,, U P;,_; Hence yp,qq(H') =

Ypraa(D') =2 [’”m 1J+2_2[3"+3" 1J+2_2(2k—1)+2_2(k+k)_2[

Sub Case (ii) m = 1(mod 3). Take m = 3k + 1 where k € N. Let us remove adjacent vertex
u in the cycle Cy. Thus, we get a graph D'. Thus H' = D" = C,, U Pp,_;. Hence ypqq(H') =

fraa®) =2 [ =2 PR g 3+ 1) = o (1220) = s

n+m

Sub Case (iii) m = 2(mod 3). Take n = 3k + 2 where k € N. Let us remove adjacent
vertices of common vertex u in the cycle Cy.Thus, we get a path P,,,_3 and the cycle C,
Therefore, S is the union of PDDS of P,_3; and PDDS ofC,.Hence yp.qq(D") =

Voraa(Pmes) + Vpraa(Cp) = 2["‘—3J+2+2H _2[3"” 3J+2+2[ ] =20k — 1) +
2+2(k)—2(n+m 2)_2[n+m

Case (ii) n = 1(mod 3).

The proof has following three cases

Sub case (i) m = 0(mod 3). Take m = 3k where k € N. Let us remove the adjacent vertex u
in the cycle Cy,. Then the resulting graph is D'.Thus H' = D" = C,,, U P,_; Hence yprqq(H') =

Ypraa(D') =2 | =2tk + 1) = 2|
Sub Case (ii) m = 1(mod 3). Take m = 3k + 1 where k € N. Let us remove adjacent vertex
u in the cycle C,, . Thus, we get a graph D'. Thus H' = D" = C,,, U P,_;. Hence ypq4(H') =
Vpraa(D) =2 |22 +2 = 2|2 o = 2 (ke k+3) +2 = 2 ()
2=2|="|+2.

Sub Case (iii) m = 2(mod 3). Take n = 3k + 2 where k € N. Let us remove adjacent vertex
u in the cycle C,, . Thus, we get a graph D'. Thus H' = D’ = C,,, U P,,_;. Hence yp,q4(H') =
Vpraa(D) =2 [Po=| 42 = 2| P2 2 =2k vk + 2|42 =20k + k) + 2 =
2(RE2) 42 =2 M2 — 242 = 2|2,

Case (iii) n = 2(mod 3).

m+n—1 n+m

m+n—1

+

Received: Aug 08, 2025 2886



International Journal of Applied Mathematics

Volume 38 No. 11s, 2025
ISSN: 1311-1728 (printed version); ISSN: 1314-8060 (on-line version)

The proof has following three cases

Sub Case (i) m = 0(mod 3). Take m = 3k where k € N. Let us remove adjacent vertices of
common vertex u in the cycleC,,.Then, we get a path P,,_3 and the cycle C,,, . Therefore, S is
the union of PDDS of P,_; and PDDS of Cp,.Hence yprqa(D') = Vpraa(Pn—3) +

Voraa(Co) = 2|2 + 24 2[2| =222 42+ 23| =2tk - D+ 2+ 2(k) =

2 (n+1: 2) —9 ln+m

Sub Case (ii)m = 1(mod 3). Take m = 3k + 1 where k € N. Let us remove adjacent
vertices of common vertex u in the cycleC,.Then, we get a path P,,_3; and the cycle C,,
Therefore, S is the union of PDDS of P,_3; and PDDS of Cy,.Hence yprqq(D') =

3k+2-3 3k+1
Vprdd(Pn—3)+Vprdd(Cm) l J+2+2[m]—2[ ks J+2+2[ +]—2(k—
1) +2+20k+1) =2 (222 3)+2_2[”+m
Sub Case (iii) m = 2(mod 3). Take m = 3k + 2 where k € N. Let us remove adjacent

vertices of common vertex u in the cycleC,.Then, we get a path P,,_3; and the cycle C,,
Therefore, S is the union of PDDS of P,_3; and PDDS of Cy,.Hence yp,qq(D') =

Ypraa(Pn=3) + ¥Ypraa(Cm) = 2 l J +242 [m] — 9 [3k+2 3J 12472 [3k+2] 20k -
1) +2+20k+1) =2(2=) =227,
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